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Abstract
In this paper, we discuss the mechanics of anelastic bodies with respect to a Riemannian and a Euclidean geometric struc-
ture on the material manifold. These two structures provide two equivalent sets of governing equations that correspond
to the geometrical and classical approaches to non-linear anelasticity. This paper provides a parallelism between the two
approaches and explains how to go from one to the other. We work in the setting of the multiplicative decomposition
of deformation gradient seen as a non-holonomic change of frame in the material manifold. This allows one to define, in
addition to the two geometric structures, a Weitzenböck connection on the material manifold. We use this connection
to express natural uniformity in a geometrically meaningful way. The concept of uniformity is then extended to the
Riemannian and Euclidean structures. Finally, we discuss the role of non-uniformity in the form of material forces that
appear in the configurational form of the balance of linear momentum with respect to the two structures.
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1. Introduction

According to Eckart [1], anelasticity can be formulated starting from elasticity theory by relaxing the
assumption that for a given body a global and time-independent relaxed state always exists. This means
that an anelastic body is represented by a time-dependent non-Euclidean manifold, and hence, the the-
ory of anelasticity can be reduced to the elasticity problem of mapping a Riemannian material manifold
to the Euclidean ambient space. In a similar way, Epstein and Maugin [2] defined anelasticity as the
‘‘result of evolving distributions of inhomogeneity’’, where inhomogeneity is understood in the sense of
Noll [3] and Wang [4]. Anelasticity is usually modeled through the multiplicative decomposition of
deformation gradient, introduced by Bilby et al. [5], Kondo [6, 7], and Kröner [8]. For a short review,
see Sadik and Yavari [9]. In a geometric approach to anelasticity, one formulates the balance laws in a
Riemannian geometric structure defined on the material manifold: distances and strains are defined with
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respect to a non-Euclidean material metric, densities are defined with respect to the corresponding mate-
rial volume form, and derivatives are taken using the associated Levi–Civita connection. Conversely, in
the classical approach, everything is formulated in the standard Euclidean space. In this paper, we unify
these two approaches. More specifically, using a geometric formalism, we will discuss the relations
between the governing equations in the two frameworks. The differences between the two approaches
are quite obscure when considered from the configurational perspective of Eshelby [10], Epstein and
Maugin [2], and Gurtin [11], where the concept of uniformity, first discussed in the works of Noll [3],
Wang [4], and Wang and Bloom [12], is involved. As a matter of fact, configurational forces arise as a
consequence of non-uniformity of the material, but, depending on the setting in which the governing
equations are written, these might show up as the effect of inhomogeneity, even in the case of uniform
materials. It should be emphasized that in this paper we are not concerned with considering driving
forces for the evolution of the distribution of inhomogeneities. These are related to some anelastic vari-
ables (as well as to the elastic deformations) via a specific flow rule that depends on the class of problems
one is considering, such as dislocations or growth. As we are interested in investigating the geometric
structures that the anelastic deformations induce on the material manifold, regardless of the underlying
dynamics, in this paper, time evolutions of distributions of inhomogeneities will be considered as given.

Anelasticity is a general term that can refer to many phenomena. The present work does not make
any assumption on the nature of the source of anelasticity; therefore, it applies to many different prob-
lems. Yielding of materials and plasticity is an example [13–16]. Plastic behavior is associated to the evo-
lution of distribution of dislocations in a solid. In recent years, many workers have discussed anelasticity
from a configurational point of view, involving the Eshelby stress and the concept of uniformity. Epstein
and Maugin [2] provide a different perspective on the multiplicative decomposition of deformation gra-
dient, with a focus on the inverse of plastic deformation—the uniformity map—representing the defor-
mation of the reference crystal into a compatible reference configuration. In their theory, equivalence
classes of uniformity maps are defined based on the symmetry group of the reference crystal. Evolution
laws involving the inhomogeneity velocity gradient are obtained, together with thermodynamical restric-
tions involving Eshelby’s tensor. We point out the work by Menzel and Steinmann [17], where different
formats of the balance of linear momentum in the framework of the multiplicative decomposition of
deformation gradient are presented. Menzel and Steinmann [17] defined different stress tensors with
respect to different configurations, and used them to express the balance of linear momentum in several
different forms, some of which involve the dislocation density tensor. Alhasadi et al. [18] discussed mate-
rial forces and uniformity in the context of thermo-anelastic bodies. They used a geometric approach,
although it is not clear whether they viewed the multiplicative decomposition of deformation gradient as
a change of frame or as a local deformation tensor. However, their work has some similarities with this
paper, e.g., the definition of modified quantities using the multiplication by a volume ratio, and the
expression of the configurational forces in terms of the Mandel stress and some geometric objects
defined on the material manifold.

This paper is organized as follows. In Section 2, we define metric tensors and connections on the
material manifold, and introduce the Riemannian and the Euclidean structures with respect to which the
balance laws of anelasticity will be written. This is followed by a discussion on the natural Weitzenböck
derivative. In Section 3, we review some concepts related to the multiplicative decomposition of defor-
mation gradient and define some measures of deformation with respect to both structures. Time evolu-
tions of the moving frame are also discussed. In Section 4, we define stress tensors with respect to both
the Riemannian and the Euclidean structures in the context of hyperelasticity. We also discuss unifor-
mity with respect to the natural moving frame, and extend this concept to the Riemannian and
Euclidean structures. In Section 5, we derive the balance of linear momentum for an anelastic body with
respect to both the Riemannian and the Euclidean structures. We discuss the role of non-uniformity in
the material forces that appear in the configurational form of the balance laws. A list of the notation
used in this paper is given in Appendix A.

2. Geometric structures on the material manifold

In this section, we define two geometric structures on the material manifold of a solid body. The term
‘‘geometric material structure’’ is inspired by the work of Wang [4] and Wang and Bloom [12], and by it
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we mean a metric tensor with its associated volume form and the Levi–Civita connection. It should be
emphasized that, for us, ‘‘structure’’ does not have the same meaning as in Epstein and Maugin [2],
where it refers to a reduction to classes of anelastic deformations based on the symmetry group of the
solid. The two geometric structures discussed here are: (i) the Riemannian structure, which provides
information on the distances in the body in its natural configuration, and (ii) the Euclidean structure,
inherited from the ambient space. Natural distances are provided, starting from a moving frame repre-
senting the local natural state of the body. The relation between the two structures allows one to define
a distribution of local anelastic deformations. We also define a third connection, the Weitzenböck con-
nection, which parallelizes the natural moving frame, and which contains information about the defect
content of the anelastic deformation.

2.1. The Riemannian material structure

A body is represented by a 3-manifold B called the material manifold, which is embeddable in the
Euclidean space S. We indicate by feaga = 1, 2, 3, or simply feag, a moving frame that represents the local

natural state of the body. This is related to the constitutive behavior of the material and will be dis-
cussed in Section 4. It should be emphasized that this natural frame is not unique, as will be discussed in
Remark 5. This moving frame is, in general, non-holonomic, meaning that it is not necessarily induced
from any coordinate chart. Its associated moving co-frame field f#ag is such that h#a, ebi= da

b,
1

or

equivalently, ea � #a = I, where the summation convention for repeated indices is used. On B one
defines the material metric G as the 0

2

� �
-tensor that has components dab in the moving frame, viz.

G= dab#
a � #b : ð1Þ

This means that the moving frame represents the state in which one observes the natural distances in the
body. Note that the moving frame feag is orthonormal with respect to the material metric G. The natu-
ral moving frame feag and co-frame f#ag can be written in terms of the local frame f∂Ag and co-frame
fdX Ag induced by a generic coordinate chart fX Ag as

ea = (F�1)A
a∂A , #a =Fa

AdX A , a = 1, 2, 3 : ð2Þ

Equation (2) represents a passive interpretation of the multiplicative decomposition of deformation gra-
dient in the sense that the matrix ½Fa

A� is a change of frame and not a tensor. In this interpretation, ane-
lasticity is modeled by endowing B with just a moving frame. In the chart fX Ag, using equation (2), G is
given by

GAB =G ∂A, ∂Bð Þ=G Fa
Aea,F

b
Beb

� �
=Fa

AFb
BG ea, eb

� �
=Fa

AFb
Bdab : ð3Þ

The volume form m associated with G is defined as

m =
ffiffiffiffiffiffiffiffiffiffiffi
detG
p

dX 1 ^ dX 2 ^ dX 3 ,

with components
ffiffiffiffiffiffiffiffiffiffiffi
detG
p

EABC, where EABC indicates the permutation symbol.
2

The Riemannian mass
density is denoted by .o. The total Riemannian volume V and the total massM are therefore given by

V=

Z
B

m , M=

Z
B

.om =

Z
B
m ,

where m= .om is the mass form. The Levi–Civita connection r associated with G has the following
coefficients:

GA
BC =

1

2
GAD ∂CGDB + ∂BGDC � ∂DGBCð Þ :

By construction, rG= 0. The torsion of r vanishes, whereas its curvature is in general non-zero, mean-
ing that, in general, it is not possible to isometrically embed (B,G) into the flat ambient manifold (S, g),
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g being the standard Euclidean metric in the ambient space. Such an embedding is associated with the
lowest energetic state; hence, when this cannot be achieved, residual stresses develop (see Section 4). We
refer to the triplet (G,m,r) as the Riemannian structure.

2.2. The Euclidean material structure

The governing equations of anelasticity are often expressed with respect to an auxiliary reference
Euclidean structure that is inherited from the ambient space (S, g), and does not provide any informa-
tion about the anelastic frustration of the material. As mentioned earlier, the material manifold B is
globally embeddable in the ambient space S, which is endowed with the standard Euclidean metric g.
For this reason, B can in turn be endowed with a Euclidean metric �G inherited from (S, g). This can be
done by considering an embedding c : B ! S (i.e., a configuration of the body) and endowing B with
the pulled-back geometry via c, viz. �G= c�g. When B is defined as a subset of S, one can simply take c

to be the inclusion map, and hence, define �G= gjB. We fix Cartesian coordinates j = fj�ag and the corre-

sponding frame f∂�ag on S and take the global chart X= fX�Ag= j s c, so that on B a Cartesian moving
frame f�∂�Ag is defined using X as f�∂�Ag= (Tc)�a

�A∂�a. Note that f�∂�Ag is orthonormal with respect to �G, i.e.,
�G�A�B = d�A�B.
We indicate the associated volume form with �m, defined as

�m =
ffiffiffiffiffiffiffiffiffiffiffi
det �G

p
dX 1 ^ dX 2 ^ dX 3 ,

with components
ffiffiffiffiffiffiffiffiffiffiffi
det �G
p

EABC. The total Euclidean volume and the total mass are respectively given by

�V=

Z
B

�m , M=

Z
B

�.o �m =

Z
B
m ,

where �.o denotes the Euclidean mass density, and m= �.o �m = .om is the mass form defined in Section
2.1. Note that, unlike the volume forms, the mass form m is the same in both structures as we want the
mass to be independent of the geometric structure. Since the two structures are defined on the same
material manifold B, the total massM is the same with respect to both structures as well. We denote by
�r the induced Levi–Civita connection with the following coefficients in a coordinate chart fX Ag:

�GA
BC =

1

2
�GAD ∂C

�GDB + ∂B
�GDC � ∂D

�GBCð Þ : ð4Þ

The Christoffel symbols vanish with respect to the Cartesian chart fX�Ag. Hence, they can be written in a
generic chart fX Ag as

�GA
BC =

∂X A

∂X
�A

∂2X
�A

∂X B∂X C
:

By construction, �r�G= 0. Both the torsion and the curvature tensors vanish. Note that �r is the
Weitzenböck connection for f�∂�Ag (see Section 2.5) and, at the same time, the Levi–Civita connection
for �G. We refer to the triplet (�G, �m, �r) as the Euclidean structure.

2.3. Change of material structure

A goal of this paper is to find the relation between the geometric framework of anelasticity (represented
by the Riemannian structure) and the classical framework (represented by the Euclidean structure). The
first step is to define objects that allow one to switch from one structure to the other. In particular, it is
possible to switch from one metric to the other using the 1

1

� �
-tensor Θ, defined as

YA
B = �GADGDB , Y�1

� �A

B
= GAD �GDB , ð5Þ
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so that G= �GΘ, and �G=GΘ�1. For the inverse metric tensors, one has G� = Θ�1 �G
�
, and �G

�
= ΘG�.

We call Θ the change of metric and will show that the tensor Θ represents a measure of the anelastic
deformation, seen as a local transformation of the material manifold. As for the Riemannian and the
Euclidean volume forms, they are related by the volume ratio J, defined as m = J�m, where

J=

ffiffiffiffiffiffiffiffiffiffiffi
detG

det �G

r
=

ffiffiffiffiffiffiffiffiffiffiffiffi
detΘ
p

: ð6Þ

The Riemannian total volume can therefore be written as V=
R
B J�m. Having defined m= �.o �m = .om,

the change of volume relates the two mass densities as J.o = �.o. Area elements inherited from the
Riemannian and the Euclidean structures are related by the area ratio. Let O � B be an oriented sur-
face, with the 2-forms h and �h being the area elements induced on O by m and �m, respectively. Then,
the scalar field JO on O is defined as h = JO�h. Indicating by N and �N the G-normal and the �G-normal
unit vector fields, respectively, one can write the material analog of Nanson’s formula for anelasticity,
viz.

JON
[ = J�N

[
, ð7Þ

where ( � ) [ indicates the lowering of indices of a vector using the corresponding metric, i.e., NA = GABN B,
and �NA = �GAB

�NB. The following result defines the analog of the Piola transformation for anelastic defor-
mations. We adopt the abuse of notation rAUB to indicate a tensor that acts on a vector V as
V ArAUB∂B =rVU. This is trivially generalized to differential forms and tensors.

Lemma 1. The divergence of a vector field U with respect to the Euclidean and Riemannian connections
are related as

�rA(JUA) = JrAUA : ð8Þ

Proof. Since the connection r and volume form m are induced from the same metric G, one has
(rAUA)m =LUm for any vector field U. Using Cartan’s magic formula, one writes
LUm = iUdm +d(iUm) = d(iUm), where iUm indicates the interior product, i.e., (iU m)AB = mABCUC, and d
is the exterior derivative. Hence, one has (rAU A)m = d(iUm). Similarly, the Euclidean divergence �rAUA

satisfies ( �rAU A)m = d(iU �m), with (iU �m)AB = �mABCU C. Therefore, one can write

JrAUA m = Jd(iUm) = Jd(JiU �m) = Jd(iJU �m) = J �rA JUA
� �

�m = �rA JUA
� �

m ,

and hence equation (8). h

As for the change of connection, covariant derivatives with respect to the Riemannian and Euclidean
connections are related by the 1

2

� �
-tensor H, defined as H(U,V) =rUV� �rUV, or in components,

HA
BC = GA

BC � �GA
BC. It is straightforward to show that HA

BC are the components of a tensor, and hence,
H is well-defined. Moreover, H is symmetric in the two lower indices by virtue of the symmetry of both
r and �r. Thus, given a tensor field T , one can write

rCT A1...
B1... � �rCT A1...

B1... = HA1
CDT D...

B1... + . . .� HD
CB1
T A1...

D... � � � � ð9Þ

Using Lemma 1, given a vector field U, one writes

hdJ,Ui= �rA JUA
� �

� J �rAUA
� �

= J rAUA
� �

� �rAUA
� �� �

= JHB
BAUA :

Therefore, the differential of the volume ratio dJ, with components ∂AJ, can be expressed as
3

∂AJ = JHB
BA : ð10Þ
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2.4. Anelastic deformations

As mentioned earlier, the introduction of the natural moving frame feag through the change of frame
(equation (2)) provides a passive interpretation of the multiplicative decomposition of deformation gra-
dient, as no transformation has yet been defined on the material manifold. However, the definition of a
reference structure, such as the Euclidean structure, allows one to formulate anelasticity starting from a

1
1

� �
-tensor field defined on the material manifold that relates the natural moving frame to the Euclidean

moving frame. This tensor is called the local anelastic deformation that maps one structure to the other,
i.e., an alternative interpretation of equation (2) for the multiplicative decomposition of deformation
gradient.

Let f�∂�Ag be the orthonormal frame field with respect to �G induced from the chart X defined previ-
ously. We define the 1

1

� �
-tensor A as the linear mapping taking the natural moving frame to the

Cartesian frame, viz.

A : e1 7!�∂1 , e2 7!�∂2 , e3 7!�∂3 , ð11Þ

and call it the local anelastic deformation. Equation (11) can be expressed compactly as A : ea 7!d
�A
a

�∂�A,

where we use the Kronecker delta d
�A
a to keep the consistency of indices with their corresponding frames.

In terms of co-frames, one writes AI : d�X
�A 7!d

�A
a#

a, where AI is the dual of A.

Remark 1. If the body or one of its parts is allowed to fully relax, i.e., if it can be mapped to S through
an isometric embedding pushing forward G to g, then the G-orthonormal natural moving frame feag will
be mapped to a g-orthonormal frame in the ambient space. In the material manifold, this relaxation is

represented as A : feag7!fd
�A
a

�∂�Ag, where f�∂�Ag is a g-orthonormal frame pulled back via some global map
c, which can be taken to be the aforementioned isometry. For this reason, the local anelastic deforma-
tion can be seen as a local relaxation map. Vice versa, one can interpret the natural moving frame as the
one that, if the body is fully relaxed, becomes orthonormal in the ambient space.

By virtue of equation (11), one can express the change of frame from f∂Ag to f�∂�Ag in the following
two ways:

�∂�A =
∂X A

∂X
�A
∂A and d

�A
a

�∂�A =AA
B(ea)B∂A =AA

B(F�1)B
a∂A :

Therefore, the components of A with respect to a frame f∂Ag are related to ½Fa
A� as

Fa
A = da

�A

∂X
�A

∂X B
AB

A , AA
B =

∂X A

∂X
�A

d
�A
a Fa

B : ð12Þ

When one works with Cartesian coordinates, i.e., when ∂X
�A=∂X A = d

�A
A, and ∂X A=∂X

�A = dA
�A, one has

AA
B = dA

a Fa
B, which means that the components of A are given by the matrix ½Fa

A�.
Finally, from equations (3) and (12), one obtains

GAB =Fa
AFb

Bdab = da
�A

∂X
�A

∂X H
AH

Ad
b
�B

∂X�B

∂X K
AK

Bdab =AH
AAK

B d�A�B

∂X
�A

∂X H

∂X�B

∂X K

 !
:

Note that, since in the frame f�∂�Ag the Euclidean metric �G has components d�A�B, in a generic frame f∂Ag
the metric �G is represented by

�GAB = d�A�B

∂X
�A

∂X H

∂X�B

∂X K
,

and therefore one obtains

GAB =AH
A

�GHKAK
B , YA

B = �GACAH
C

�GHKAK
B : ð13Þ
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This means that G and Θ are two different representations of the right Cauchy–Green tensor for the local
anelastic deformation A (see Section 3). Moreover, plugging equation (13) into equation (6), one obtains

J =
ffiffiffiffiffiffiffiffiffiffiffiffi
detΘ
p

= detA ,

recovering the change of volume defined in classical plasticity.

2.5. The Weitzenböck connection

Given the natural moving frame feag, one defines its Weitzenböck connection r̂ as the connection that

makes feag parallel.
4

This means that one requires r̂Uea = 0 for any vector U, a = 1, 2, 3. The coeffi-

cients of r̂ with respect to a generic coordinate chart fX Ag are defined as ĜA
BC∂A = r̂∂B

∂C, and are cal-
culated starting from

r̂∂B
∂C = r̂∂B

(Fg
Ceg) = ∂BFg

Ceg +Fg
Cr̂∂B

eg = ∂BFg
C F�1
� �A

g
∂A +Fg

Cr̂∂B
eg :

Since, by assumption, r̂eg = 0, the last term vanishes, and one obtains

ĜA
BC = F�1

� �A

a
∂BFa

C : ð14Þ

By construction, the Christoffel symbols with respect to the moving frame feag vanish.
Remark 2. To give an interpretation for the Weitzenböck derivative, we compute the components of
r̂U for a given vector field U. In general, components with respect to the moving frame will be indi-
cated with Greek letters, while those in coordinate charts will be indicated with Latin letters. Note that
a covariant derivative in a non-holonomic frame is calculated as r̂bU a = ∂CU a(F�1)C

b + Ĝa
bgU g, where

Ĝa
bg = 0, following directly from r̂eb

eg = 0. Therefore, one obtains

r̂bUa = ∂CUa(F�1)C
b , r̂BUA = ∂BUa(F�1)A

a :

This means that the Weitzenböck derivative of a vector can be calculated as the ordinary derivative of
its components in the moving frame. This result can be extended to tensors as

r̂gT a1...
b1... = ∂CT a1...

b1...(F
�1)C

g , r̂CT A1...
B1... = ∂CT a1...

b1...(F
�1)A1

a1
. . . Fb1

B1
. . . ð15Þ

Hence, a tensor field is uniform with respect to r̂ if and only if its components with respect to the natu-
ral moving frame are uniform. Therefore, r̂ can be seen as a natural connection for the body.

The torsion T̂ of the Weitzenböck connection has the following components with respect to a coordi-
nate chart fX Ag:

T̂A
BC = F�1

� �A

a
∂BFa

C � ∂CFa
Bð Þ , ð16Þ

which, in general, is non-vanishing. Using the symmetry of both connections r and �r, one can express
T̂ as

T̂a
BC =rB#

a
C �rC#

a
B = �rB#

a
C � �rC#

a
B : ð17Þ

Note that in the active approach, the coefficients of the Weitzenböck connection cannot be written as
equation (14), taking Euclidean covariant derivatives of the local deformation A. The reason is that
while (A�1)A

D
�rBAD

C is a tensor, ĜA
BC is not. However, this can be done for the torsion tensor T̂, pro-

viding an alternative expression to equation (16). As a matter of fact, plugging equations (12) and (4)
into equation (17), one obtains

T̂A
BC = A�1

� �A

D
�rBAD

C � �rCAD
B

� �
: ð18Þ

The same does not hold when using the Riemannian connection. The torsion tensor associated to the
Weitzenböck connection expresses the local incompatibility of the anelastic deformation or,
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equivalently, the non-holonomicity of the natural moving frame feag. To this extent, one defines the
Burgers vector relative to the closed curve g : ½0, 1� ! B as the triplet of scalars

ba½g�=
I

g

#a =

Z 1

0

(Fa
A s g)TAds , ð19Þ

where T is the tangent vector to g (see Appendix B). If the three scalars ba½g� vanish for any g, then the
1-forms #a are exact. This implies the existence of charts X : B � U ! R

3 such that dXa =#a, or equiva-
lently, ea = ∂=∂Xa, a = 1, 2, 3. When B is simply connected, a closed 1-form is necessarily exact; there-
fore, compatibility is equivalent to d#a = 0. Conversely, note that

T̂a
BC =Fa

AT̂A
BC = ∂BFa

C � ∂CFa
B = (d#a)BC , T̂a

bg∂a = ½eb, eg� :

Thus, holonomicity can be expressed as T̂= 0. The curvature of a Weitzenböck connection, instead,
vanishes by construction.

The next two lemmas are well-known results that establish the compatibility between the material
metric G and the Weitzenböck connection r̂, and a relation between the presence of defects and resi-
dual stresses in a solid.

Lemma 2. The Weitzenböck derivative of the material metric vanishes.

Proof. By virtue of equation (15), one can write r̂CGAB = ∂CGabFa
AFb

B. Hence, using equation (3), one
obtains

r̂CGAB =Fa
AFb

B∂Cdab = 0 : h

Lemma 3. If the Weitzenböck connection is torsion-free, then the curvature of the material Levi–Civita
connection, i.e., the material Riemann curvature, vanishes.

Proof. By virtue of the compatibility of r̂ with the material metric G established in Lemma 2, when
T̂= 0, the Weitzenböck connection r̂ is also the Levi–Civita connection associated to G, i.e., r̂=r.
Conversely, the curvature of r̂ vanishes by construction. h

Note that the non-vanishing of the Riemannian curvature means that (B,G) is not isometrically
embeddable in (S, g), and therefore a non-vanishing curvature is related to the presence of residual
stresses in the body, at least from a local perspective (see Remark 6). Thus, Lemma 3 implies that when
feag is holonomic, the body is stress-free. The converse does not hold. As a matter of fact, there exist
incompatible anelastic deformations that leave the body stress-free, e.g., zero-stress distributions of dis-
locations [19–21], which are called contorted aleotropy by Noll [3].

The contorsion tensor K is defined relative to the Weitzenböck and Levi–Civita connections as
K(U,V) = r̂UV�rUV, and in components it reads KA

BC = ĜA
BC � GA

BC. It is straightforward to show
that KA

BC constitute a tensor, and that they are given by

KA
BC =

1

2
T̂

A
BC � T̂BC

A � T̂CB
A

� �
, ð20Þ

where indices have been raised and lowered using the material metric G. By virtue of the anti-symmetry
of the torsion tensor, K satisfies the following two identities:

KB
BA = T̂B

BA , KB
AB = 0 : ð21Þ

Finally, given a tensor field T , one can write

r̂CT A1...
B1... �rCT A1...

B1... = KA1
CDT D...

B1... + . . .� KD
CB1
T A1...

D... � � � � ð22Þ
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3. Kinematics

Next we discuss kinematics of anelastic bodies. Looking at embeddings of the material manifold B in the
ambient space S, one can define measures of deformation with respect to both the Riemannian and the
Euclidean structures defined in the previous section. By extending the derivatives defined in the previous
section to two-point tensors (geometric objects with one leg in the material manifold and one leg in the
ambient space), we will be able to obtain the Piola transformation with respect to both structures. Time
evolutions of the moving frame and motions are also discussed.

3.1. Measures of deformation

Let u : B ! S be an embedding representing a configuration of the body with deformation gradient F,
defined as the tangent map Tu and representing a two-point tensor with components Fa

A = ∂xa=∂X A

with respect to the two charts fxag and fX Ag on S and B, respectively. We denote by C [ = u�g the pull-
back of the ambient space metric using u. This metric is flat by construction. In components,
CAB = Fa

AFb
Bgab. Starting from this object, which is independent of any material metric or connection

defined on B, one can define the right Cauchy–Green tensors C and �C referred to the Riemannian and
Euclidean metric tensors as

CA
B = GADCDB = GADFa

DgabFb
B , �CA

B = �GADCDB = �GADFa
DgabFb

B :

We indicate with FT the adjoint of F with respect to G and, similarly, with �F
T
the adjoint of F with

respect to �G. In components,

FT
� �A

a
= gabFb

BGAB = Fa
A , �F

T
� �A

a
= �GABgabFb

B = �Fa
A
: ð23Þ

Then one can write the right Cauchy–Green tensors as C=FTF and �C= �F
T�F. Recalling the change of

metric tensor Θ defined in equation (5), one has �C=ΘC. It is possible to extend the previous definitions
formally to anelastic deformations and obtain equation (13), suggesting that the material metric and the
change of metric represent the pulled-back metric and the right Cauchy–Green tensor for the local ane-
lastic deformation A. Note that C is self-adjoint with respect to G and �C is self-adjoint with respect to
�G, while Θ is self-adjoint with respect to both G and �G.

3.2. Elastic deformations

Next we provide some insight on elastic measures of deformations in relation to the total measures pre-
viously defined with respect to the two structures. In the active approach involving the anelastic defor-
mation A, one can define the elastic deformation as E=FA�1, which is equivalent to the classical
multiplicative decomposition of the deformation gradient F=EA. Therefore, one has

feag 7!
A

d
�A
a

�∂�A

n o
7!E fFeag , fF�I#ag7!E

I

da
�Ad�X

�A
n o

7!A
I

f#ag ,

where, of course, FI =AIeI.
One defines the elastically pulled-back metric C [ with components CAB = Ea

AgabE
b

B, which is related
to C [ as CAB = AH

ACHKAK
B, or simply C [ =AIC [A. This can also be written as

d
�A
a d

�B
b C [ �∂�A, �∂�Bð Þ=C [(ea, eb) : ð24Þ

The elastic right Cauchy–Green strain tensor �C is defined as �CA
B = �GADCDB, for which the Euclidean

metric is used to raise one of the two indices. From equation (13), one obtains CA
B = (A�1)A

H
�CH

KAK
B,

or simply C=A�CA�1.
Finally, the Jacobian function associated to u can be defined with respect to either G or �G as

J =
ffiffiffiffiffiffiffiffiffiffiffi
detC
p

=
ffiffiffiffiffiffiffiffiffiffi
det �C

p
, �J =

ffiffiffiffiffiffiffiffiffiffiffi
det �C

p
=

ffiffiffiffiffiffiffiffiffiffiffiffi
detΘ
p ffiffiffiffiffiffiffiffiffiffiffi

detC
p

= detA
ffiffiffiffiffiffiffiffiffiffiffi
detC
p

= JJ :
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In the decomposition of the deformation gradient, J represents the change of volume due to anelastic
deformations, J represents the change of volume due to elastic deformations, and �J represents the total
change of volume. Using Cartesian coordinates X in the material manifold and Cartesian coordinates j
in the ambient space, both �G and g are represented by identity matrices; thus, det �C= ( detF)2. Hence,
one obtains the classical relations �J = detF and J = detF= detA= detE.

3.3. The Piola transformation in the two structures

We denote by ga
bc the Christoffel symbols for the manifold (u(B),G), and following Marsden and

Hughes [22] we extend the Riemannian, Euclidean, and Weitzenböck derivations to two-point tensors
as

rCT A
B

a
b = ∂CT A

B
a

b + GA
CDT D

B
a

b � GD
CBT A

D
a

b + Fc
Cga

cdT A
B

d
b � Fc

Cgd
cbT A

B
a

d ,

r̂CT A
B

a
b = ∂CT A

B
a

b + ĜA
CDT D

B
a

b � ĜD
CBT A

D
a

b + Fc
Cga

cdT A
B

d
b � Fc

Cgd
cbT A

B
a

d ,

�rCT A
B

a
b = ∂CT A

B
a

b + �GA
CDT D

B
a

b � �GD
CBT A

D
a

b + Fc
Cga

cdT A
B

d
b � Fc

Cgd
cbT A

B
a

d : ð25Þ

One can extend equation (8) to two-point tensors, as

JrB T a1...
b1...

B
� �

= �rB JT a1...
b1...

B
� �

, ð26Þ

which is valid only for two-point tensors with only one material upper index, e.g., the first Piola–
Kirchhoff stress tensor. The Riemannian, Weitzenböck, and Euclidean derivatives of a two-point tensor
are therefore related through the contorsion tensors H and K, operating only on the material indices as
equations (9) and (22).

Two-point derivation can be applied to the deformation gradient F, as in the case of compatibility
equations. The deformation gradient must satisfy local compatibility equations, which are written as
∂AFa

B = ∂BFa
A.

5

Compatibility equations can also be written in terms of the two-point derivatives of
equation (25) as

rAFa
B =rBFa

A , �rAFa
B = �rBFa

A , r̂BFa
A � r̂AFa

B = T̂D
ABFa

D , ð27Þ

where the symmetry of the Levi–Civita connections in both the material manifold and in the ambient
space, and the definition of torsion tensor T̂ D

AB = ĜD
AB � ĜD

BA are used. It should be emphasized that
while the deformation gradient F is constructed in such a way as to be necessarily compatible, the ane-
lastic deformation A can be either compatible or incompatible (see equation (18)). The differential
dJ = ∂AJ dX A can be written as

∂AJ =
1

2
J C�1
� �D

B
∂ACB

D =
1

2
J C�1
� �D

B
rACB

D =
1

2
J C�1
� �BDrACBD = JFB

brAFb
B , ð28Þ

where the second equality follows from a direct computation, the third from the compatibility of the
Riemannian connection with the material metric G, and the fourth from the compatibility of the ambi-
ent space connection with the spatial metric g. Note that FB

b(r̂AFb
B �rAFb

B) = KB
AB, which vanishes

by virtue of equation (21). This allows one to write

∂AJ =
1

2
J C�1
� �D

B
r̂ACB

D =
1

2
J C�1
� �BDr̂ACBD = JFB

br̂AFb
B ,

where the compatibility of the Weitzenböck connection with the material metric G established in Lemma
2 was used. We will see that this implies that the Jacobian is an isotropic and naturally uniform function.
Using the Euclidean connection instead, one can write the differential d�J as

∂A
�J =

1

2
�J �C

�1
� �D

B
∂A

�CB
D =

1

2
�J �C

�1
� �D

B

�rA
�CB

D =
1

2
J C�1
� �BD �rACBD = �JFB

b
�rAFb

B : ð29Þ
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From equation (28), and using the compatibility of F, one obtains

rB JFB
b

� �
= ∂BJFB

b + JrBFB
b = JFC

cFB
brBFc

C � JFC
bFB

crBFc
C :

The same holds in the Euclidean structure by equation (29), so that one has the identities

rB JFB
b

� �
= 0 , �rB

�JFB
b

� �
= 0 ,

which imply

rA JFA
aua

� �
= J rauað Þ s u , �rA

�JFA
aua

� �
= �J rauað Þ s u : ð30Þ

Note that from the definition (equation (25)) of two-point derivatives, one has rua = r̂ua = �rua, as ua

has no material index. Equation (30) allows one to define the Piola transformation of the spatial vector
field u with respect to the Riemannian structure as U= Ju�u, and the Piola transformation with respect
to the Euclidean structure as �U= �Ju�u. The two transformations are related as �U= JU.

3.4. Rate of anelastic deformations

We first look at changes of the anelastic state of the body. A time evolution of the natural frame is a
smooth map t 7!fea(t)g or, equivalently, t 7!f#a(t)g. We define the following 1

1

� �
-tensor field:

L= ea � _q
a
=� _ea � #a , ð31Þ

mapping a natural frame to the negative of its derivative, i.e., L : ea 7! � _ea:
6

In components, one has
LA

B = (F�1)A
a

_Fa
B =� ( _F�1)A

aFa
B.

7

From the active perspective, recalling equation (12), equation (31)
can be written as

LA
B = (A�1)A

C

∂X C

∂Xa

∂Xa

∂X D
AD

B

	 
�
= (A�1)A

C
_AC

B ,

as _AA
C = (∂X A=∂Xa) _Fa

B because the charts fXag and fX Ag do not depend on t. Hence, we have obtained
L=A�1 _A, and therefore L is called the rate of anelastic deformation. A time-dependent natural moving
frame defines a time-dependent Riemannian structure, whereas the Euclidean structure is time-indepen-
dent. The time-derivative of the material metric G(t) can be calculated by plugging equation (31) into
equation (3), viz.

_GAB = _Fa
AFb

B +Fa
A

_F
b

B

� �
dab = GADLD

B + GBDLD
A :

As for the volume ratio J(t) and Riemannian volume element m(t), using the chain rule, one obtains
( detG)�= ( detG)GAB _GAB, allowing one to write

_J =
1

2
JGAB _GAB , _m =

1

2
GAB _GAB m ,

as �G is independent of t. Note that the quantity ‘= _J=J, which represents the variation of the
Riemannian volume form, does not depend on the reference Euclidean structure, as dm = ‘m. Moreover,
for the mass density, one has _.o =� ‘.o. From equation (31), one has ‘= 1

2
GAB _GAB = LA

A = trL.
Volume-preserving (or isochoric) variations of G are such that ms is constant for every s, and therefore
‘= trL= 0. Isochoric plastic flows are very important in plasticity [12, 23]. However, volumetric effects
are key for problems involving geomaterials [16, 24].

Finally, we indicate by C the set of all embeddings B ! S. A motion is a smooth curve u : R+ !C,
t 7!ut. The velocity of a motion ut is a vector field V : B×R

+ ! TS defined as the tangent vector to the
curves t 7!ut(X ). At time t, it can be expressed as a vector field vt on ut(B), given by vt(x) =V(u�1

t (x), t).
The acceleration is a vector field A : B×R

+ ! TS defined as A=rg
VV, inducing a vector field at on

ut(B) given by at(x) =A(u�1
t (x), t). The deformation gradient F(X , t) is defined as the tangent map TX ut.
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Note that velocities and accelerations have been defined independently of any material structure, so the
evolution of the natural moving frame is not involved in their definition.

4. Stress tensors in anelasticity

In this section, we define energy functions and stress tensors with respect to both the Riemannian and
the Euclidean structures. Our goal is to compare the classical (Euclidean) formulation with the geometric
(Riemannian) formulation of anelasticity. Working in the context of hyperelasticity, we start by assum-
ing the existence of an energy function that depends only on the elastic part of the deformation, i.e., a
function of distances in the deformed configuration as they are seen by an observer in the natural frame,
and deriving other energy functions and related stress tensors from it. We discuss uniformity of the
energy function with respect to the natural moving frame, and extend this concept to the Riemannian
and Euclidean structures. Finally, we discuss stress tensors and uniformity in the case of isotropic hyper-
elastic materials.

4.1. Energy functions

We start by assuming the existence of an energy function that depends on distances in the deformed
configuration as they are seen by an observer in the natural frame. In particular, indicating by Pos(3)
the space of symmetric positive-definite 3× 3 matrices, we assume the existence of a smooth function
W : B×Pos(3)! R. The energy density per unit volume W : B ! R is defined by evaluating the energy
function W at Cab =C [(ea, eb),

8

representing the length and angles between natural frame vectors
according to the pulled-back metric, i.e., W (X ) = W(X ,Cab(X )). This is equivalent to assuming that the
energy only depends on the elastic part of the deformation. This also means that at each point X the
function W only depends on the values of Cab at X . If this holds, the material is called simple. We also
define the energy density per unit Euclidean volume, �W = JW .

Remark 3. One assumes that at each point X the function W attains its minimum at dab. This means
that, at each point X , the function WX attains its minimum for C [ =G. Therefore, the stored elastic
energy of a hyper-anelastic body is minimized by configurations that preserve the material metric G,
i.e., by maps c : B ! S satisfying G= c�g. In other words, the material metric is always encoded in the
energy function because it is required to attain its minimum for G-preserving configurations. However,
we will see that G is not enough to fully characterize the constitutive equations of the material, as a nat-
ural moving frame is also needed.

We indicate by FB the bundle of frames, made of quadruplets (X , fvbg), where fvbg indicates a triplet
of linearly independent vectors in TXB. In a similar way, we indicate by F�B the bundle of co-frames,
made of quadruplets (X , flbg), where the flbg are linearly independent 1-forms in T�XB. Finally, we
indicate by PB the tensor bundle of symmetric positive-definite 0

2

� �
-tensors (e.g., metric tensors), made

of all the pairs (X ,A). Then, the energy density for an anelastic body can be expressed by a smooth func-
tion W : F�B× SB ! R, such that

W X , lb
� �

,A
� �

= W(X ,A(va, vb)) , ð32Þ

with hlb, vbi= da
b. We also define the energy function

�W X , lb
� �

,A
� �

= J X , lb
� �� �

W X , lb
� �

,A
� �

, ð33Þ

where the function J is simply equation (6) evaluated at dab la � lb, in agreement with equation (1). The
energy densities are then recovered by evaluating W and �W at the natural moving co-frame and at the
pulled-back metric, viz.

W (X ) =W X , #b(X )
� �

,C [(X )
� �

, �W (X ) = �W X , #b(X )
� �

,C [(X )
� �

: ð34Þ

Remark 4. In anelasticity, one may be given a material metric G representing the natural distances in
the body without specifying a natural moving frame, although such a metric tensor can be induced by
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infinitely many moving frames. This is admissible for isotropic materials, whose elastic state depends
only on G, see Section 4.5. However, from equation (34), one observes that energy depends on the mate-
rial co-frame f#bg, meaning that, in the case of anisotropic materials, different choices of natural frames
inducing the same G might induce different anisotropy directions in the body. Thus, providing only a
material metric, as suggested by Simo [23], is not sufficient for completely characterizing the mechanical
response of an anelastic body.

9

Finally, fixing a point X 2 B, we say that a matrix ½Qa
b� is a material symmetry at X if

W X ,Qm
aCmnQn

b

� �
=W(X ,Cab) , ð35Þ

or equivalently, if

W X , Qa
blb

n o
,C [

� �
=W X , laf g,C�

� �
, �W X , Qa

blb
n o

,C [
� �

= �W X , laf g,C [
� �

: ð36Þ

The set of material symmetries at X forms the symmetry group and we denote it by GX . Note that

Qm
aCmnQn

b = F�1
� �A

a
QM

ACMN QN
B F�1
� �B

b
, Cab = F�1

� �A

a
CAB F�1

� �B

b
:

Thus, we define the material symmetry group GX for TXB, made of 1
1

� �
-tensors Q : TXB ! TXB, such

that

W X , laf g,QIC [Q
� �

=W X , laf g,C [
� �

or W X , QIla
� �

,C [
� �

=W X , laf g,C [
� �

:

This means that Q 2 GX if and only if Q= Qa
b ea(X )� #b(X ) for some ½Qa

b� 2 G. Hence, the
material symmetry group GX for TXB depends on the natural moving frame, as already observed in
Wang and Bloom [12]. For a discussion on material symmetry and defects in solids see Golgoon and
Yavari [25].

Remark 5. The natural moving frame is interpreted as an elastic observer, i.e., the frame where W sees
deformations. However, such a moving frame is, in general, not uniquely defined. Given a material sym-
metry group G, let us assume that two different moving frames feag, f~eag are related by a change of
frame Qa

b 2 G. Then, from equation (35), the energy functions built using the two moving frames are
the same. Moreover, the two frames induce the same G for the energy function. This means that there is
a G-ambiguity in the choice of the natural moving frame [12]. In other words, the natural moving frame
is not uniquely defined; it is represented by an equivalence class that depends on the material symme-
tries of the body. This concept is discussed in Epstein and Maugin [2]. Note also that for solids
G � SO(3); hence, the material metric G is not affected by this ambiguity. Finally, note that any frame
f~eag= Ab

aeb

� �
gives the same Weitzenböck connection as feag does as long as the Ab

a are constant.
10

This means that if the symmetry group does not change from point to point, the natural derivative is
not affected by this G-ambiguity either.

4.2. Stress tensors

Next we look at derivatives of the energy functions W and �W, keeping the base point fixed, i.e., letting
the two arguments flag and A of equations (32) and (33) change. All the derivatives are evaluated at a

given pair of fields (f#ag,C [).
11

The following stress tensors are defined:

S= 2
∂W

∂C [
, Ya =

∂W

∂#a , �S= 2
∂ �W

∂C [
, �Ya =

∂ �W

∂#a : ð37Þ

The tensors S and �S are the second Piola–Kirchhoff stresses referred to the Riemannian and Euclidean
structures, respectively, while the vectors Ya and �Ya, a = 1, 2, 3, represent material stresses that are dual
to changes of the corresponding natural frame co-vector.

12

The symmetry of both S and �S is guaranteed
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by construction, and this in turn guarantees the satisfaction of the balance of angular momentum. Since
the volume ratio between the two structures J does not depend on C [, one has

�SAB = 2
∂ �W

∂CAB

= 2
∂(JW)

∂CAB

= 2J
∂W

∂CAB

= JSAB :

Moreover, recalling the definition (equation (6)) of J, and the relation between the material metric and
the natural frame GAB = Fa

AFb
Bdab provided by equation (3), one can write

�Y a
A
=

∂J

∂Fa
A

W + J
∂W

∂Fa
A

=
1

2
JGMN Fn

M dandA
N +Fn

M dandA
N

� �
W + JYa

A

= �WFA
a + JYa

A :

Therefore, we have obtained the following relations between the objects that were defined in equation (37):

�S= JS , �Ya = �Wea + JYa : ð38Þ

Starting from Ya and �Ya the following material stress tensors of type 1
1

� �
are defined:

ZA
B =Fa

AYa
B , �ZA

B
= JZA

B , EA
B =

1

J
�EA

B
, �EA

B
=Fa

A
�Ya

B
:

Their 2
0

� �
counterparts are defined using the material metric tensors G and �G, viz.

ZAB = GACZC
B , �Z

AB
= �G

AC �ZC
B
= JYA

CZCB ,
EAB = GACEC

B , �E
AB

= �G
AC �EC

B
= JYA

CECB :
ð39Þ

In component-free notation, they read

Z=G� #b � Yb

� �
= dabea � Yb , �Z= J�G

�
#b � Yb

� �
= Jdab Θeað Þ � Yb ,

e=
1

J
G� #b � �Yb

� �
=

1

J
dabea � �Yb , �E= �G

�
#b � �Yb

� �
= dab Θeað Þ � �Yb : ð40Þ

The 2
0

� �
-tensors Z and �Z are the negative of the Mandel stress referred to the Riemannian and Euclidean

structures, respectively, while E and �E are the Eshelby or energy–momentum tensors. Since the energy
function W is derived from the natural energy function W through equation (32), using the chain rule
and equation (40), one obtains

ZAB =FA
adab ∂W

∂Cgn

∂ FM
gF

N
nCMN

� �
∂FB

b

=FA
adab 1

2
Sgn �FM

gF
N

bFB
n � FM

bFN
nF

B
g

� �
CMN

=� GAN SMBCMN =� CA
DSDB ,

indicating that Z is the negative of the Mandel stress. In short, from equations (38) and (40), we have
obtained the relation between Mandel, Eshelby, and the second Piola–Kirchhoff stresses as

Z=� CS , �Z= JΘZ =� �C �S ,

e= WG� +Z= WG� � CS , �E= JΘE = �W �G
�
+ �Z= �W �G

� � �C �S : ð41Þ
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Since the energy function is defined up to an additive constant, the Eshelby stress referred to either struc-
ture is defined up to an additive multiple of the metric tensor in the corresponding structure. Finally, we
define the first Piola–Kirchhoff stress tensors P and �P, and the Cauchy stress s as

PaB = Fa
ASAB , �PaB = Fa

A
�SAB , sab =

1

J
Fa

AFb
BSAB =

1
�J

Fa
AFb

B
�SAB :

Note that �P= JP. Recalling equation (23), the first Piola–Kirchhoff stress tensors allow one to express
the Eshelby tensors as

E= WG� � FTP , �E= �W �G
� � �F

T �P : ð42Þ

In components, one has EAB = WGAB � Fa
APaB, and �EAB = �W �GAB � �Fa

A�PaB.

Remark 6. Recall that at each point the energy function attains its minimum for C [ =G. This means that
in the absence of internal constraints, such as incompressibility, C [ =G implies S= 0. Conversely, under
the assumption of energy functions admitting no multiple minima, C [ 6¼ G implies the presence of resi-
dual stresses S 6¼ 0. In terms of the Riemannian curvature R associated to G, if it is non-zero, then for
each point X there exists no embedding of a neighborhood of X into S such that C [ =G (i.e., a local iso-
metric embedding). This means that for those energy functions that do not admit a number of minima
one should expect residual stresses S 6¼ 0. Recalling Lemma 3, a vanishing torsion for r̂ is sufficient to
guarantee a vanishing curvature for r. However, a non-vanishing torsion is not enough to ensure the
non-vanishing of the curvature, and therefore, the presence of residual stresses.

Let us consider a time evolution of the anelastic deformation, as in Section 3.4. The energy densities
evolve in time as W (t) =W(f#a(t)g,C [(t)), and �W (t) = �W(f#a(t)g,C [(t)). Their rates are then calculated
as

_W = Ya
B _Fa

B = ZA
BLA

B =
1

J
�ZA

B
LA

B ,
_�W = �Ya

B _Fa
B = JEA

BLA
B = �EA

B
LA

B ,

where indices are lowered according to equation (39). In the case of volume-preserving anelastic defor-
mations (recall Section 3.4), one has

_�W = JZA
BLA

B =� JCADSDBLA
B = J _W :

Let us next consider a motion of B. One can define the functions W (t) =W(f#a(t)g,C [(t)) and
�W (t) = �W(f#a(t)g,C [(t)), and write

_W =
1

2
SAB _CAB = Pa

B _Fa
B ,

_�W =
1

2
�SAB _CAB = �Pa

B _Fa
B :

4.3. Material uniformity

According to Noll [3] and Wang [4], the idea of material uniformity of a simple body is related to the
existence of maps between tangent spaces at different points that leave the constitutive relation
unchanged.

13

The concept of uniformity is related to the notion of configurational forces, that goes back
to Griffith [26] and Eshelby [10, 27, 28]. This notion is important in developing evolution laws for the
motion of defects, including dislocations, vacancies, interfaces, cavities, and cracks. Driving forces on
these defects cause climb and glide of dislocations, diffusion of point defects, migration of interfaces,
shape changes of cavities, and propagation of cracks, to mention a few examples.

A body is said to be materially uniform if, for any two points X , Y 2 B, there exists a linear map
I : TXB ! TYB such that WY =WX s I , or more precisely

W Y , laf g,Að Þ=W X , IIla
� �

, IIAI
� �

,

where I I : T�YB ! T�XB is the dual of I . The map I is called a material isomorphism; in general, it is not
unique. The existence of such a map between pairs of points allows one to express the energy function as
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the same function for all material points. This can be done by defining a field of frames that are related to
each other through the material isomorphisms I . Such a moving frame is called a reference frame field.

We define a naturally uniform body as one for which the natural moving frame feag is a reference
field, and therefore the linear map

N : TXB ! TYB
V aea(X ) 7! V aea(Y ),

ð43Þ

is a material isomorphism.
14

This means that the function W on the space of symmetric positive-definite
3× 3 matrices does not explicitly depend on any material point; therefore, W (X ) = W(Cab(X )). This
implies that

∂AW =
∂W

∂Cab

∂Cab

∂X A
: ð44Þ

Since, from Remark 2, the ordinary derivative of the components in the moving frame is the
Weitzenböck derivative, one obtains the following identity for naturally uniform bodies:

∂AW =
1

2
Sab∂ACab =

1

2
SBDr̂ACBD = Pb

Br̂AFb
B , ð45Þ

where the last identity uses two-point derivatives (equation (25)) and the compatibility of the ambient
metric g. To this extent, the Weitzenböck connection can be seen as the natural connection.

If, for two given points X , Y 2 B, the material isomorphism I is different from the natural isomorph-
ism N defined in equation (43), then there exist two maps, DX : TXB ! TXB and DY : TYB ! TYB, such
that I =D�1

Y N DX . In this, way a material isomorphism can be expressed in terms of the natural iso-
morphism and local deformations at the two points. In particular, defining the moving frame fdag such
that feag= fDdag, one can write

I : TXB ! TYB
V ada(X ) 7! V ada(Y ) ,

so that fdag is a reference frame for B. This means that the energy can be expressed as a function �W on
the space of 3× 3 matrices such that it does not depend on any material point explicitly, i.e.,

W(X ,C(ea, eb)(X )) = �W(C(da, db)(X )). Finally, note that if the natural frame field evolves, then the nat-
ural isomorphism is subject to some evolution law N = N (s), where s is some parameter. We assume
that the general reference frame field fdag follows the evolution of the natural frame field, being subject
to the same anelastic deformation. This means that we assume that D is constant; hence,

fea(s)g= fDda(s)g. Therefore, the evolution law for the material isomorphism is I (s) =D�1
Y N (s)DX . In

this way, it is possible to express non-natural uniformities in an evolving anelastic structure.

4.4. Configurational forces

As mentioned earlier, the concept of a non-uniform energy function is related to configurational forces.
Eshelby studied inhomogeneities by considering the explicit dependence of the elastic energy density on
position in the reference configuration and defined the force on a defect as the generalized force corre-
sponding to the position of the defect in the reference configuration that is thought of as a generalized
displacement. For instance, the configurational force acting on a crack (the crack tip is the defect) is
related to the celebrated J -integral [29, 30]. However, uniformity is not a univocal concept. Imagine a
body with a holonomic natural moving frame and a uniform energy function. If it undergoes anelastic
deformations, it will still look uniform to an internal observer attached to the natural moving frame.
We called this natural uniformity. Nonetheless, for an external observer it will no longer appear uni-
form as the natural structure has been deformed.

In relation to equations (44) and (45), we define the natural non-uniformity as the 1-form M̂ with
components
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M̂A =
∂W

∂X A


explicit

= ∂AW � Pc
Br̂AFc

B , ð46Þ

where by ‘‘explicit’’ we mean the derivative of W with respect to X A when the arguments Cab are fixed.
Note that, in the general case, natural uniformity does not imply uniformity in the sense of the Levi–
Civita connection r. As a matter of fact, recalling equation (22), one has

Pc
BrAFc

B � Pc
Br̂AFc

B =
1

2
SBDrACBD � SBDr̂ACBD

� �
= SBDKH

ABCHD , ð47Þ

which, in general, does not vanish. Therefore, we define the Riemannian non-uniformity as the 1-form
M with components

MA = ∂AW � Pc
BrAFc

B , ð48Þ

representing a measure of the Riemannian non-uniformity of the body. We set MA = GABMB. In analogy
with the natural uniformity, when MA = 0 the body is said to be Riemannian uniform. By virtue of equa-
tion (47), the two non-uniformities M̂ and M are related as

MA � M̂A =� SBDKH
ABCHD = ZBDKBAD , ð49Þ

where use was made of equation (41), and KBAD =� KDAB from equation (20). In particular, when the
body is naturally uniform, one has

Muni
A = ZBDKBAD : ð50Þ

Non-uniformity can be defined with respect to the Euclidean structure as well. It is sufficient to take
the Cartesian orthonormal frame f�∂�Ag considered so far as the reference frame. Note that, unlike uni-
formity with respect to r̂ and with respect to r, the Euclidean connection �r is the Levi–Civita connec-
tion for �G and the Weitzenböck connection for f�∂�Ag, so one needs to define only one uniformity. The
Euclidean non-uniformity �M is defined as

�MA = ∂A
�W � �Pc

B �rAFc
B ,

while we write �MA = �GAB �MB. It should be emphasized that the Euclidean uniformity is not a physically
meaningful object, as it is built with respect to the Euclidean structure, which does not contain any infor-
mation about the anelastic frustration of the material. As a matter of fact, while it makes sense to expect
uniformity in the natural frame feag, and in many cases with respect to the Riemannian structure as well
(e.g., for isotropic bodies, see Section 4.5), there is no reason to expect uniformity in a Euclidean frame,
unless the anelastic deformation is compatible. Nevertheless, the definition of �M will turn out to be use-
ful later in the paper. Using equation (10), one can write

�MA = ∂AJW + J∂AW � JPc
BrAFc

B � JPc
BHD

ABFc
D

= JMA + �WHD
AD � �GCDFc

C �P
cB

HD
AB

= JMA + ( �W �G
BC � Fc

C �P
cB

)�GCDHD
AB ,

having recovered the Eshelby tensor referred to the Euclidean structure written in equation (42).
Therefore, we have obtained the relation between non-uniformities in the two structures as:

�MA = JMA + HD
BA

�ED
B
, �MA = JYA

BMB + �GADHD
BD

�ED
B
, ð51Þ

implying that, in general, material and Euclidean uniformities are different, as one can have MA = 0 but
�MA 6¼ 0, and vice versa. In particular, when a body is naturally uniform, by virtue of equation (50), one
has
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�Muni
A = JZB

DKB
AD + JEB

DHB
AD : ð52Þ

Hence, we have shown that for a naturally uniform anelastic body, i.e., when M̂= 0, in general, the
Riemannian and Euclidean non-uniformities do not vanish.

4.5. Stress and uniformity in isotropic bodies

A body is isotropic if the symmetry group G defined in Section 4.1 is the entire SO(3), meaning that it
is made of matrices ½Qa

b� such that (Q�1)a
b = damQn

mdnb. It is straightforward to see that this is equiva-

lent to assuming that the group G is made of 1
1

� �
-tensors Q that are G-orthogonal, i.e.,

(Q�1)A
B = GAM QN

M GMB. Note that two moving co-frames flag, f~lag that are related as

f~lag= fQa
blag belong to the same equivalence class, and from equation (36), the energy functions W

and �W are constant on each equivalence class. Moreover, two moving co-frames flag, f~lag are in the

same equivalence class if and only if they induce the same metric, i.e., dab
~l

a � ~l
b
= dab la � lb, as the

orthogonality condition dab = dabQa
mQb

n is equivalent to dabQa
mQb

n lm � ln = dab la � lb. Therefore,

each class of orthogonally related co-frames flag is represented by a unique metric. Since W is constant

on each equivalence class, one can define two energy functions Wiso, �Wiso : PB×PB7!R as follows:

W
iso(dab la � lb,C [) =W(flag,C [) , �Wiso(dab la � lb,C [) = �W(flag,C [) :

One recovers the energy densities W and �W by evaluating W
iso and �Wiso at the material metric G and

at the pulled-back spatial metric C [, viz.
15

W (X ) =W
iso(X ,G(X ),C [(X )) , �W (X ) = �Wiso(X ,G(X ),C [(X )) :

It is straightforward to check that, under the isotropy assumption, the material stress tensors are simply
given by

Z= 2
∂Wiso

∂G
, �Z= JΘZ , Je= 2

∂ �Wiso

∂G
, �E= JΘE : ð53Þ

Note that, as pointed out by Epstein and Maugin [31], in the isotropic case, both Z and e are symmetric
2
0

� �
-tensors. Moreover, in the isotropic case, it is possible to write the energy density as a function of the

right Cauchy–Green tensor C (see Section 3). One can show this by defining a function
W(G,C) =W

iso(G,GC) and taking its derivative with respect to G. Recalling equation (41), one has
Z=� CS, and hence

∂W
∂GAB

=
∂Wiso

∂GAB

+ CA
D

∂Wiso

∂CDB

= ZAB + CA
DSDB =� CA

DSDB + CA
DSDB = 0 :

Therefore, W is a function of only C, and in particular, of its three invariants. The same holds for the
energy density per unit Euclidean volume.

Let us consider an evolution Gs of the material metric G, such that G0 =G. Then, one can define the
functions Ws(X ) = �W(Gs(X ),C [(X )) and �Ws(X ) = ~W(Gs(X ),C [(X )), expressing the evolution of the
energy densities referred to the material volume and the Euclidean volume, and calculate their varia-
tions as

dW =
1

2
ZABdGAB , d �W =

1

2
JEABdGAB ,

where d = d
ds


0
. In the case of volume-preserving material variations, one obtains

d �W =
1

2
JZABdGAB =� 1

2
JCA

DSDBdGAB = JdW :
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Finally, the following result establishes the equivalence of uniformity with respect to the connections
r̂ and r for isotropic bodies.

Lemma 4. For an isotropic body, natural uniformity is equivalent to Riemannian uniformity. Moreover,
MA = M̂A.

Proof. From equations (47) and (49), SBDrACBD � SBDr̂ACBD =� 2ZBDKBAD, with KBAD =� KDAB from
equation (20). Therefore, using the symmetry of Z for isotropic bodies following from equation (53),
one obtains SBDrACBD = SBDr̂ACBD, and MA = M̂A. Hence, for uniform isotropic bodies one has
∂AW = Pc

BrAFc
B. h

5. The balance of linear momentum

In this section, we use the Lagrange–d’Alembert principle [32] and write the balance of linear momentum
for an anelastic body with respect to both the Riemannian and the Euclidean structures. The balance of
linear momentum, in either the standard or configurational form, is obtained by taking variations about
a generic motion ut, while the balance of angular momentum is automatically satisfied when one
assumes that W is a function of C [. We should emphasize that in anelasticity, in addition to the classical
degrees of freedom represented by the configuration mapping ut, one must consider some set of vari-
ables Y, which are related to the natural moving co-frame f#ag via a flow rule [33], and which represent
such quantities as the density of defects or the temperature field. In this paper, we are not concerned with
considering material evolutions for Y. These strictly depend on the class of problems one is considering
(dislocations, growth, thermal expansion), and will be the subject of a future communication. Note also
that, as mentioned earlier, we work in the context of hyperelasticity, and therefore no dissipation is asso-
ciated to standard motions, albeit we do not exclude dissipation phenomena associated to anelastic evo-
lutions, whose effect would show up in the equations corresponding to variations of Y.

5.1. The Lagrange–D’Alembert principle

Using an action principle such as the Lagrange–d’Alembert principle, the inertial forces are taken into
account. In particular, we take variations about a generic motion ut during a time interval ½t1, t2�. Let us
consider a one-parameter family of motions ut, E : B× ½t1, t2�×R! S, such that for E = 0 one recovers
ut, and such that all the trajectories agree at the end points, viz.

ut, 0 =ut,8t ; ut1, E =ut1
, ut2, E =ut2

,8E : ð54Þ

We denote by UE(t) the vector field tangent to the curves E 7!ut, E(X ) for X and t fixed. Clearly, from
equation (54) one has UE(t1) = 0, and UE(t2) = 0. We denote by VE(t) the vector field tangent to the
curves t 7!ut, E(X ) for X and E fixed. Note that V0(t) =V(t) from equation (54), recovering at E = 0 the
velocity field for ut defined in Section 3. Let us consider the following one-parameter families of kinetic
energies and elastic energy densities

Ke(t) =
1

2
.okVE(t)k2

G , WE(t) =W #af g,C [
E (t)

� �
, ð55Þ

and define the action as

A(E) =

Z t2

t1

Z
B

KE(t)�WE(t)ð Þm
� �

dt :

We denote by d the derivative with respect to E evaluated at E = 0, i.e., d = d
dE


0
. The Lagrange–

d’Alembert principle reads

dA+

Z t2

t1

Z
B

.ohb, uim +

Z
∂B
hT, uih

� �
dt = 0 , ð56Þ

Sozio and Yavari 1285



where the 1-forms b and t represent, respectively, the body and contact forces, and h is the area form
induced on ∂B by m.

5.2. The balance of linear momentum in terms of the two structures

From the calculations in Appendix C, the Lagrange–d’Alembert principle for an anelastic body in terms
of the Riemannian structure is written asZ t2

t1

Z
B
�.oaaua � .obaua � PaBrBua

� �
m +

Z
∂B

Taua h

� �
dt = 0 : ð57Þ

Applying the divergence theorem to equation (57), one writesZ t2

t1

Z
B
�roaa � .oba +rBPaB
� �

ua m +

Z
∂B

Ta � PaBNB

� �
ua h

� �
dt = 0 :

Using the arbitrariness of u, one obtains the Euler–Lagrange equations expressed in terms of the first
Piola–Kirchhoff stress P, viz.

rBPaB + .oba = .oaa on B , PaBNB = Ta on ∂B : ð58Þ

Equation (58) is the balance of linear momentum in local form written with respect to the Riemannian
structure, see Marsden and Hughes [22]. Note that information about the anelastic deformation is con-
tained in the connection r, in the body forces (through the mass density), and in the G-normal vector
N. Of course, anelasticity is also hidden in the constitutive relations (equation (32)), encoded in the stress
tensor P. Equation (57) can be written in terms of the Euclidean structure asZ t2

t1

Z
B
�J.oaaua � J.obaua � �P

aBrBua

� �
�m +

Z
∂B

�T
a
ua �h

� �
dt = 0 ,

with �Ta indicating traction with respect to the Euclidean metric, i.e., Ta = J∂�Ta, where J∂ is the area ratio
between the two structures (see Appendix C). Therefore, using the divergence theorem, one writesZ t2

t1

Z
B
�J.oaa � J.oba + �rB

�P
aB

� �
ua �m +

Z
∂B

Ta � �P
aB �NB

� �
ua �h

� �
dt = 0 :

This gives the Euclidean or classical form of the balance of linear momentum as

�rB
�PaB + �.oba = �.oaa on B , �PaB �NB = �Ta on ∂B , ð59Þ

where �.o = J.o denotes the mass density referred to the Euclidean structure. In this case, the information
about the anelastic deformation is entirely carried by the constitutive relation that determines �P. Note
that equation (59) can also be obtained from equation (58), deriving the bulk part from the generaliza-
tion (equation (26)) of Lemma 8 and the boundary conditions from the analog of Nanson’s formula
(equation (7)). In summary, the local forms of the balance of linear momentum in the Riemannian and
Euclidean structures read

rBPaB + .oba = .oaaon B,
PaBNB = Ta on ∂B,

�
,

�rB
�P

aB
+ �.oba = �.oaaon B,

�P
aB �NB = �T

a
on ∂B,

�
�P

aB
= JPaB , �.o = J.o , �T

a
= J∂BTa ,

r=rG , �r=r�G , J∂BNA = J�NA :

	 

Finally, as is well-known, the balance of linear momentum can be written in the ambient space in terms
of the Cauchy stress s as rbsab + .ba = .aa. Note that, using the two-point derivative notation
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(equation (25)), for a spatial tensor the three symbols r, r̂, and �r are equivalent. Thus, there is only
one form for the balance of linear momentum when it is written in terms of the Cauchy stress.

16

5.3. The configurational balance of linear momentum with respect to the two structures

Next we look at the balance of linear momentum from a configurational point of view [10, 11]. Recalling
equation (42), one has EAB = WGAB � Fa

APaB, and therefore

rBEAB = ∂BW GAB �rBFa
A PaB � Fa

ArBPaB ,

where the compatibility of G and r was used. From equation (48), one has

rBEAB = MA + Pc
CrBFc

C GAB �rBFa
C Pa

BGAC � Fa
ArBPaB

= MA + Pa
C rBFa

C �rCFa
Bð ÞGAB � Fa

ArBPaB :

Therefore, using compatibility of the total deformation gradient (equation (27)), one obtains

rBEAB = MA � Fa
ArBPaB :

Thus, defining the total configurational force referred to the Riemannian structure as

BA =�MA � .oFa
Aba + .oFa

Aaa , ð60Þ

one writes the balance of linear momentum (equation (58)) in terms of the Eshelby stress, viz.

rBEAB + BA = 0 on B , EABNB = WNA � Fa
ATa on ∂B : ð61Þ

Equation (61) is the geometric version of the configurational form of the balance of linear momentum.
Following the same approach, one can refer everything to the Euclidean structure. By substituting equa-
tion (42) into equation (59), one obtains the total configurational force referred to the Euclidean struc-
ture as:

�BA =� �MA � �.o
�Fa

A
ba + �.o

�Fa
A
aa : ð62Þ

The classical form of the configurational format of the balance of linear momentum reads

�rB
�EAB + �BA = 0 on B , �EAB �NB = �W �NA � �Fa

A �Ta on ∂B : ð63Þ

From equations (60) and (62), and using equation (51), one obtains the relation between the two config-
urational forces as

�BA = JYA
DBD � �GAC �EB

D
HB

CD :

In summary, the two forms of the configurational balance of linear momentum read

rBEAB + Ba = 0 on B,
EABNB = WNA � Fa

ATa on ∂B,

�
, �rB

�E
AB

+ �B
a
= 0 on B,

�E
AB �NB = �W �N

A � �Fa
A �T

a
on ∂B,

�
�E

AB
= JYA

DEDB , �T
a
= J∂BTa ,

r=rG , �r=r�G , J∂BNA = J�NA ,

�B
A
=YA

DBD � �G
AC �EB

D
HB

CD :

0B@
1CA

In the case of no inertial and no body forces, the configurational force is entirely given by the non-uni-
formity, as the bulk parts of equations (61) and (63) are simplified to read

rBEAB = MA , �rB
�EAB = �MA : ð64Þ
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As mentioned earlier, in general, both the Riemannian and the Euclidean non-uniformities are different
from the non-uniformity defined with respect to the natural reference frame. Therefore, it is worth point-
ing out that the non-uniformities contributing to the configurational forces in both equations (61) and
(63) are not the natural uniformity given by the explicit dependence of W on the point X . As a matter of
fact, as shown in equations (50) and (52), for an anelastic uniform body, one has M 6¼ 0 and �M 6¼ 0. In
this case, the configurational balance (equation (64)) reads

rBEAB = ZB
DKB

AD , �rB
�EAB = �ZB

D
KB

AD + �EB
D

HB
AD :

In particular, the Euclidean structure carries no information about the anelastic state of the body.
Conversely, being built on the natural metric, the Riemannian structure is affected by anelastic defor-
mations; hence, uniformity in the Riemannian sense is related to that in the natural sense. Moreover,
for isotropic bodies, the Riemannian non-uniformity is identical to the natural non-uniformity.

6. Conclusions

In this paper, we formulated the mechanics of anelastic bodies with respect to two different material
structures, the Euclidean and the Riemannian structures. A material structure is defined as a triplet
made of a metric tensor on the material manifold with its corresponding volume form, and the Levi–
Civita connection. In particular, the Riemannian structure is built using the material metric induced
from the natural moving frame, which provides information about the distances in the body in its natu-
ral configuration, and therefore, the anelastic frustration of the material, and corresponds to the geo-
metric approach to anelasticity. The Euclidean structure, however, represents the classical formalism of
non-linear anelasticity. The multiplicative decomposition of deformation gradient was approached in a
geometric framework consistent with the interpretation that views the anelastic part of the deformation
gradient as a non-holonomic change of frame in the material manifold.

In the setting of hyper-anelasticity, we defined stress tensors with respect to both the Riemannian and
the Euclidean structures, and derived the balance of linear momentum for an anelastic body with respect
to the two structures. These two sets of governing equations are very similar and differ only in the use of
the corresponding derivative and of the volume ratio of the two structures. We discussed uniformity
with respect to general moving frames and, in particular, with respect to the natural moving frame. This
natural uniformity is expressed via the Weitzenböck connection, which parallelizes the non-holonomic
natural frame. We extended the concept of uniformity to the Riemannian and Euclidean structures, and
discussed the role of non-uniformity in the form of the material forces that appear in the configurational
form of the balance of linear momentum. This was derived with respect to both the Riemannian and the
Euclidean structures, and it was observed that in anelasticity, even for uniform bodies, a non-uniformity
term appears in the configurational balance of linear momentum, whether it is expressed in the classical
Euclidean format or in the geometric Riemannian format. Hyperelastic isotropic bodies are exceptional
in the sense that, for them, uniformity in the natural sense is equivalent to uniformity in the Riemannian
sense.

Extending the present theory to material variations will be the subject of a future communication.
Material variations model evolutions of the set of variables that describe the specific nature of a particu-
lar anelastic process, e.g., the density of defects, and that trigger the evolution of the natural moving co-
frame (or local anelastic deformation) via a flow rule. It would be interesting to see how the present the-
ory applies to that setting and investigate material forces dual to these changes. A further extension of
the present work would be to take into account dissipation phenomena associated to anelastic
evolutions.
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Notes

1. h�, �i is the natural pairing of 1-forms and vectors.
2. The permutation symbol is 1 for even permutations of (123), �1 for odd permutations, and 0 when an index is repeated.
3. Alhasadi et al. [18] obtain an expression similar to equation (10) but with the term GB

BA � ĜB
BA instead of

HB
BA = GB

BA � �GB
BA (for the meaning of Ĝ, see Section 2.5). This is because they define the volume ratio as the determi-

nant of the change of frame, which depends on the coordinate functions with respect to which the natural frame is
expressed, i.e., ∂A in equation (2). This means that it is not a well-defined quantity. As an example, for unimodular anelas-
tic deformations, i.e., when the volume ratio is one, they obtain GB

BA = ĜB
BA, which disagrees with our theory. A counter-

example to their result is constituted by

½Fa
A�(X ) = 1 f (X )

0 1

h i
,

representing a unimodular anelastic deformation, but for which one has ½GB
BA�= ½0 f 0(X ) �, and ½ĜB

BA�= ½0 0 �. Another

way to look at this inconsistency is to view the result of Alhasadi et al. [18] as an active approach (see Section 2.4). In this

case, the definition of the volume ratio is well-defined. However, what is incorrect is the expression of the coefficients of

the Weitzenböck connection, as will be explained in Section 2.5.

4. The Weitzenböck connection is called the material connection by Noll [3] and Wang [4]. See also Youssef and Sid-Ahmed
[34] and Yavari and Goriely [21].

5. Global compatibility involves extra equations for every generator of the first homology group. These were investigated by
Yavari [35] in both linear and non-linear elasticity.

6. The minus sign is because everything is defined with a focus on the co-frame field.
7. With ( _F�1)A

a, we imply the time-derivative of the inverse, i.e., ((F�1)�)A
a, and not the inverse of the time-derivative, i.e.,

(( _F)�1)A
a. Note that these two objects are, in general, different.

8. Recalling equation (24), from the classical active point of view one has Cab =C [(ea, eb) = d
�A
a d

�B
b C [(�∂�A, �∂�B), where f�∂�Ag is a

Cartesian frame.
9. Simo [23] obtains this result as a consequence of ‘‘invariance under rigid-body motions superposed onto the intermediate

configuration’’. This is equivalent to invariance under rotations of the natural moving frame. As we explain later in the
paper, this invariance requires that any proper rotation be a material symmetry for W. In other words, Simo [23] enforces
isotropy. See also Section 4.5.

10. A natural frame f~eag= fAb
aebg is induced by a change of frame similar to equation (2) with ~Fa

C = (A�1)a
gF

g
C . Therefore,

from equation (14), one obtains

ê
G

A

BC = F�1
� �A

b
Ab

a ∂B A�1ð ÞagF
g

C

� �
= ĜA

BC � F�1
� �A

a
∂BAa

b A�1ð ÞbgF
g

C :

Hence, if the symmetry group changes continuously from point to point, then by changing the natural frame via material

symmetry one obtains a different Weitzenböck connection. However, the material metric G would not be affected as,

albeit non-uniform, the symmetry group is still everywhere a subgroup of the orthogonal group. The effect of this ‘‘change

of frame according to the non-uniform material symmetry’’ is therefore similar to that of a superposed distribution of

stress-free dislocations. For this reason, we believe that the notion of teleparallelism for non-uniform bodies is not as

insightful as it is for the uniform case.
11. For the sake of clarity and simplicity, instead of indicating differentiation with generic lb and A, we will use the fields #b

and C [ at which these derivatives are evaluated, i.e., we set

∂

∂#b = ∂
∂la


(#b,C [)

and ∂

∂C [ = ∂
∂A


(#b,C [)

:

12. To our best knowledge, no interpretation of the material stresses Ya and �Ya from a geometric perspective of the type dis-
cussed in Kanso et al. [36] has been provided in the literature.

13. We work with a C [-dependent energy function, whereas Wang [4] assumes a constitutive model for the stress in terms of
the deformation gradient F.

14. This map is equivalent to the parallel transport induced by the Weitzenböck connection r̂. Conversely, Wang [4] defines a
material connection as one whose induced parallel transports are always material isomorphisms.

15. We point out the work of Mariano [37], in which the Eshelby tensor is associated to variations of the material metric.
However, we emphasize that this association is valid only for isotropic bodies.

16. In the work of Menzel and Steinmann [17], different stress tensors are defined with respect to different configurations, and
are used to express the balance of linear momentum in several different formats, including the configurational one. Some
of these expressions involve the dislocation density tensor. In our framework, this is justified from Remark 2, stating that
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differentiating components with respect to the moving frame is equivalent to using the Weitzenböck derivative, and there-
fore, the tensors T̂ and K might show up.
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[8] Kröner, E. Allgemeine Kontinuumstheorie der Versetzungen und Eigenspannungen. Arch Ration Mech Anal 1959; 4(1):

273–334.
[9] Sadik, S, and Yavari, A. On the origins of the idea of the multiplicative decomposition of the deformation gradient. Math

Mech Solids 2017; 22(4): 771–772.
[10] Eshelby, JD. The elastic energy–momentum tensor. J Elast 1975; 5(3–4): 321–335.
[11] Gurtin, ME. Configurational forces as basic concepts of continuum physics. New York: Springer Science & Business Media,

2008.

[12] Wang, CC, and Bloom, F. Material uniformity and inhomogeneity in anelastic bodies. Arch Ration Mech Anal 1974; 53(3):

246–276.
[13] Cermelli, P, Fried, E, and Sellers, S. Configurational stress, yield and flow in rate–independent plasticity. Proc R S

London, Ser A 2001; 457(2010): 1447–1467.
[14] Gurtin, ME. A gradient theory of single-crystal viscoplasticity that accounts for geometrically necessary dislocations. J

Mech Phys Solids 2002; 50(1): 5–32.
[15] Gupta, A, Steigmann, DJ, and Stölken, JS. On the evolution of plasticity and incompatibility. Math Mech Solids 2007;

12(6): 583–610.
[16] Bennett, KC, Regueiro, RA, and Borja, RI. Finite strain elastoplasticity considering the Eshelby stress for materials

undergoing plastic volume change. Int J Plast 2016; 77: 214–245.
[17] Menzel, A, and Steinmann, P. On configurational forces in multiplicative elastoplasticity. Int J Solids Struct 2007; 44(13):

4442–4471.
[18] Alhasadi, MF, Epstein, M, and Federico, S. Eshelby force and power for uniform bodies. Acta Mech 2019; 230(5):

1663–1684.
[19] Mura, T.Micromechanics of defects in solids (Mechanics of Elastic and Inelastic Solids, vol. 3). Dordrecht: Springer Science

& Business Media, 2013.
[20] Mura, T. Impotent dislocation walls. Mater Sci Eng, A 1989; 113: 149–152.
[21] Yavari, A, and Goriely, A. Riemann–Cartan geometry of nonlinear dislocation mechanics. Arch Ration Mech Anal 2012;

205(1): 59–118.
[22] Marsden, JE, and Hughes, TJR. Mathematical foundations of elasticity. New York: Dover Civil and Mechanical

Engineering Series, 1983.
[23] Simo, JC. A framework for finite strain elastoplasticity based on maximum plastic dissipation and the multiplicative

decomposition: Part I. Continuum formulation. Comput Methods Appl Mech Eng 1988; 66(2): 199–219.
[24] Ortiz, M, and Pandolfi, A. A variational Cam-clay theory of plasticity. Comput Methods Appl Mech Eng 2004; 193(27–29):

2645–2666.
[25] Golgoon, A, and Yavari, A. Line and point defects in nonlinear anisotropic solids. Z Angew Math Phys 2018; 69(3): 81.
[26] Griffith, AA. VI: The phenomena of rupture and flow in solids. Philosophical Transactions of the Royal Society of London

A 1921; 221(582-593): 163–198.
[27] Eshelby, JD. The force on an elastic singularity. Philos Trans R Soc London, Ser A 1951; 244(877): 87–112.

1290 Mathematics and Mechanics of Solids 25(6)

https://orcid.org/0000-0002-7088-7984


[28] Eshelby, JD. Energy relations and the energy–momentum tensor in continuum mechanics. In: Ball, JM, Kinderlehrer, D,
Podio-Guidugli, P, et al. (eds.) Fundamental contributions to the continuum theory of evolving phase interfaces in solids.
Berlin: Springer, 1999, 82–119.

[29] Cherepanov, G. The propagation of cracks in a continuous medium. J Appl Math Mech 1967; 31(3): 503–512.
[30] Rice, JR. A path independent integral and the approximate analysis of strain concentration by notches and cracks. J Appl

Mech 1968; 35(2): 379–386.
[31] Epstein, M, and Maugin, G. The energy–momentum tensor and material uniformity in finite elasticity. Acta Mech 1990;

83(3–4): 127–133.
[32] Marsden, JE, and Ratiu, TS. Introduction to mechanics and symmetry. New York: Springer Science & Business Media,

2013.
[33] Reinicke, KM, and Wang, CC. On the flow rules of anelastic bodies. Arch Ration Mech Anal 1975; 58(2): 103–113.
[34] Youssef, NL, and Sid-Ahmed, AM. Linear connections and curvature tensors in the geometry of parallelizable manifolds.

Rep Math Phys 2007; 60(1): 39–53.
[35] Yavari, A. Compatibility equations of nonlinear elasticity for non-simply-connected bodies. Arch Ration Mech Anal 2013;

209(1): 237–253.
[36] Kanso, E, Arroyo, M, Tong, Y, et al. On the geometric character of stress in continuum mechanics. Z Angew Math Phys

2007; 58(5): 843–856.
[37] Mariano, PM. Consequences of ‘‘changes’’ of material metric in simple bodies. Meccanica 2004; 39(1): 77–79.

Appendix

A Notation

A, a acceleration
A anelastic deformation
A action
B, �B configurational forces
B material manifold
b body force
ba Burgers vector
C, �C, C [ right CG tensors
�C, C [ elastic right CG tensors
E, �E Eshelby stress
E elastic deformation
feag natural co-frame
F deformation gradient
FB, F�B tensor bundles
Fa

A change of frame
G, �G, g metric tensors
H change of connection
I material isomorphisms
J , J ; �J , volume ratios
K kinetic energy
K change of connection
L rate of anelastic deformation
M̂, M, �M non-uniformity forms
N, �N normal vectors
N material isomorphism
P, �P first PK stress
PB tensor bundle
R curvature tensor for r
S, �S second PK stress
S ambient space
T̂ torsion tensor for r̂
T, �T tractions
TB, TS tangent spaces
u spatial variation
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V, v velocity
W , �W energy densities
W;W, �W energy functions
fYag,
f�Yag

vector stress

Z, �Z negative Mandel stress
h, �h area forms
Θ change of metric
f#ag natural co-frame
m, �m volume forms
.o, �.o, . mass densities
s Cauchy stress
f∂Ag generic frame
f�∂�Ag Cartesian frame
r, GA

BC Riemannian connection
�r, �GA

BC Euclidean connection
r̂, ĜA

BC Weitzenböck connection

B The Burgers vector in the geometric and classical approaches

From a geometric point of view, the Burgers vector defined in equation (19) is not a vector but a triplet
of scalars. It is a quantity associated to a curve, so it does not belong to any particular tangent space at
any point. The classical definition of the Burgers vector is formally different, and uses the fact that in a
flat space it is possible to integrate a vector field using components with respect to a Cartesian chart. It
is defined using the active notation for the multiplicative decomposition of deformation gradient, which
in our framework reads

b�a½c(g)�=
I

c(g)

½c�(AT)��ads , ð65Þ

where T is the velocity vector of g, c is the global embedding defining the Cartesian chart X= j s c on
B, and the components are with respect to X. Using the change of variables theorem, one can write equa-
tion (65) as

b�a½c(g)�=
I

g

d�a
�A(AT)

�Ads :

Note that using a Cartesian chart one can write A
�A

�B = d
�A
aFa

�B. Therefore, one hasI
g

d�a
�AA

�A
�BT

�Bds =

I
g

d�a
�Ad

�A
aFa

�BT
�Bds =

I
g

d�a
aFa

�AT
�Ads = d�a

a

I
g

#a = d�a
aba½g� ,

and hence, the geometric definition of the Burgers vector coincides with the classical one.

C The Lagrange–D’Alembert principle and anelasticity

We start with the calculation of the first variation of the kinetic energy density KE(t). Let us fix X 2 B,
and consider the surface OX spanned by ut, E(X ) for t 2 ½t1, t2� and E 2 ½�Eo, Eo�, Eo . 0. Note that O0 is
injectively immersed in S, and that the pair (t, E) is a global coordinate system for OX , with the basis
vectors VE(t) and UE(t). Therefore, one has ∂EK = hdK,UEi, and hence, evaluating at E = 0, one obtains
dK(t) as

dK = hdK,U(t)i :

Therefore, recalling the definition of the kinetic energy density (equation (55)), one writes
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dK =
1

2
.o d kVk2

G

� �
,U

D E
= .o V,rUVh ih ig,

as ∂a(gbcV
bV c)U a =ra(gbcV

bV c)U a = 2gbcV
bUaraV c. Moreover, the holonomicity of U and V on OX

implies rVU=rUV; hence,

dK = ro V,rVUh ih ig :

Therefore, as rVV=A by definition, using the product rule one obtains

dK(t) = .orV V,Uh ih ig
� �

� .o A,Uh ih ig :

Note that the term rV( V,Uh ih ig) will be omitted; once integrated over time it vanishes because of equa-
tion (54), i.e., Z t2

t1

Z
B
rV V,Uh ih iG
� �

m

� �
dt =

Z
B

V,Uh ih iGm

t2

t1

= 0 :

Hence, using the spatial representation, one has

dK(t) =� .o a, uh ih iG :

As for the elastic energy, first note that at each time t, the configuration ut, E can be written as zt, E s ut

with zt, E : ut(B)! S generated by the field ut, E , in turn related to UE(t) as ut, E(x) =UE(u�1
t (x), t). As a

matter of fact, for fixed X and t, the fields ut, E(ut(X )) and UE(X , t) are tangent to the same curve
E 7!ut, E(X ). From equation (54), the map zt, E is such that zt, 0 = idut(B) for any t, zt1, E = idut1

(B) and
zt2, E = idut2

(B) for any E. Thus, for the pulled-back metric, one has

∂ECE(t) = ∂E u�t z�t, Eg
� �� �

=u�t ∂E z�t, Eg
� �� �

:

Note that z�t, Eg is defined on ut(B), and so the expression ∂E(z�t, Eg) is meaningful. The C-variation is sim-
plified to read

dC(t) = ∂ECE(t)jE = 0 =u�t Lugð Þ ,

where L denotes the Lie derivative. Note that (Lug)ab =raub +rbua, and hence, the variation of the
pulled-back metric reads dCAB = Fa

AFb
B(raub +rbua), where ua = gacu

c. Hence, one obtains

dW (t) =
1

2
SABdCAB = SABdCABFa

AFb
Braub = PaBrBua :

In components, the Lagrange–d’Alembert principle (equation (56)) is written asZ t2

t1

Z
B
�.oaaua � .obaua � PaBrBua

� �
m +

Z
∂B

Tauah

� �
dt = 0 : ð68Þ

Material mass density and the area and volume forms are time-dependent, as the anelastic deforma-
tions affect them. Equivalently, the Lagrange–d’Alembert principle (equation (56)) can be written in
terms of the Euclidean structure asZ t2

t1

Z
B
�J.oaaua � J.obaua � �P

aBrBua

� �
�m +

Z
∂B

�T
a
ua �h

� �
dt = 0 , ð67Þ

with �Ta indicating tractions with respect to the Euclidean metric, i.e., Ta = J∂�Ta. Equations (66) and (67)
can be used to derive the local form of the balance of linear momentum.
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