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Abstract. In this paper, we investigate the possibility of elastodynamic transformation cloaking in bodies made of non-
centrosymmetric gradient solids. The goal of transformation cloaking is to hide a hole from elastic disturbances in the sense
that the mechanical response of a homogeneous and isotropic body with a hole covered by a cloak would be identical to that
of the corresponding homogeneous and isotropic body outside the cloak. It is known that in the case of centrosymmetric
gradient solids exact transformation cloaking is not possible; the balance of angular momentum is the obstruction to
transformation cloaking. We will show that this no-go theorem holds for non-centrosymmetric gradient solids as well.

Mathematics Subject Classification. 53730, 70G45, T4E05, 74E10, 74E99.

Keywords. Cloaking, Gradient elasticity, Cosserat elasticity, Elastic waves, Non-centrosymmetric solids, Chiral solids.

1. Introduction

The idea of transformation cloaking in electromagnetism goes back to the works of Pendry et al. [25] and
Leonhardt [18]. Many researchers have tried to use the idea of transformation cloaking in other fields. In
the case of elastodynamics, this has led to many inconsistent formulations that were critically reviewed in
[9,31]. We should emphasize that the ideas related to elastodynamic cloaking are much older and go back
to the works [10,20,26] on reinforced holes in elastic sheets, and [4,11-14] on neutral inhomogeneities.

Cloaking a hole in an elastic body can be formulated in terms of two equivalent boundary-value prob-
lems [31]. The hole is covered by a cloak whose elastic properties and mass density need to be determined.
The cloak is expected to have inhomogeneous mass density and inhomogeneous and anisotropic elastic
constants. Outside the cloak, the response of the body (the physical body B) is required to be identical to
that of a homogeneous and isotropic body with a very small hole (the virtual body B) The two bodies are
under the same external loads and have the same boundary conditions outside the cloak. More precisely,
the virtual body B is defined such that B = B\H, where H is the hole(s). It is assumed that the virtual
and physical bodies have the same mass density and elastic constants outside the cloak. Outside the
cloak, the virtual body is under the same traction and displacement boundary conditions as the physical
body. The body force distributions in the two problems are assumed to be identical outside the cloak (see
Fig. 1).

In transformation cloaking, one uses a map = : B — B (cloaking map) that has two properties: (i)
Outside the cloak C it is the identity map, i.e., Z[g\¢ = id, and ii) while fixing the outer boundary of the
cloak it shrinks its inner boundary to a very small hole (see Fig. 1). Starting from the balance of linear
momentum in one configuration, one transforms it using the Piola transform to the other configuration.
This gives transformation relations for the mass density and the elastic constants assuming that the
displacement fields in the two configurations are equal at the corresponding points. In order to have
identical mechanical responses outside the cloak, the cloaking map needs to fix the outer boundary of
the cloak to the first order; both =, and its derivative map TZ= must be identity maps on the outer
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(a) Physical problem (b) Virtual problem

Fic.1. Z2: B— Bis a map between two submanifolds of R™. The virtual body Bis homogenous and isotropic and has a
tiny hole H. The physical body B has the same homogeneous and isotropic properties outside the cloak, i.e., in B\C. The
two bodies have the same Dirichlet and Neumann boundary conditions on their outer boundaries

boundary of the cloak. The last thing to check is the balance of angular momentum. In the case of
classical linear elasticity, generalized Cosserat elasticity, and centrosymmetric gradient elasticity, starting
from a homogeneous and isotropic virtual body in which the balance of angular momentum is satisfied,
it turns out that the balance of angular momentum cannot be satisfied in the physical problem unless
the cloaking map is the identity map everywhere. In other words, the balance of angular momentum
is the obstruction to exact transformation cloaking [31]. In the case of elastic plates, a set of cloaking
compatibility equations obstruct transformation cloaking [9].

There has been a misconception in the literature that an elastic cloak should be made of a Cosserat
solid (see [31] for an extensive literature review). In [31], it was shown that even in the case of generalized
Cosserat solids the balance of angular momentum is still the obstruction to transformation cloaking. No
assumption was made on the elastic constants other than objectivity, and positive-definiteness of the
elastic energy. This means that transformation cloaking is not possible in either non-centrosymmetric or
centrosymmetric generalized Cosserat solids (and consequently Cosserat solids). Yavari and Golgoon [31]
proved the impossibility of exact transformation cloaking for centrosymmetric gradient solids. In this
paper, we investigate the possibility of transformation cloaking for non-centrosymmetric gradient solids.

Non-centrosymmetric solids can be modeled in the setting of generalized continuum mechanics and
have been studied by many researchers [5,6,15-17,19,27]. Papanicolopulos [24] studied chirality in 3D
isotropic gradient elasticity under the assumption of small strains. Chirality is controlled by a single
material parameter in the fifth-order coupling elasticity tensor. Auffray et al. [1,2] studied the material
symmetries in 2D linear gradient elasticity. In dimension two, chirality is due to the lack of mirror
symmetry, and it affects both the coupling and the second-order elasticity tensors. They showed that
there are fourteen symmetry classes, eight of which have isotropic first-order elasticity tensors. In an
effort to use chirality for cloaking applications, Nassar et al. [23] considered a sheet made of a classical
linear elastic solid connected to an elastic foundation that resists rotations. They called such structures
“polar solids,” which is a misleading term; the energy functions they considered are not objective. Also,
their cloaking structure construction cannot be generalized to 3D.

This paper is structured as follows. In §2, we tersely review the governing equations of elastodynamics.
In §3 gradient elasticity, its governing equations and non-centrosymmetry are discussed. We formulate the
problem of transformation cloaking in linearized non-centrosymmetric gradient elasticity in §4. We prove
the impossibility of cloaking for arbitrary cylindrical holes and arbitrary cloaking maps. Conclusions are
given in §5.
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2. Nonlinear elasticity
2.1. Kinematics

In nonlinear elasticity, motion is a time-dependent mapping between a reference configuration (or natural
configuration) and the ambient space. We write this as ¢; : B — S, where (B, G) and (S,g) are the
material and the ambient space Riemannian manifolds, respectively [21]. Here, G is the material metric
(that allows one to measure distances in a natural stress-free configuration) and g is the background metric
of the ambient space. The Levi-Civita connections associated with the metrics G and g are denoted as
V& and V8, respectively. The corresponding Christoffel symbols of V& and V8 in the local coordinate
charts {X4} and {2} are denoted by I' g and v%., respectively. These can be directly expressed in
terms of the metric components as

1

1
Y pe = §9ak (Gkb,e + Grep — Gbe,k) Mpe = iGAK (Gkp,c +Gke,B —Gpok) - (2.1)

The deformation gradient F is the tangent map of ¢;, which is defined as F(X,t) = T (X) : TxB —
T,.(x)S. The transpose of F is denoted by FT, where
FT(X,t): T,,x)S — TxB, (W, FTw)g = (FW,w),, YW e TxB, we T,,x)S. (22)

In components, (F7)4, = GAPF?gg4,. The right Cauchy-Green deformation tensor is defined as C =
F'F : TxB — TxB, which in components reads CAp = F“LFngabGAL. Note that C? = Vi g.
The material velocity of the motion is the mapping V : B x Rt — T'S, where V(X,t) € T,.(x)S, and

in components, V(X,t) = %(X7 t). The material acceleration is a mapping A : B x Rt — T'S defined
as A(X,1) == DfV(X,1) = Vi n V(X,1) € Ty, (x)S, where Df denotes the covariant derivative along
the curve ¢;(X) in S. In components, A* = BBL; + 4% VOVE

2.2. Balance laws

The balance of linear momentum in material form reads
DivP + ,OOB = poA, (23)

where P is the first Piola—Kirchhoff stress. pp, B, and A are the material mass density, material body
force, and material acceleration, respectively. Div P has the following coordinate expression:

0 opeA 0
Se = <8XA + PPr4 5 + PCAFbA’y“bC) —. (2.4)

DivP = p4
1v |A 83’,‘“

The Jacobian of deformation J relates the deformed and undeformed Riemannian volume elements as

dv(z,g) = JdV (X, G), and is written as
detg
= F. 2.
J =1/ oG det (2.5)

Identifying a material point with its position in the material manifold X € B, we have x = ¢;(X). When
the ambient space is Euclidean, one defines the material displacement field as U = ¢, (X) — X .1

Hn Sect. 3.1, in linearized gradient elasticity, we will use U for the linearized displacement instead of §U.
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Balance of angular momentum in local form reads FP* = PF*, where P* and F* are duals of P and
F, respectively, and are defined as

F=F", 9 F* = F*,dX* ® 9 ,
oz oz
0 0 0 0 (2.6)
aA aA
P=r o © a3 P*=P o7 ® 5o

Note that F* : sa (X)S — T%B, where T (X)S and T%B denote the cotangent spaces of T, (x)S and

T'x B, respectively. Balance of angular momentum in components reads F% 4 P4 = P, PoA,

Conservation of mass implies that pdv = podV or pJ = py, where p, and p denote the material and
spatial mass densities, respectively. In terms of Lie derivatives, conservation of mass can be written as
Lyp=0][21].

3. Gradient elasticity

In this section, we extend the analysis of Yavari and Golgoon [31] to non-centrosymmetric solids. We
refer the reader to [31] for the detailed derivation of the governing equations and the transformed fields.
In gradient elasticity (or strain-gradient elasticity), energy function has the following form [29]:

W =W(X,F,VF,G,goy). (3.1)

From compatibility equations, F* 4 g = F®pg|4 [30]. Material frame indifference (objectivity) implies that
W = W(X, CaB,Cag|c,Gag) [29,31]. The first Piola-Kirchhoff stress has the following representation:

ow ow
OFb, <8FbA|B)|B] ' (32)

Hyper-stress is defined as H, A% = H,BA = Blfaw . Traction is written as

PaA _ gab

T* = PNy — H**B N4y + H*'PB 45, (3.3)

where B = Bpa = —N, AB 18 the second fundamental form of the surface B embedded in the
Euclidean space, and N is the unit normal vector to 5. Note that in a stress-free gradient solid both
the (total) first Piola—Kirchhoff stress and hyper-stress vanish.

3.1. Balance of linear and angular momenta

In terms of the first Piola—Kirchhoff stress the balance of angular momentum reads

plaApi, ¢ (H[“ABFb] A) ~0. (3.4)
B

Linearizing the balance of linear momentum about a motion ¢ one obtains (5P‘1A)‘ 4+ podB® = poU a,
where

opeA
OF 51

opeA

spPA = §FbB + SF? B|C = AaAbB Ub‘B + BaAbBC Ub‘B|C s (35)
0 denotes the first variation of a field, and U® are the components of the linearized displacement field,

ie, U = 0p°, and

opeA B4, BC — opA

AaAbB b _ )
OF OFt 5o

(3.6)
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A and B are the dynamic elastic constants [8]. Notice that B2A4PBC = BaAbCE From pe4 = gom D?ZA -

HeAM ,/one writes
PwW oPwW
5PaA _ am SE™ am SE™ —45 HaAM
g DF™M A OF "y NTg —5FmA3F"N|M N|M ( M) .
*W *W '
_ sam n am n o 5HaAM )
9 aFmAaFnNU N +g 8F7nAaF'n,N‘MU IN|M ( )|M
But
HaAM HaAM
SHAM — a751160 + LéFCqD
oF<¢c (9FCC‘D
PW PW (38)
— am UC am UC .
g 8F606FmA‘M c+g 6FCC|D8FmA|M lc1p
The static elastic constants are defined as [8]
AaAbB _ 82W AbBC _ 82W , CaABbCD _ 82W (39)

78FaAanB7 “ 78FaAanB|C 8F‘1A‘36F”C|D'

The static elastic constants have the following symmetries:
AP = AP A,
BaAbBC = IBaAbCBa (310)
c,AB,CD — ¢, BA,CD _ ¢ BA,DC _ C,DC BA

Thus, from (3.8) §H*4M = IB%bB“AMUb|B + CbBcaAMUb‘Bw, and hence

(6HaAM)M/I _ (BbBaAMUblB 4 CbBCaAMUb‘BIC)IM_ (3.11)
Therefore,
A, B — poA B BbBaAM|M7 1)
RaA, BC — gaA, BC _ g BaAC _ CaA]V[bBclM. :
Or equivalently
AGAbB _ paAbB _ BbBaAMlM’
(3.13)

BaAbBC _ BaAbBC . BbBaAC o (CaAMbBC|M.

In deriving the second relation, we ignored the term Ub‘ Bjc|m in 0H aAM |M as we are assuming a second-
gradient elasticity; displacement derivatives of orders three or higher are neglected.

When linearized with respect to a stress-free initial configuration, the linearized balance of angular
momentum is written as

A[aMmAFva]M =0,

BleM AB fb) (3.14)

M = 07
and with an abuse of notation

Aledl A — o Blatl A5 — (3.15)
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3.2. The coupling elastic constants for isotropic solids

Materials with non-vanishing coupling elasticity tensors B are those that are not invariant under inver-
sions. These are called non-centrosymmetric solids. These materials can be either chiral if they are not
invariant under orientation-reversing transformations, or achiral. According to Auffray et al. [3], the sym-
metry groups for these materials are of Type I (chiral) or of Type IIT (neither chiral nor centrosymmetric).
A further classification can be done using the property of polarity, i.e., the property of having a single
rotational axis of symmetry. Therefore, in summary, non-centrosymmetric materials are divided into four
cases: chiral polar, achiral polar, chiral apolar, achiral apolar. Isotropic non-centrosymmetric solids are
the isotropic chiral ones.

For non-centrosymmetric solids the coupling elastic constants do not vanish. Let us consider the
corresponding fifth-order elastic constants in terms of the right Cauchy—Green strain C, namely

0*wW
LABCDE _ ) 1
9CapICcp|E (3.16)

L has the minor LABCPE — [L[BACDE _ [ ABDCE and major LABCPE = LOPEAB gymmetries. When
the elastic constants are defined with respect to a stress-free initial configuration, one can show that

BaAbBC — 4FDvaMF°1bN ]LAMNBC (317)

For an isotropic solid, in Cartesian coordinates, one has the following representation for L [28§]:

]LIJKLM :E1EIJK(5LM+ZQEIJL(5KM+€36]JM(SKL _,’_&ILGIKL(;JM _~_£5€IKM6JL

+£6€ILM6JK + €7€JKL5[M +€8€.]KM51L _|_€9€JLJV[5IK +£106KLM51J’ (318)

where /7K is the permutation symbol, and ¢; are elastic constants. From C;; = C;, we have the minor
symmetries ]LIJKLM = L‘]IKLM, and LIJKLM = ]LJILKM, which dictate €1 = EQ = 53 = 54 = €7 = 610 =
0.2 Thus,

ILIJKLM _ (€5€IKM6JL +€8€JKM§IL) + (égﬁlLM(;JK +€96JLM51K) ) (319)

Looking at the contribution of I to energy, one can see that due to the symmetry of the right Cauchy—
Green strain, only the sum of the remaining four elastic constants f5 + £g + {5 + 9 appears in the energy
expression. This implies that there is only one elastic constant by, and

]LIJKLM _ bO (EIKM(SJL 4 6JKJVI(SIL +€ILM(SJK + EJLM(SIK) ) (320)

This is consistent with the results of Dell’Isola et al. [7], Papanicolopulos [24], and Auffray et al. [3].3 In
arbitrary curvilinear coordinates, (3.20) is written as

LITKEM _ o (HEMgIL | @ JKM gL 4 (ILM gJK | (LM gIKY (3.21)

where /7K = —=e!% and g = det g.

2 Once the balance of angular momentum is enforced, both coupling elasticity tensors B and L have 108 independent
components in the most general case. In [31], it was mentioned that B has 90 independent components, which is incorrect.
However, this inaccurate statement did not affect any of the results or conclusions of that work.

3Note that this tensor does not have any major symmetries; the symmetries claimed in Eq. (3.2)2 in [7] are incorrect.
As a matter of fact, from the representation (3.20) in the isotropic case, the coupling elasticity tensor L has the following
major antisymmetry: LIJELM — T KLIJM Eyom (3.17), B has the same property in the isotropic case.
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G.

F1 Z=:B— Bisa map between two submanifolds of R™. The shifter map s parallel transports W at X to sW at
X =

[ v

(

~

3.3. Positive-definiteness of the elastic energy

Starting from a stress-free initial configuration, the change in the elastic energy is written as

1 W O*W 1 O*wW
5 _L oW . b oW b - YW 7ra b
W 5 8F“A3FbBU 1aU% 5 + BFaAanB\CU 1aU” 1o + 2 8F“A|33Fbc|DU 15U 11 (3.22)

1 1
_ §AaAbBUa\AUb\B +BaAbBCUa\AUb\B|C + §CaABbCDUa\A|BUb\C\D'

Positive-definiteness of the elastic energy requires that 6W > 0 for any pair (Uyja, Ugjais) # (0,0). In
particular, when Uy 4 # 0, and U, 3 = 0, A“AbBUa|AUb|B > 0, which implies that A must be positive-
definite. In the case of isotropic solids, this is equivalent to p > 0, and 3X + 2p > 0. Similarly, C must
be positive-definite. It turns out that —k < by < k, where k depends on p and two sixth-order elastic
constants [24].

4. Transformation cloaking in linearized gradient elastodynamics
4.1. Shifters in Euclidean ambient space

It is assumed that the reference configurations of both the physical and virtual bodies are embedded
in the Euclidean space. In order to relate vector fields in the physical problem to those in the virtual
problem, one uses shifters. We assume that B C § = R™ (n = 2 or 3). The shifter map s : TS — TS is
defined as s(z,w) = (Z,w). Its restriction to z € S is denoted by s, = s(z) : T,§ — T3S, and parallel
transports w based at © € S to w based on Z € S (see Fig. 2). Let us choose two global colinear Cartesian
coordinates {Z'} and {z'} for the virtual and physical deformed configurations in the ambient space. Also
consider curvilinear coordinates {#%} and {2} for the two configurations. Noting that s*; = 6%, one can
show that [21]
(o) = @) o
95t Ox

As an example, in the cylindrical coordinates (r, 6, z) and (7, 0, Z) at * € R? and & € R?, respectively,
one can show that the shifter map has the following matrix representation
cos(@—0)  rsin(@—0) 0

s= |—sin(d —6)/7 rcos(d —0)/7 0] . (4.2)
0 0 1

(x5! . (4.1)
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Fic. 3. Shifters along a cylindrically/spherically-symmetric map = : (R,0,7) — (f(R),0,Z) or 2 : (R,0,®?) —
(f(R),©, ®). The shifter map s parallel transports W in the radial direction from R to R = f(R)

Similarly, in the spherical coordinates (r, 0, ¢) and (7, 0, (;NS) at z € R and & € R?, respectively, the shifter
map has the following matrix representation:

cos(qb ¢) sin 0sin 0 + cos 0 cos 0 T[COS(¢ $)sinfcosf — cosfsinf] sin(qg $) sin 0 sin 0
s = |[cos(¢ — ¢) cos fsin @ — sin 0 cos 0] /7 7[cos(¢ — ¢) cos O cos O + sin O sin 6] /7 rsm(qﬁ ) cos O sin /7
—sin(¢ — ¢) sin 0/ (7 sin 0) —rsin(¢ — ¢) cos 0/ (7sin 0) rcos(¢ — ¢)sin 0/ (7 sin §)

(4.3)

In Fig. 3 a radial map Z : B — B is shown. The shifter parallel transports a vector W at X = (R, ©, Z)
(o X = (R,0,®)) to (f(R),0,7) (or ((R),0,®)).
4.2. Transformation cloaking formulated as equivalent boundary-value problems

In the coordinate charts {X“} and {2}, the divergence term in the balance of linear momentum in the
physical body § (Div P) + pgdB = ppd A, has the following component form

. . . 0
¢ (DivP) = DivéP = Div (A: VU + B : VVU) = (A", U° p + B4 5 U p10) a4
Under a cloaking transformation = : B — B, it is transformed to [31]
Rad B b | gaA BC 0
JE (Aa U |BS Ba B U |Bé> B 6‘%&’ (45)
|A
where
Ua =s,U%,
AaAEB _ Ja—lsaalfﬁAA(sq)bgﬁBB A4, B 4 Jg_lsaaiAA(Sil)bgiBB\C Be4,BC (4.6)

~ A
Note that the material and spatial coordinate charts for the virtual body are denoted by {X }, and
{z%}, respectively. Equivalently, (4.6) can be written as

AMAYE = Ja (s (F ) 18" (F7)P 5 AMAE 4 Ja(s7) o5 (F)A 46y (PP 5 o BAA4, PO

(4.7)

B4, B0 = Ja(s™1) a(F1)A g8y (F1)P 5(F~1)C BIA;5C.
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It is assumed that F9, = 0%, and F&A = (5%. This implies that }%"A|B =0, and F&Aué = 0. It is also
assumed that there is no initial stress in either configuration, i.e., Pey, = 0, HeAB — 0, and ﬁdA =0,

H4AB — (. From (3.14), the balance of angular momentum in the physical and virtual bodies read

AleM ARN o glaM ABE, ) (4.8)
A[deAFb]M = O7 B[&MmABF‘b}M = 0 (49)
For the uniform virtual body, from (3.12), one obtains

A#AB _ jad B gad BO _ [ad BC [ BaiC (4.10)

Thus, from (4.9);, one obtains
AN AfH ) o Al A — ) (4.11)
As for the physical body, from (3.13)1, we have
AGAbB _ BbBaAM‘M | AaAbB (4.12)
From the above relation and the balance of angular momentum (4.8);, one obtains
EbB[aA]M‘M 1 AlaAlB _ (4.13)

Taking the antisymmetric part of the other pair of indices, i.e., Al*4llPBl and since from (4.8),, one has
IB%[bB][“A]C|C = 0, we obtain the following relations:

Ale4llbB] — ¢ (4.14)

Now, we are able to use the transformation (4.7);. In particular, we make use of its fully contravariant
version, viz.

ASE = (s s (BT A7) (P75 AP 4 (F7)P 5 BERC L (4s)

Note that in order to obtain (4.15), we used the fact that g_; sby, gbe = (s71)%, which in turn comes from
the fact that the shifter preserves the ambient space metric. Hence, we can write (4.14) as

(S—l)[a&(F—l)A]A(S—l)[bg {(F—I)B]B AGAE 4 (F-1yB] e éaAbBC] —0, (4.16)
or in the expanded form
[(Sfl)aa(fpfl)AA . (Sfl)Aa(}E;vfl)aA] {(sfl)bg {(fwfl)BB AaABB’ + (fwfl)BB‘é B&ABBC’}

(4.17)

Note that (4.16), i.e., AleAIPB] — (0 consists of six independent equations by virtue of the major symmetry
(3.10); for A. Albeit the static elastic constants A®4?5 in the physical body must satisfy this property, it
does not come automatically from the transformation (4.15). This is in contrast with classical linearized
elasticity [31]. In transformation cloaking for gradient elasticity, the preservation of the balance of linear
momentum gives a transformation in terms of the dynamic elastic constants A%4*Z and hence, the major
symmetries of static elastic constants A%4*B for the physical problem are not immediate. Therefore,
the constraints (4.16) consist of nine equations. Note that enforcing the major symmetry on A®4%5 in
the physical body separately would not provide any useful equation besides an identity involving the
derivatives of the tensor B.
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Remark 4.1. From (4.13), one has B*Bl#41¢ = —Ala4I*B and hence from (4.15)

BbB[aA]C‘C _ _JE(Sfl)[a&(F‘fl)A]A(sfl)bg [(Ffl)B[; RaAbB | (Ffl)Bf)’lé é&AbBCj| . (4.18)

Moreover, taking the divergence of (3.13) (applied to the elastic constants in the physical body) with
respect to the index C', and antisymmetrizing with respect to the pair aA, one obtains

BlaABBC  _ BYBlaAIC  _ BladBBC, 4 CleAIMVEC, (4.19)
By virtue of the balance of angular momentum in the physical body (4.8)3, one can then write
_ EbB[aA]C"C _ B[aA]bBC’lC + (C[aA]MbBClM|07 (4.20)
and from (4.13)
CleAIMbBO, | — _BlaAlbBO,  _ AlaAbB (4.21)

Note that from (4.7)9
BaAbBC — JE(S—l)aa(Fu—l)AA(s—l)bE(F—l)Bé(F—l)Cé é&AbBC’ (4.22)
and therefore (4.21) becomes

C[aA]NbBMle _ [JE<S—1)[%(1?—1)A]A(5—1)%(}%—1)33(15—1)MM éaAEB’M}
|M
i i L . (423)
n JE(Sil)[aé(Fil)A]A(Sil)bg |:(F71)BB Aa4bB | (Fil)BB|C~' BaAbBC] .
Equations (4.18) and (4.23) represent differential constraints for B*A*5¢ and C*AN®BM 1\ respectively,
and are a consequence of the balance of angular momentum.

Next, we assume that the virtual body is isotropic and non-centrosymmetric. Knowing that Fa =
5%[, with an abuse of notation from (3.17), one can write

RaAPBC _ 4f AabBC _ 4f aAbBC (4.24)

Therefore, for the isotropic virtual body in Cartesian coordinates

RaABC _ 4Dy (€aEC‘5AB 4 ¢AbCgaB y aBCgAb 6,2136655) _ (4.25)
In arbitrary curvilinear coordinates, one has

RaAbBC _ by (EaEC‘g[\B + EABC*gaE} + Eaéég% + EABC‘gaE) ’ (4.26)
where e3¢ = \}5765557 and g = det g. Note that the balance of angular momentum, i.e., IFB[‘EA]EBC =0is
satisfied. In Cartesian coordinates, since the representation (4.25’)) is such that IEB?ABBG = —jbB é the
dynamic elastic constants are written as BaAbBC — RaAbBC _ RbBaAC — oRAAPBC 4 hence

BadbBC _ 8bo ( abCgAB | (AbCsaB | aBOgAD eAéééaE> _ (4.27)
In curvilinear coordinates,

éaAEEé _ Sb ( angAB + EAEégaB + EaBC‘gAE + EABC'gaB) ) (4.28)

From the compatibility of F we know that (F~ 1)3[];'0] = 0. Thus, in curvilinear coordinates
(F_l)BB|C BaAbBC _ gp (F 1)13];)|é (EdngAB n EAng&B) ) (4.29)
Moreover, with the usual abuse of notation for the indices, in the isotropic case, one has the representation

AGABB _ Ag aA bB +,u( ab AB +gaBgAb) (4.30)
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Fi1G. 4. Circular cylindrical (left) and spherical (right) holes and cloaks. The cloaking maps are assumed to be radially
symmetric

so that (4.16) becomes

(s~ Ha(

'1:][1]
L
2
—~
(72}
L
~—
S
b
—
'1:][1]
L
S~—
el
o
/N
>
Q
o
S
Q
o
S+l
+
=
NS
N
S
NS
Y
[vo]}
+
=
<
IS
[vo ]}
h
>
N—

(4.31)

4.3. Circular cylindrical and spherical cloaks

We work with cylindrical (R,©,7) and spherical (R, O, ®) coordinates, with © and ® being the az-
imuthal and polar angles, respectively. In both cases, the cloaking map is radial, and is represent-
ed by a function R = f(R), so that one has F = diag(f’(R),1,1). As for the shifters, from (4.2),
one obtains s = diag(1l, R/f(R),1) for the cylindrical case, while (4.3) gives the spherical case s =
diag(1, R/f(R), R/ f(R)). With respect to cylindrical and spherical coordinates the metric tensor in the
physical body has the representations g = diag(1, R?,1) and g = diag(1, R?, R?sin? ©) in cylindrical
and spherical coordinates, respectively, while the ones in the virtual body read g = diag(1, f(R)?,1)
and g = diag(1, f(R)?, f(R)?sin® ©). We show that the conditions (4.17) cannot be satisfied for either a
circular cylindrical or a spherical cloak when a radial cloaking map is utilized (see Fig. 4). Let us expand
(4.31) fora=b=1,and A= B =3:

Knowing that in the spherical (or cylindrical) coordinates and for a radial cloaking map s— and F~*
have diagonal representations, the above relation is simplified to read
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Fi1G. 5. Prolate (left) and oblate (right) spheroidal holes and cloaks. The cloaking maps are assumed to be spheroidally-
symmetric. The cloaking map on the left shrinks a spheroidal hole to a needle-like hole. The one on the right shrinks the
spheroidal hole to a disk-shaped hole

Hence,

3 (
- - ~ - o (4.34)
_(571)33(1;1—1)11{(571)11 [(F’1)33 A3113 4 (F*1)33‘C~; 831130}

(s [(F—1)11 A3131 4 (E’_l)ll\é |§31315} } =0.

Note that from (4.30), and from the expression of the metric g in both cylindrical and spherical
coordinates, one has A1313 = A1331 = A3113 — A3131 — 7/ > 0, with C = 1 and C = f(R)?sin?© in
cylindrical and spherical cloaking, respectively. Moreover, noting that the metric tensor in both cylindrical
and spherical coordinates is diagonal, from (4.26) one can easy see that B1313C — BI331C _ B31I3C _
B3131C — (. Hence*

(4.35)

Therefore, (F~1)35(s™ 1)1 = (s~ 1)33(F~ 1)1, AsF~1 = diag(1/f'(R), 1,1), and s~* = diag (1, f(R)/R. 1)
and s~! = diag (1, f(R)/R, f(R)/R), in the cylindrical and spherical coordinates, respectively, one must
have f(R) = R, i.e., 2 = id. This means that cloaking is not possible.

m

4.4. Spheroidal cloaks

Next, we consider prolate and oblate spheroidal holes and consider cloaking maps that respect the spher-
oidal symmetry in the sense that they map a spheroid to another confocal spheroid (see Fig. 5). This will
be a generalization of the spherical cloak problem.

Proposition 4.2. Assuming that the virtual body is isotropic and non-centrosymmetric, elastodynamic
transformation cloaking is not possible for either prolate or oblate spheroidal holes using any spheroidally
symmetric cloaking map.

4This is identical to the corresponding relation for centrosymmetric gradient solids investigated in [31].
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Proof. Let us consider a prolate spheroidal hole with focal distance a. The natural coordinates are the
prolate spheroidal coordinates (H,0,®),0 < H < oo, 0< 0 <7, 0 <P < 27 defined as [22]

X = asinh H sin © cos P,
Y = asinh H sin © sin P, (4.36)
Z = acosh H cos ©.

Note that H = const are prolate spheroids. We consider a cloaking map of the form (lfl ,(:),fi>) =
E(H,0,P) = (f(H),0,®). The shifter map reads

9 sinh H sinh H cos? ©-+cosh H cosh Hsin? © 2sin © cos © sinh(H —H)
cosh 2H —cos 20 cosh 2H —cos 20
s = sin 20 sinh(H—H) 9sinh H sinh H cos? ©+cosh H cosh Hsin? © 0 (437)
cos 20—cosh 2H cosh 2H —cos 20 ~
0 0 sinh H csch H

The spatial metric has the following representation:

a?(sinh® H 4 sin® ©) 0 0
g= 0 a?(sinh® H + sin? ©) 0 : (4.38)
0 0 a?sinh® H sin® ©

The cloaking derivative map has the coordinate representation

. |['(H)0O
F=| 0 10]. (4.39)
0 01

The (a, A,b, B) = (2,3,2,3) component of the constraint (4.31) reads

pufcoth H — coth(f(H)))*

a*(cos 20 — cosh 2H) [cos 20 — cosh(2f(H))] - (4.40)

Therefore, coth(f(H)) = coth H, or f(H) = H, i.e., cloaking is not possible.
In the case of an oblate spheroidal hole, one uses the oblate spheroidal coordinates (H,©,®), 0 <
H <00, 0<0O < 0<® <27 defined as [22]

X = acosh H sin © cos @,
Y = acosh H sin O sin P, (4.41)
Z = asinh H cos ©.

The spatial metric has the following representation:

a?(cosh? H — sin® ©) 0 0
g = 0 a?(cosh? H 4 sin® ©) 0 . (4.42)
0 0 a? cosh” H sin® ©

We again consider a cloaking map of the form (H,©, <i>) =E(H,0,P) = (f(H),0,®). In this case, the
(a,A,b,B) = (2,3,2,3) component of the constraint (4.31) reads

g [tanh H — tanh(f(H))]?
a*(cos 20 + cosh 2H) [cos 20 + cosh(2f(H))]

=0. (4.43)

Therefore, tanh(f(H)) = tanh H, or f(H) = H, i.e., cloaking is not possible. O
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4.5. Non-symmetric cloaks

Now, one may ask whether cloaking would be possible for less symmetric holes and cloaking maps. From
(4.17), we have

63(5_1)14,47 _ (5:{1(5—1)0'14} {6£ [(E‘—l)BB A&AbB + (fw—l)Bélé édz&f)éé}

= U, = e s (4.44)
_ 553 [(F—l)bé RaAbB | (F—1)bB|é BaAbBC] } —0
Or
53(1%71),414 _ 534(1?71)%]{ [(}?71)313 AaAbB | (1?71)3[?'@ éaAbBC*]
I o (4.45)
_ [(Fq)bé RoABB (Bt o BaABBC} } —0
Thus,
63(%—1)AA{[(}%71)BB RaAbB | (571)}3&'@ E&Abé”} _ [(}5;71)173 AGABB (571)%%‘@ é&ABB']} wi6)
_5‘?(}:771)0,1&{ [(f;sfl)BB AaAbB + (ﬁ—l)BBlé BaAbBé] _ {(571)% AaABB (ﬁq)b " gaABBC } —0

Note that if either a = A or b = B the above relations are trivial. We assume that a # A, and b # B.

Let us consider an arbitrary cloaking transformation whose inverse derivative map F has the following
representation in Cartesian coordinates

d11 d12 A13
—1
= |Q21 422 aA23 | . (448)

d31 a32 ass

Fm

The covariant derivative of F~1 has the following representation:

[Fi11 Fio1 Fusi]
Fo11 Fa21 Fo3i
| F311 Fa21 Fasn
_ [Fii2 Fio2 Fus2]
VE ™' = | |Faiz Fazo Fasa| | - (4.49)
| F312 Fa2a Fasa |
[Fii3 Fizs Fiss]
F213 Fao3 Fa33

| | Fs13 Fa23 Fs33] |
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Taking into account the compatibility equations, VF~! has the following representation:

[Fi11 Fiiz Fuus]
Fa11 Fo12 Fo13
| F311 Fs12 Fai3 ]
_ [Fii2 Fizo Fros]
VE ™! = | |Faiz Fazo Faog
| F312 F322 Faa3 |
[Fi13 Fio3 Fuss]
Fa13 Fa23 Fa33

| | Fs13 Fa23 F333] |

123

(4.50)

As was mentioned earlier, (4.16), or its equivalent variants (4.17), (4.31) and (4.47), provide a total of 81
equations, of which only nine are independent. When by = 0 the number of equations reduces to 6. After

plugging (4.30) and (4.28) into (4.47), one obtains the following nine independent equations:®

(BXA +2u)(a12 — a21)® + 1 [3(a11 — a22)? + 3(als + a33) + 3(a12 + a21)® + (a2 — a21)?]
+ B[(a11 — a22)(F123 + Fa213) + 2(a12F223 — a21F113)
+a93(Fi11 — Fiss + Fa12) —a13(F112 + Faaa — Fass)] =0,

(83X + 2p1) (a3 — a32)® + o [3(az2 — as3)? + 3(a3; + a3;) + 3(azs + az2)” + (aos — a32)”]
+ Bl(az2 — a33)(Fa13 + F312) + 2(a23F313 — az2Fa12)
+ ag1(—Fa11 + Fa2a + F323) — a21(Fa2s — F311 + F333)] = 0,

(3 +2p)(a13 — as1)? + p [3(any — ass)” + 3(aly + a3,) + 3(a13 + a31)” + (a13 — a31)?]
+ Bl(as3 — a11)(Fi23 + F312) +2(az1F112 — a13F323)
+ a12(F113 — F322 + F333) — ag2(F111 — F122 4+ F313)] = 0,

3 [—a11(az3 + az2) + aizais + 2ag1a31 + azasa + azzass] + 3A(arz — az1)(a1z — az)
+ Bl(a11 — a22)(Fi11 — Fio2 + F313) +a13(F113 — Fs22 + Fs33)
+ 2a12(F112 + Fa323) + 2a21F112 4 a23(F123 + F312)] = 0,

3p[—a11(a23 4 asz) + a12a13 + 2a1a31 + a22a32 + az3ass] + 3A (a2 — a21) (a3 — as1)
+ Bl(azz — a11)(Fi11 — Fis3 4 F212) — a12(F112 + Fazo — Fass)
— 2a13(F113 + Fa23) — 2a31F113 — az2(F123 + F213)] = 0,

— 3pu[a11a31 + 2a12a32 — ag2(a13 + az1) + aizasz + az1azs] + 3N (a2 — a21)(azs — asz)
+ Bl(a11 — a22)(Fa11 — Fa22 — F323) + a23(F223 — F311 + Fa33)
+ 2a12F212 + a13(Fa13 + F312) + 2a21(F212 + F313)] = 0,

— 3 [a11a31 + 2312332 — ag2(a13 + az1) + a13asz + az1azs] + 3N (a2 — a21) (223 — asz)
+ Bl—az21(F111 — Fi3z + Fa12) — (322 — a33)(F112 + Fa2z — Fas3)
— 2a93(F113 + Fa23) — a31(Fi23 + F213) — 2a32F223] = 0,

3pfar1azy —asz(aiz +az1) + aipaze + 2a13a3 + aziase] + 3A (a3 — as1)(azs — as)
+ Bl(azz — a11)(Faa3 — F311 + Fa33) + aga(—Fa11 + Faoo + F323)
+ a12(Fa13 + F312) + 2a13F313 + 2a31 (Fa12 + F313)] = 0,

5Symbolic computations were done with Mathematica Version 12.0.0.0, Wolfram Research, Champaign, IL.

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)
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F1Gc. 6. A body with a cylindrical hole. The cloaking map shrinks the cylindrical hole to a line

3 at1az1 — ags(aiz + a1 ) + a12a22 + 2a13az3 + az1asz) + 3A(a1g — ag1)(azs — ase)
+ Bl(a22 — a33)(F113 — Fa22 + Fa33) — as1(F111 — Fi22 + Fa13) (4.59)
— a21(F123 + F312) — 2a93F 323 — 2a32(F112 + F323)] = 0,

~ ~2

where 8 = 8by. Note that b, is bounded by a product of i and the sixth-order elastic constants [24]. In
the above system of PDEs, one can only assume that § # 0 as the sixth-order elastic constants do not
appear in the constraints (4.47).

Subtracting Eq. (4.55) from Eq. (4.54), Eq. (4.57) from Eq. (4.56), and Eq. (4.59) from Eq. (4.58),
and assuming that 3 # 0 one obtains the following system of PDEs:

—a11(Fa2s — F311 + F333) —a22(F113 — F322 + Fas3) + ass(Fi13 + Fa23 — F311 — F320 4 2F333)
+az1(Fi11 — Fi2a 4+ 2F212 + 3F313) + a32(2F112 — Fa11 + Fazo + 3F323) (4.60)
+a12(F213 + F312) + a21(Fi23 + Fa12) + 2(a13F313 + a23F323) = 0,

a11(Fa11r — Fa22 — Fa23) — azs(Fii2 + Faoo — Fazs) +a22(Fi12 — Fai1 + 2Fa22 — Fass + Fa3)
+a21(Fi11 — Fisz 4+ 3F212 4+ 2F313) + a23(2F 113 4+ 3F223 — F311 + F333) (4.61)
+2a12F212 + 2a32F 203 + a13(F213 + F312) + a31(Fi23 + Fa13) = 0,

a22(F111 — Fi22 + F313) +ass(Fi11 — Fissz + Fai2) +a11(—2F 111 + Fi22 + Fizz — Fa12 — Fsi13)
—a12(3F112 + Fagop — Fasz + 2F323) — a13(3F113 + 2F203 — F300 4 Fa33) (4.62)
— 2ag1F112 — 2a31F113 — ag3(F123 + F312) — a32(Fi23 + Fa213)-

The above system of nonlinear PDEs are too complicated to solve analytically. However, we can analyti-
cally study cloaking an arbitrary cylindrical hole (see Fig. 6).

Proposition 4.3. Assuming that the virtual body is isotropic and non-centrosymmetric, elastodynamic
transformation cloaking is not possible for any cylindrical hole (not necessarily circular).

Proof. Let us consider a cylindrical hole (not necessarily circular) that is covered by a cylindrical cloak. Let
us assume that in the Cartesian coordinates (X', X2, X?), the X3 axis is the axis of the cylindrical hole. In

this case, the cloaking map has the form Z(X!, X2 X3) = (X'l,X'Q,XB) = (X1, X?),22(X, X?), X3).



ZAMP Elastodynamic transformation cloaking Page 17 of 19 123

Therefore, F~! and its covariant derivative have the following representations:

[Fi11 Fi12 0]
Fa11 F212 0
0 0 0
- a1 a2 0 i} [Fi12 Fi2 0]
F~l = lag an 0|, VE ' = | |Fop Fass Of | (4.63)
0 01 0 0 0
“fooo]
000
000

Equation (4.51) is simplified to read
(B +2u)(a12 — a21)® + 1 [3(a1r — a22)® + 3(a12 + a21)* + (a12 — a21)?] = 0. (4.64)

Knowing that 1 > 0, and 3\ + 2 > 0, one concludes that aja = az; = 0, and aj; = ass. Now, Eq. (4.52)
is simplified to read 3u(agze — 1)? = 0, which implies that ass = 1. The other constraints are trivially
satisfied. Therefore, = = id, which implies that cloaking is not possible. O

We suspect that transformation cloaking in dimension three is not possible for a cavity of any shape.

Conjecture 4.4. Assuming that the virtual body is isotropic and non-centrosymmetric, elastodynamic
transformation cloaking is not possible for a hole of any shape in dimension three.

5. Conclusions

In this paper, we investigated the possibility of transformation cloaking in non-centrosymmetric gradient
solids. There have been claims in the literature that chirality can be utilized in achieving cloaking from
stress waves. We formulated the transformation cloaking problem in terms of two equivalent boundary-
value problems. We showed that transformation cloaking is not possible for any cylindrical hole (not
necessarily circular). The obstruction to transformation cloaking is the balance of angular momentum.
We were able to prove this no-go theorem for holes with the topology of the 2-sphere only for spheroidal
holes and cloaking maps that preserve the spheroidal symmetry. We conjecture that exact transformation
cloaking is not possible for a hole of any shape. Some of the existing works in the literature show
approximate cloaking for some particular examples. They are, however, misleading as they are (i) based
on fundamentally flawed formulations that do not consider all the balance laws, and (ii) one has no control
over the errors. Our conclusion is that the path forward for engineering applications of elastodynamic
cloaking is approximate cloaking formulated as an optimal design problem.
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