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Abstract

In this paper, we formulate the problem of elastodynamic transformation cloaking for
Kirchoff-Love plates and elastic plates with both in-plane and out-of-plane displace-
ments. A cloaking transformation maps the boundary-value problem of an isotropic
and homogeneous elastic plate (virtual problem) to that of an anisotropic and inhomo-
geneous elastic plate with a hole surrounded by a cloak that is to be designed (physical
problem). For Kirchoff-Love plates, the governing equation of the virtual plate is
transformed to that of the physical plate up to an unknown scalar field. In doing so,
one finds the initial stress and the initial tangential body force for the physical plate,
along with a set of constraints that we call the cloaking compatibility equations. It
is noted that the cloaking map needs to satisfy certain boundary and continuity con-
ditions on the outer boundary of the cloak and the surface of the hole. In particular,
the cloaking map needs to fix the outer boundary of the cloak up to the third order.
Assuming a generic radial cloaking map, we show that cloaking a circular hole in
Kirchoff-Love plates is not possible; the cloaking compatibility equations and the
boundary conditions are the obstruction to cloaking. Next, relaxing the pure bending
assumption, the transformation cloaking problem of an elastic plate in the presence of
in-plane and out-of-plane displacements is formulated. In this case, there are two sets
of governing equations that need to be simultaneously transformed under a cloaking
map. We show that cloaking a circular hole is not possible for a general radial cloaking
map; similar to Kirchoff-Love plates, the cloaking compatibility equations and the
boundary conditions obstruct transformation cloaking. Our analysis suggests that the
path forward for cloaking flexural waves in plates is approximate cloaking formulated
as an optimal design problem.
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1 Introduction

A short history of transformation cloaking in elasticity and other fields. Hiding
objects from electromagnetic waves has been a subject of intense interest in recent
years. Pendry et al. (2006) and Leonhardt (2006) studied the possibility of electromag-
netic transformation cloaking, which was later experimentally verified for microwave
frequencies by Schurig et al. (2006) and for optical wavelengths (1.4 — 2.7 um) by
Ergin et al. (2010). The first ideas pertaining to cloaking in elasticity can be found in
the works of Gurney (1938) and Reissner and Morduchow (1949) on reinforced holes
in linear elastic sheets. Mansfield (1953) systematically studied cloaking in the context
of linear elasticity by introducing the concept of neutral holes. He considered a hole(s)
in a sheet under a given far-field in-plane loading and showed that the hole(s) can be
reinforced such that the stress field outside the hole(s) is identical to that of an uncut
sheet under the same (far-field) loading. The shape of the boundary of the (neutral) hole
and the characteristics of the reinforcement are determined based on the stress field of
the uncut sheet, and thus, they explicitly depend on the applied far-field loading. The
main difference between electromagnetic and elastodynamic transformation cloak-
ing is that unlike Maxwell’s equations (with only one configuration, i.e., the ambient
space), the governing equations of elasticity are written with respect to two inherently
different configurations (frames): a reference and a current configuration. This, in turn,
leads to two-point tensors in the governing equations. Marsden and Hughes (1983),
Steigmann (2007), and Yavari and Ozakin (2008) showed that if formulated properly,
the governing equations of nonlinear and linearized elasticity are covariant (invari-
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ant) under arbitrary time-dependent changes in the current configuration (frame). The
governing equations of elasticity are invariant under any time-independent changes in
the reference configuration (or referential coordinate transformations) as well (Maz-
zucato and Rachele 2006; Yavari et al. 2006). Nevertheless, as was shown in Yavari
and Golgoon (2019), referential or spatial covariance of the governing equations is not
the direct underlying principle of transformation cloaking; a cloaking map is neither a
referential nor a spatial change of coordinates. Rather, a cloaking transformation maps
the boundary-value problem of an isotropic and homogeneous elastic body containing
an infinitesimal hole (virtual problem) to that of a generally anisotropic and inhomo-
geneous elastic body with a finite hole surrounded by a cloak (physical problem). The
cloak should be designed such that the physical and virtual problems have identical
solutions (elastic measurements in the case of elastodynamics) outside the cloak.
The idea of cloaking has been thoroughly studied and is well understood in the con-
text of conductivity (Greenleaf et al. 2003a, b), electrical impedance tomography and
electromagnetism (Bryan and Leise 2010; Greenleaf et al. 2007, 2009a, b). The possi-
bility of cloaking has been examined in many other fields of science and engineering,
e.g., acoustics (Chen and Chan 2007; Farhat et al. 2008; Norris 2008; Cummer et al.
2008a, b; Zhou et al. 2008), optics (Leonhardt and Philbin 2012), thermodynamics (i.e.,
design of thermal cloaks) (Guenneau et al. 2012; Han et al. 2014), diffusion (Guenneau
and Puvirajesinghe 2013), quantum mechanics (Zhang et al. 2008; Valagiannopoulos
et al. 2015; Valagiannopoulos 2020), thermoelasticity (Syvret and Al-Attar 2019;
Hostos et al. 2019), seismology (Al-Attar and Crawford 2016; Sklan et al. 2018), and
elastodynamics (Milton et al. 2006; Parnell 2012) (see the recent reviews (Kadic et al.
2013, 2015; Koschny et al. 2017) for a discussion of these applications in some detail).
Recently, we formulated both the nonlinear and linearized elastodynamic transforma-
tion cloaking problems (in 3D) in a mathematically precise form (Yavari and Golgoon
2019). In this paper, we provide a geometric formulation of transformation cloaking in
elastic plates starting from nonlinear shell theory. In our opinion, none of the existing
works in the literature has properly formulated the transformation cloaking problem in
elastic plates. In particular, the boundary and continuity conditions on the hole surface
and the outer boundary of the cloak, and the restrictions they impose on cloaking trans-
formations have not been discussed. In the case of plates it turns out that a cloaking
map must satisfy certain constraints that we call the cloaking compatibility equations.
Many solid mechanics workers traditionally have used the classical formulation
of linear elasticity. This is appropriate for many practical engineering applications.
In the case of elastodynamic transformation cloaking, however, as was observed by
Yavari and Golgoon (2019), starting from linear elasticity is not appropriate. This
is because linear elasticity does not distinguish between the reference and the cur-
rent configurations and the corresponding changes of coordinates defined in these
inherently different configurations. This has been a source of confusion in the recent
literature of transformation cloaking in elastodynamics (and also elastic plates). Coor-
dinate transformations in the reference and current configurations are physically very
different: Local referential changes of frame are related to the local material symmetry
group, whereas the global coordinate transformations in the ambient space are related
to objectivity (or material frame indifference). This, in turn, implies that even in the
case of small strains, any elastodynamic transformation cloaking study needs to be
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formulated in the nonlinear framework. This is why in this paper we start from the
governing equations of nonlinear shells.

Motivation, objectives, and some remarks on transformation cloaking in elastic
plates. The objective of this paper is to formulate transformation cloaking for elas-
tic plates. More specifically, given a homogeneous and isotropic plate with a hole our
objective is to design a cloak, which is an annular-shaped plate with inhomogeneous
mass density and inhomogeneous and anisotropic elastic constants. The cloak needs to
be designed such that the elastic response of the plate with the cloaked hole (physical
plate) outside the cloak is identical to that of the corresponding homogeneous plate
with an infinitesimal hole (virtual plate). The following comments are in order:

e We define a cloaking transformation as a bijective mapping between the boundary-
value problems of the physical and virtual plates. One should note that a bijective
map between the governing PDEs of the virtual and physical plates is not suffi-
cient; boundary conditions need to be transformed as well. Also, there are certain
compatibility and continuity conditions that any cloaking map must satisfy. All the
existing formulations of transformation cloaking for plates in the literature only
discuss transformation of the governing PDEs.

e From past experience with 3D elasticity, we know that when transforming the
governing equations of an elastic system one must distinguish between referential
and spatial transformations (changes of coordinates). Also, linearization must be
done such that the referential and spatial transformations can be distinguished by
the linearized governing equations. This is the motivation/rationale behind starting
from the governing equations of nonlinear shells and then linearizing them with
respect to a reference configuration that can be stressed, in general.

e We will investigate the possibility of designing an exact cloak in a plate with a
hole such that the mechanical response of the physical plate is identical to that of
the virtual plate outside the cloak. By “cloaking” in this paper, we mean exact (or
perfect) cloaking. In engineering applications an approximate cloak may be all
one needs. Our analysis will show that exact cloaking is not possible and a robust
approximate cloak should be designed by solving an optimal design problem.

e We should emphasize that transformation cloaking is a transformation between
two boundary-value problems, and not just the governing PDEs. In other words,
boundary and continuity conditions cannot be ignored. All the existing studies in
the literature ignore boundary and continuity conditions. As we will show in this
paper, perfect cloaking is not possible. This means that all the existing proposed
cloaks in the literature are approximate cloaks only for the very special systems and
loading and material parameters that were considered in their numerical examples.
These approximate cloaks are not robust; any change in the parameters of the
system may significantly deteriorate the quality of the cloak.

e All the numerical examples that have been presented in the literature of trans-
formation cloaking for flexural waves are misleading. These numerical examples
reveal approximate cloaking for given examples, and for specific loadings and
elastic constants. They neither prove that exact cloaking is possible (we prove in
this paper that exact cloaking of flexural waves is indeed not possible) nor they
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prove that changing loading and material parameters their designed cloaks still
offer approximate cloaking. More specifically, the numerical results in the liter-
ature are misleading in the sense that even a slight perturbation of the loading
frequency, amplitude, and direction, constitutive parameters, and/or the geometry
of the problem, e.g., sizes of the cloak and the hole may result in significant wave
disturbances outside the cloak.

A critical review of the literature of transformation cloaking in elastic plates. The
first theoretical study of cloaking flexural waves is due to Farhat et al. (2009a,b).
Based on these works, Stenger et al. (2012) designed a flexural waves cloak. However,
Climente et al. (2016) were unable to reproduce their results: “Our approach was
unable to reproduce the predicted behavior of the theoretically proposed cloak.” It
should also be noted that cloaking offered by Stenger et al. (2012)’s design is modest
and is far from being a perfect cloak.

Colquitt et al. (2014) studied transformation cloaking in Kirchoff-Love plates sub-
jected to time-harmonic out-of-plane displacements in the setting of linear elasticity
and started from a governing equation simplified for the case of an isotropic and homo-
geneous (Kirchoff-Love) plate. In Sect. 4.1, we show in detail that their transformation
cloaking formulation is, unfortunately, incorrect. In particular, their transformed rigid-
ity tensor is incorrect and does not agree with that of an isotropic and homogeneous
elastic plate when the cloaking map is the identity, and is not positive definite. Colquitt
et al. (2014) and many other researchers, e.g., Brun et al. (2014), Jones et al. (2015),
Misseroni et al. (2016), Zareei and Alam (2017), Darabi et al. (2018), Liu and Zhu
(2019) start from the following equation

DOVEW(X) — Pho® W (X) = 0,

Ph
or <V§ — mw2> WX)=0, XeyxCR? (1.1)

where £ is the plate thickness, P is the mass density, W(X) is the amplitude and w
is the frequency of time-harmonic transverse waves, and D© = Er3/12(1 —v?) is
the bending rigidity. They next transform the governing equation under an invertible
transformation F : x — 2, where x = F(X), F = Vxx, and J = detF, using (Norris
2008, Lemma 2.1) twice and obtain

—lggT R —
V.J 'FF'VJV . JT'FF'V )W =0, xeQ. (1.2

JD©

We will show that applying (Norris 2008, Lemma 2.1) twice, one assumes that the
gradients of (out-of-plane) displacements and the gradients of the Laplacian of dis-
placements in the physical and virtual plates are related by the Piola transformation.
Surprisingly, in none of the works that use this lemma to transform the biharmonic
equation (1.1) is there any discussion of these strong assumptions and whether they
are compatible with the fact that displacements in the physical and virtual plates are
required to be equal. In particular, we show in Sect. 4.1 that taking these assumptions
into account, the cloaking map is forced to isometrically transform the governing equa-
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tions of the virtual plate to those of the physical plate. In other words, the physical plate
is forced to be identical to the virtual plate. Therefore, this formulation does not lead
to cloaking; the physical and virtual plates are essentially the same elastic plate. Fur-
thermore, we will explain that ignoring these assumptions and what constraints they
impose on the cloaking map has resulted in obtaining incorrect transformed fields for
the physical plate.

More recently, Pomot et al. (2019) pointed out some shortcomings of Colquitt et al.
(2014)’s work! and attempted to formulate the flexural cloaking problem. They start
from the classical biharmonic governing equation for isotropic Kirchoff-Love plates.
They point out that Farhat et al. (2009a)’s approach does not take into account the full
complexity of flexural waves in anisotropic media. They correctly observe that setting
the transformation in Colquitt et al. (2014) equal to the identity, one does not recover
the expected rigidity of the homogeneous isotropic plate, and the flexural rigidity is
not positive definite. They state that “It seems to us that there are several solutions
to the equation (Djjxw x1),ij = DoA(Aw) for D;ji; and that applying twice the
Lemma 2.1. proposed by Norris in [11] breaks the initial structure of the equation,
leading to the solution proposed in [4].” This statement is incorrect. We will show in
detail in Sect. 4.1.2 that applying Norris’s lemma twice does not break the structure
of the equation. Rather, one recovers the same underlying PDE if the restrictions
imposed on the cloaking map are taken into account properly. They mention that they
use a backward transformation @ in the sense that their transformation goes from the
transformed space (virtual plate) to the original space (physical plate). However, it is
not clear what type of coordinate transformation is being used as they do not distinguish
between spatial and referential coordinate transformations. Their statements before
their Eq. (6) (“We believe that to capture the full complexity of flexural waves the
most complex equation of motion between the two spaces should be considered. By
doing this we ensure the reciprocity of the transformation.”) are a bit misleading. By
the first statement they mean considering the most general anisotropic plates. However,
this is not necessary if one works with the tensorial form of the elastic constants of
an isotropic plate (see (4.16)). For cloaking problems one must consider bijective
mappings, and all the cloaking transformations are by construction “reciprocal.”

Pomot et al. (2019) consider two spaces E and e related by the mapping & (which
they call the geometrical transformation) such that ' = V, X, denotes the Jacobian

of &, J =det®,and I'y;; = adle%, which they call the Hessian matrix. The flexu-
ral rigidities, mass densities, and in]ﬁnitesimal displacements in E and e are denoted
by (Dyjkr, P,U) and (D;ju, p, u), respectively. They write the total energy den-
sity in the transformed space as £ = W + 7, where W = fe %u,ij Dijjr (X)u gidv,
and 7 = fe % p(x)hi*dv, with h being the plate thickness.” In the initial space,
they write the Hamiltonian as & = W)y + 7o. They determine D; k., Ny, and

1 They, however, do not provide a clear mathematical reasoning as to why Colquitt et al. (2014)’s formulation
is incorrect.

2 One should note that in formulating a cloaking problem one can either transform the action and then use
Hamilton’s principle for the transformed action or simply transform the Euler—Lagrange equations if they
are derived covariantly, i.e., the tensorial form of all quantities are retained and there is a clear distinction
between the referential and spatial coordinates.

@ Springer



Journal of Nonlinear Science (2021) 31:17 Page70f76 17

S7 (their Eq. (14)).3 They correctly observe that under a (cloaking) transformation the
minor and major symmetries of the elastic constants are preserved. Their next state-
ment “the transformed equation does not verify in general the equilibrium equation
Nyj.; + S = 0.7 is incorrect. We show in Sects. 4.1 and 4.2 that the equilibrium
equations for a finitely deformed plate for a generic radial cloaking transformation
do not put any extra constraints on the cloaking map as long as the cloaking map
satisfies the cloaking compatibility equations (4.22). Furthermore, their formulation
is missing the important constraint Dk Fy; Fyj Uk = Dijr Fxi il gij (the cloak-
ing compatibility equation) that puts severe restrictions on the cloaking map. This
constraint is a consequence of the fact that the coefficient of the third derivative of U
must be identical in the governing equations of the two plates. This has been ignored
in their work. We derive and discuss the constraints of this type in their general form
for Kirchoff-Love plates (see Eq. (4.22)) and for plates with both the in-plane and
out-of-plane displacements (see Remark 4.9).

Pomot et al. (2019) suggest linear (cloaking) transformations (i.e., a cloaking map
with a constant derivative map). These maps satisfy the cloaking compatibility equa-
tions, but are inadmissible because they do not satisfy the continuity equations on
the outer boundary of the cloak (see Remark 4.4). In particular, we illustrate that the
cloaking map needs to fix the outer boundary of the cloak up to the third order. There-
fore, a cloak cannot be constructed using the piecewise linear mapping suggested
by Pomot et al. (2019). This is the main reason that their numerical results do not
illustrate reasonable cloaking in the sense that the wave pattern outside their cloak
deviates significantly from what one expects when there is a tiny hole in the plate
(i.e., the wave pattern outside a tiny hole which is expected to be uniform). It should
be emphasized that in transformation cloaking, one seeks to design a cloak such that
the solution of the boundary-value problem of a tiny hole in a uniform and isotropic
plate under the same load is attained outside the cloak in the physical problem. To
achieve this, it is necessary that outside the cloak the boundary-value problems of a
finite hole surrounded with the cloak and that of the tiny hole be subjected to the same
boundary conditions. This, in turn, implies that the two boundary-value problems must
have the same traction boundary conditions on the outer boundary of the cloak. It is
straightforward to verify that linear mappings do not satisfy this condition.

Pomot et al. (2019)’s numerical results in their Fig. 4 do not really show cloaking.
These plots (similar to all the other similar results in the literature) are misleading.
These numerical results do not even prove approximate cloaking. This is actually
acknowledged by the authors: “However, it is also noticeable that a visible amount of
the energy is scattered backwards.” One should note that a cloaking transformation is a
map between two boundary-value problems and not just two PDEs. Pomot et al. (2019)
similar to all the other existing works in the literature completely ignore boundary and
continuity equations. They make a big deal of their “backward” transformation. A
cloaking map is a bijection. One can either transform the governing equations of the
virtual plate and find those of the physical plate or start from the governing equations
of the physical plate and derive those of the virtual plate. No direction should be

3 Note the typo in the expression for Sy in their Eq. (14).
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preferable. However, it is important to use the tensorial form of the isotropic elastic
constants when one starts from the virtual plate.

The approach of this paper for formulating transformation cloaking in elastic plates.

In this paper, in order to obtain the governing equations of an elastic plate, we first
obtain those of a nonlinear elastic shell. This is crucial in order to properly account for
the variations of the referential and spatial geometric objects of a surface. An elastic
shell is modeled by an orientable two-dimensional Riemannian submanifold embedded
in the Euclidean space. The geometry of the shell is, thus, characterized by its first
and second fundamental forms that, respectively, represent the intrinsic (in-plane)
and extrinsic (out-of-plane) geometries of the surface. Utilizing a Lagrangian field
theory, we derive the governing equations of motion. To account for the contribution
of body forces and body moments associated with the variations of the position and the
orientation (i.e., the normal vector) of the surface, we use the Lagrange—d’ Alembert
principle. The linearized governing equations for initially stress-free shells and also
for elastic shells with non-vanishing initial stress, couple-stress, and initial body forces
and moments are also derived.

Next, the transformation cloaking problem for Kirchoff-Love plates is formulated.
We start with the balance of linear momentum for the virtual plate with uniform elastic
properties in the absence of initial stress (and couple-stress) and initial body forces
(and moments). The governing equation of the virtual plate is then transformed to
that of the physical plate up to an unknown scalar field in order to provide an extra
degree of freedom, which adds more flexibility in the formulation. The physical plate
is subjected to initial stress and tangential body forces that are determined using the
elastic constants of the virtual plate and the cloaking map. The transformed couple-
stress is then determined. It is seen that the cloaking map needs to satisfy certain
conditions on the boundaries of the cloak and the hole. In particular, we show that the
cloaking transformation needs to fix the outer boundary of the cloak up to the third
order.

The pure bending assumption is then relaxed and the transformation cloaking prob-
lem of an elastic plate, for which both the in-plane and the out-of-plane displacements
are allowed, is formulated. To our best knowledge, this has not been discussed in the
literature. For such plates, in addition to the flexural rigidity, one needs to consider the
in-plane rigidity (stiffness), along with the tensor of elastic constants corresponding
to the coupling between the in-plane and the out-of-plane deformations. The physi-
cal plate is subjected to initial stress, initial body forces (normal and tangential) and
moments. Also, we allow the physical plate to undergo finite in-plane deformations
while remaining flat. The virtual plate is assumed to have uniform elastic parameters
with vanishing pre-stress and body forces (and moments). The governing equations of
the virtual plate are then mapped to those of the physical plate. There are two sets of
governing equations (i.e., in-plane and out-of-plane) that need to be simultaneously
transformed under a cloaking map. The pre-stress, initial body forces, and moments,
along with the elastic parameters of the physical plate, are then determined, and the
symmetries of the elastic constants in the physical problem are discussed.
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Summary of the transformation cloaking formulation in elastic plates and the main
results.

e We start by deriving the governing equations of nonlinear shells using a variational
approach. We clearly distinguish between referential and spatial coordinates and
linearize the shell governing equations with respect to an initially flat configura-
tion that can, in general, be stressed. The resulting linearized governing equations
can distinguish between referential and spatial transformations (changes of coor-
dinates).

e We formulate the problem of elastodynamic transformation cloaking for elastic
plates in a general setting, where we allow finite initial stress, couple-stress, body
forces, and body moments. We discuss boundary and continuity conditions on the
surface of the hole and the boundary of the cloak and the restrictions they impose
on the cloaking map.

e We formulate the transformation cloaking problem for Kirchoff-Love plates. The
goal is to transform the boundary-value problem of an isotropic and homogeneous
elastic plate with a tiny hole to that of a generally anisotropic and inhomogeneous
pre-stressed plate with body forces. In doing so, we consider the equilibrium
equations of the physical and virtual plates, where the referential and spatial indices
are clearly distinguished. We show that transforming the classical biharmonic
equation, in which the referential and spatial indices are not distinguished, under a
cloaking map does not lead to a unique elasticity tensor for the cloak; instead one
should start from the tensorial form of the governing equation (4.14). Assuming
a generic radial cloaking map, we show that cloaking a circular hole in Kirchoff—
Love plates is not possible (Proposition 4.5).

e We discuss the possibility of transformation cloaking for elastic plates with both
in-plane and out-of-plane displacements. This problem involves transforming
the in-plane and out-of-plane governing equations simultaneously. We show that
cloaking a circular hole in a plate with both in-plane and out-of-plane displace-
ments using a general radial cloaking map is not possible (Proposition 4.15).
Finally, we prove that if in the virtual plate the tensor of elastic constants corre-
sponding to the coupling between the in-plane and the out-of-plane deformations
is positive definite, then cloaking is not possible for any hole covered by a cloak
with an arbitrary shape.

e Our analysis suggests that exact cloaking of flexural waves is not possible. The
path forward is to formulate approximate cloaking as an optimal design problem.

This paper is structured as follows: In Sect. 2, we tersely review some elements of
the differential geometry and the kinematics of embedded hypersurfaces in three-
dimensional Riemannian manifolds. The governing equations of nonlinear elastic
shells are derived in Sect. 3. We then obtain the equations of motion of linear ini-
tially stress-free and pre-stressed elastic shells (and thus, plates) by linearizing the
nonlinear shell equations.* In Sect. 4, the problem of transformation cloaking in elas-
tic plates is formulated. We discuss how the geometry of the physical and virtual
shells as well as the boundary conditions in the physical and virtual problems are

4 On a first reading, the reader can skip Sects. 2 and 3 and go directly to Sect. 4.
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related under a cloaking transformation. In Sect. 4.1, we formulate the transformation
cloaking problem for Kirchoff-Love plates and study the example of a circular cloak
assuming a generic radial cloaking map. Next, we relax the pure bending assumption
and formulate the transformation cloaking problem for an elastic plate in the presence
of both in-plane and out-of-plane displacements in Sect. 4.2. We solve the example
of a circular cloak using a radial cloaking map. Finally, we discuss the obstruction to
transformation cloaking for a hole of arbitrary shape. Conclusions are given in Sect. 5.

2 Differential Geometry of Surfaces

In this section, we briefly review some concepts of the geometry of two-dimensional
embedded surfaces in three-manifolds and the kinematics of elastic shells (see Hicks
1965; do Carmo 1992; Sadik et al. 2016 for more detailed discussions).

2.1 Geometry of an Embedded Surface

Consider an orientable Riemannian manifold (B, G), and let (H, G) be an orientable
two-dimensional Riemannian submanifold of (3, C_}) such that G is the induced metric
on M, i.e., G = G|y. Let us denote the space of smooth vector fields on 7 and B by
X(H) and X(B), respectively. First, we note that for any X € 5,

TxB=TxH & (TxH)", 2.1

that is any vector field W € Ty may be uniquely written as sum of a vector W' e
TxH (which is tangent to {) and a vector W- := W —W T (which is normal to , i.e.,
W+ e (TxH)1). Given the Levi-Civita connection V of the Riemannian manifold
(B, (_}), the induced Levi—Civita connection on (H, G) is denoted by V and is given
by

VxY = V5Y - G(VY, NN, VX, Y € X(H), (2.2)

where X, Y € X(B) are arbitrary local extensions of X and Y (i.e., X(X) =
X(X),Y(X) = Y(X),VX € H), and N € X(H)" is the smooth unit normal vec-
tor field to 7 with N being its local extension. The second fundamental form of the
hypersurface H is a bilinear and symmetric mapping B : X(H) x X(H) — X(H)*
given by

B(X,Y) = VgY — VxY, VX,Y € X(H). (2.3)

The set of symmetric (g) -tensors on H is indicated by [(S2T*H). The second funda-
mental form can be considered as the symmetric tensor B € I'(S 27*H) defined with
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a slight abuse of notation as’

B(X,Y) =G(VgY,N) = -G(VgN,Y), VX,Y € X(H), 2.5)
which is known as the Weingarten formula. The covariant derivative extends to tensors
in ST*H in a natural way (X, Y, Z € X(H)):

(VxA)(Y,Z) = X(A(Y, Z)) — A(VXY,Z) — A(Y, VxZ), VA € T(S2T*H). (2.6)

The curvature tensor R associated with the Riemannian manifold (B, (_}) is defined
as

RX,Y,Z,T)=GRX,Y)Z, T), VX, Y,Z T € X(B), 2.7
where I_{(X, Y) : X(B) — X(B), the Riemann curvature tensor, is given by
R(X,Y)Z = VyVxZ — VxVyZ + Vix yv|Z, Z e X(B),

(2.8)
with [X, Y] indicating the Lie brackets of X and Y, i.e., in components, [X, Y]* =
9y
dxb axb

xb — %XZ Y?. The Riemann curvature tensor has the following components
= =K =K “L =K L =K =
Rapcp = (F ac,B — T gca+T acl gL —T gl AL) Gkp. (29)

Note that the components of the Christoffel symbols of the connection V read

= A l - Ak - = =
ac= EG (Ggp,c +Gkc,p — Gpc.k), (2.10)
where a comma preceding a subscript denotes partial differentiation with respect to

that subscript. The curvature tensor R for the hyperplane is similarly defined by the
induced metric G and connection V on H. The Gauss equation reads

RX,Y,Z,T) =RX,Y,Z,T) —BX,Z)B(Y, T) + BXX, T)B(Y, Z). (2.11)

5 A linear connection is said to be compatible with a metric G on the manifold provided that

VY. Z)e = (VY. Z) g + (Y. Vi Z)¢. 2.4)
where (., .))  is the inner product induced by the metric G. Itis straightforward to show that V is compatible
with G if and only if VG = 0, or, in components
0Gap =5 - -5
oxC L caGsp—T cpGas= 0.

GaB|ICc =

is compatible with G and is symmetric (torsion-free). Note that the metric compatibility of V (see (2.4))

On any Riemannian manifold (B, G) the Levi—Civita connection is the unique linear connection @G that
and the fact that G(N, Y) = 0 are used in deriving the second equality in (2.5).
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The Codazzi-Mainardi equation is written as
RX,Y,Z,N) = (VyB)(X, Z) — (VxB)(Y, Z). (2.12)

Consider a local coordinate chart {X!, X2, X3} for (3, G) such that {X!, X2} isalocal
chart for (X, G) and N, the unit normal vector to H, is in the direction 3/9 X at any
point of the hypersurface. The metric of B in this coordinate chart has the following
representation

. G1(X) Ga(X) Gi3(X)
G(X) = | Gi2(X) Gn(X) Ga3(X) | . (2.13)
G13(X) G23(X) G33(X)

The first fundamental form of the hypersurface is given by

G11(X) G12(X)

GX) =Gl = [Gum G (X)

] VX eH. (2.14)

Therefore, the Christoffel symbols associated with the induced connection V read

1
Mpe = EGAK (Gks.c +Gke,p — Gpex), A B C,K =12 (215)

The second fundamental form of the hypersurface is obtained as
Bag(X) =Tap(X), A, B=1,2, VX eH, (2.16)
where f‘A pc are the Christoffel symbols of the Levi—Civita connection V. Thus,6

1 8(_;AB

Bap(X) = —=
2 9X3 |y

(X), A,B=1,2, VX eH. (2.17)

The fundamental theorem of surface theory implies that the geometry of the hyper-
surface H is fully determined by its first and second fundamental forms G and B,
respectively.” The Gauss and Codazzi—Mainardi equations given in (2.11) and (2.12)

6 Note that for X € H, the metric (2.13) has the following representation

. G11(X) G2(X) 0
G(X)=|G12(X) Gn(X) 0|,
0 0 1

which using (2.10) and (2.16), implies (2.17).
7 Note that the first and the second fundamental forms of  can be expressed in terms of the metric of the
Gi1 G2

] (X), X € B, which in turn, fully characterizes the geometry of
G2 G

embedding space 5 given by [
H.
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in the local coordinate chart {X L x2 x 3} reduce in components to

Ri212 — Ri212 = Bi2Bi2 — B11 B,
Ri213 = B — By, (2.18)

Ra123 = Booj1 — Bz,

where the covariant derivatives correspond to the Levi—Civita connection V of (H, G)
with Christoffel symbols '€ 45. Note that in components: Bagic = Bap.c —
'K ycBxkp — X pcBak.

2.2 Kinematics of Shells

A shell is a 3D body whose thickness compared to its other dimensions is very small.
Thus, it can be idealized as a two-dimensional Riemannian submanifold (H, G, B) of
the Riemannian manifold (3, G).® Let us denote the ambient space by the Riemannian
manifold (S, g), where g is the standard Euclidean metric. The shell is specified by
(H, G, B) and (¢;(H), g, @) in the reference and the current configurations, respec-
tively, where ¢; : H — Sis amotion (or a deformation) of  in S, and the first and the
second fundamental forms of the deformed shell ¢, () are denoted by g = g|,, (1) and
0 € T'(S>T*p(H)), respectively.” Let us denote the Levi—Civita connections of g and
g by V& and V¥, respectively. The smooth unit normal vector field of ¢ () is denoted
byn € X(p(H))*. As the ambient space S is flat, the Gauss and Codazzi—Mainradi
equations for the Riemannian hypersuface in its current configuration (¢(H), g) are
written as

R(x7 Y.z, w) = 0(xv Z)o(y, w) - o(xa w)o(y’ z)’

(2.19)
(VE0)(y,2) = (V30)(x, 2),

for any smooth vector fields x, y, z, w € X(¢(H)), and R is the Riemannian curvature
of the deformed surface ¢ (H).

The deformation gradient is defined as the tangent map of ¢, : H — ¢,(H),
ie, F(X) =Te(X) : TxH — Ty, x)¢: (H). The right Cauchy—Green deformation
tensor is defined as the pull-back of the induced metric on the deformed hypersurface
¢ (H) by ¢, ie., C° = @fg (in components, Cqp = FeaFbpgan, A,B = 1,2).
The Jacobian of the deformation J relates the deformed and undeformed Riemannian

8 See (Simo et al. 1988) for another equivalent way of characterizing the configuration space of a plate.

9 Note that in coordinates (xl, xz, x3), for which x3 is the outward normal direction, the second funda-
mental form of the deformed shell is expressed as

0, = 1084
“ 2 9x3 lp(r)

(x), a,b=1,2, Vx e o(H).
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surface elements as ds(¢;(X), g) = JdS(X, G), where

detg
J = detF. 2.20
det G © (2:20)

The material (or Lagrangian) straintensorE € T’ (S2T*H)isdefinedasE = %(C—G).
Alternatively, one can define the spatial strain tensor as e = %(g —c¢), where ¢ = ¢, G.
Note that the material and spatial strain measures are intrinsic in the sense that they
only capture changes in the first fundamental form of the surface. Therefore, one needs
to define the extrinsic strain measures in order to take into account variations in the
second fundamental form of the surface as well. The extrinsic material strain tensor
is given by

H=%(®—B), 2.21)

where ©® = ;6. Similarly, the spatial extrinsic strain tensor can be defined as h =
% (6 — B), where B = ¢;,B. It is straightforward to see that h = ¢, H.

One can pull back the spatial Gauss and Codazzi—-Mainradi equations (2.19) by
¢ and obtain the following shell compatibility equations (see Angoshtari and Yavari
2015; Sadik et al. 2016)

REX,Y,Z, W) = OX,2)0(Y,W) — OX, W)O(Y, Z),

(2.22)

(Vx©®)(Y,Z) = (Vy©)(X, Z),
where V€ and R are the Levi—Civita connection and the Riemannian curvature of
the Riemannian (convected) manifold (H, C). Note that (2.22) gives the necessary
and locally sufficient conditions for the existence (and uniqueness up to isometries of
S = IR? when H is simply connected) of a deformation mapping (configuration) of
with given deformation tensors C and @. In the coordinate chart {X!, X 2 x3%,(2.22)
is written as

R?212 = 01102 — 01202,
O11)2 = O11, (2.23)
On)1 = O1)2,

where || denotes the covariant derivative with respect to the Levi—Civita connection
V€ .10 Recall that one may write the components of C* and ® in terms of the defor-
mation mapping ¢ : H — R? in a local chart {X, Y} on H as follows

X XQy

_ (2.24)
lo.x x @yl

CaB=9¢ A 0B, OaB=0¢aB"

10 See (Ericksen and Truesdell 1957, P.313) for a discussion on the compatibility equations of a Cosserat
shell with deformable directors.
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where the dot product, the cross product, and the standard norm in R3 are denoted
by “.)” “x,” and “|| - ||,” respectively. Note that expressing the first and the second
fundamental forms in terms of the motion ¢, the shell compatibility equations (2.22)
are trivially satisfied.

2.3 Velocity and Acceleration Vector Fields

The material velocity is defined as the mapping V : H xR — T'Ssuchthat V(X, t) =
% € Tyy»S, VX € H. The material velocity can be decomposed at any point
X € Has Vx(t) = V(1) + Vy(t), where V(1) € T, x)p:(H) is parallel and
Vﬁg (1) € (T(p, X) Pt (H))J‘ is normal to the shell in its current configuration. The spatial

velocity is defined as v(x, ) = V(¢, ! (x), t), which is a vector field on ¢;(H) at a
fixed time 7. Note that at any time ¢ the deformation mapping ¢, : H — Sis a smooth
embedding of the shell into the ambient space. The mapping ¢ : H x R — S, on the
other hand, is not, in general, injective (see Sadik et al. 2016 for a detailed discussion).
The tangent of ¢ is written as
29! ¢! 3!
axI ax? ot
dp® 3p> 9
T(X,t)@ = 6% 8% 6_¢;f . (225)
6<p3 8(;73 6<p3

[N}

axl 9x2 ot

Notice that the first two columns in (2.25) represent the tangent map of the smooth
embedding ¢;, and thus, the tangent map Tx¢; : Tx'H — Ty, (x)S is injective. This,
in turn, implies that the first two columns are linearly independent. Also, note that the
third column represents the material velocity, i.e., V(X, 1) = %. Therefore, T(x ¢
is full rank if and only if V(X #) is not purely tangential. The material acceleration is
defined as

A(X.1) = DEV(X,1) = V¥V, (2.26)

where D(%, denotes the covariant time derivative along the curve gy (¢). Note that
the material velocity is only defined on the surface ¢;(H), but one needs to compute
the covariant derivative of the velocity along the motion in the ambient space to
find the normal and tangential components of the acceleration. Thus, one cannot, in

general, compute @%V to find the acceleration components unless it is possible to
define a local extension of V to an open neighborhood on S (see Yavari et al. 2016
for a detailed discussion). Provided that ¢ has a nonsingular tangent 7(x ;)¢ at some
(Xo,t,) € H x R, then by the inverse function theorem ¢ is a local diffeomorphism
at (X,, t,). Therefore, one may construct a local extension vector field V on S such
that V(¢ (X, 1)) = V(X, 1) = v(¢(X, 1), t) in some open neighborhood of (X, 1) 11

11 Note that T(x,n ¢ (cf. (2.25)) is injective, and hence, the local extension vector field always exists, unless
V is purely tangential, i.e., V-4 = 0. In this case, however, one does not need a_local extension to compute
the acceleration unambiguously as V = VT, and hence, A(X, 1) = ﬁ%V = 6%” vT.
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Thus, we may proceed with computing the acceleration as follows
AX, 1) = DgtV(X, 1) = @%V(go(X, 1)). (2.27)

Decomposing the velocity into the normal and parallel components, one obtains

AX, 1) = VEVT + ViV (2.28)
Note that
LAZER Y (2.29)
Thus,
VEVT = [v, vT] +VE V4 O VT (2.30)

Using the relation (2.3) in the ambient space, one has
VEVT = vEVT 400V, Vi, 2.31)
Also, letting Vvt = Vin, one may write
VeV = (VI ] n+ V08 m= (avh VT ) m— Vi 0 VT, 232

where use was made of the relation (2.5) in the ambient space. Note that

vEVL = V&) = - L ViVEn (2.33)
A% - 'y - dt ) Z .

Using the metric compatibility of g and (2.5), one can show that!?

VivEn = —Vigh 0. VT — Vi@vhr (2.34)

12 1etW e X(¢r (H)) be an arbitrary vector field defined in a neighborhood containing (Xo. 7). Thus,
g(VE, W) = 0, and from (2.4), g(V5,V4, W) = —g(V+, V§,W). Note that

TEW = [V, WI+ VRV = [V, W+ Vi, VT + 9§, vt
=V, WI+ VE VT +6VT, Win + @V - Win + V-¥iin.
Thus, noting that [V, W], V& VT, VEV&n € X(g (M) one concludes that (W', VEW) =
VEO(VT, W)+ VE(@VE - W), which by arbitrariness of W together with g(V5,V4, W) = —g(V+, V§,W)
implies (2.34).
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Hence, replacing V by V(X, t) = V(¢(X, t)) the parallel and normal components of
the material acceleration are written as

AT =VE VT 4 [V, VT] ovighe. VT —vi@viy,

Jvi (2.35)
Al = <7 +0(V, V) +av+t. VT) n.

3 The Governing Equations of Motion of Shells
In this section we use Hamilton’s principle of least action to derive the governing
equations of a nonlinear elastic shell. We then linearize the governing equations and

obtain the equations of motion of a linear elastic shell.
The kinetic energy density per unit surface area is written as

1
T =080, 3.1)

where p is the material surface mass density. The elastic energy density (per unit
surface area) of the shell is written as!?

wW=Ww((X,C, 0,G,B). (3.2)
Let {x!, x?, x3} be alocal coordinate chart for the ambient space such that at any point
of the deformed hypersurface, {x!, x?} is a local chart for (¢(7), g), and the vector

field n normal to ¢ () is tangent to the coordinate curve x3. Thus, the Lagrangian
density (per unit surface area) is defined in this coordinate chart as

. 1 . .
L(X,$,C,0,GB) = 2pgar(@ ) @)
1 oty _
+2,0(<p ) —-WwW(X,C 0,G,B). (3.3)
The action functional is defined as

t
S((p):/l/ E(X,(b(X,t),C(X,t),®(X,t),G(X),B(X))dA(X)dt, (3.4)
1o H

where dA(X) = /detG(X) dX' A dX? is the Riemannian area element. We use
the Lagrange—d’Alembert principle to take into account the contribution of non-
conservative body forces and body moments associated with the variations of the

13 Consider a surface embedded in the ambient space such that the embedding is givenas ¢ : H — S, where
for the sake of simplicity one can assume that S = RR3. The fundamental theorem of surface theory proved
by Bonnet (1867) implies that the surface geometry (up to rigid body motions) is completely characterized
by the induced first and second fundamental forms C and ©. Therefore, the surface energy density must
depend on C and ©.
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position 8¢, and orientation SN (where A= n o ¢ is the normal vector field charac-
terizing the orientation of the deformed surface element). The Lagrange-d’ Alembert
principle (Marsden and Ratiu 2013) states that the physical motion ¢ of H satisfies

t
5S(¢)+/l/ (%.5¢+£.5N)pdAdz=0, (3.5)
In) H

where B and £, respectively, denote the external body forces and body moments.
Note that

88(p) = / /<8¢ 8(p+—£ 8C+%:8®)dAdr. (3.6)

Let ¢¢ be a one-parameter family of motions such that ¢o ; = ¢;, where, for fixed X
and 7, we denote ¢ ;(X) := ¢ (X, t). The variation of motion is defined as

d
Bp(X.1) = | _ @es(X) € Ty )8, 37

The material velocity is given by ¢, = %. Note that ¢, € T,_,(x)S, i.e., for
fixed time ¢ and X € H, if € varies, the velocity lies in different tangent spaces, and
thus, a covariant derivative along the curve € — ¢¢ ((X) should be used to find the
variation of the material velocity. Thus,

0¢e 1 (X) 8 5

. dge.s(X)
o€ e=0 t

ot e=0

8¢ @ 8¢1(X) = Dyyr)dp, (3.8)

where the symmetry lemma of Riemannian geometry was used to obtain the second
equality (see Lee 1997; Nishikawa 2002). The variation of the right Cauchy—Green
deformation tensor CZ = ¢ ;8¢ © Ye 1, Where CE € I'(S2T*H), is obtained as

8C’ = %CZ 0= %(wi‘,tge) = @f (Lsy®). (3.9)
Hence, knowing that (see, e.g., Verpoort 2008; Kadianakis and Travlopanos 2013)
Ls,g =L;,7g — 289" 0, (3.10)
one obtains (see Appendix A for the details of this derivation)
8C° = ¢f Ls,rg — 250" ©. (3.11)
In components

8Cap = FA 805+ F'5 00, — 280" Oap. (3.12)
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Noting that @2 € T'(S2T*H), the variation of @Z = go;,oe o @e,; 1s calculated as

50" = d@)b

d
= 2 0cl Ly = e Weib)| _y = o Loy (3.13)

For a flat ambient space, the Lie derivative of the second fundamental form is expressed
as (see Kadianakis and Travlopanos 2013)

Lsy0 = Ls, 70 — 8¢ TII + Hess;, ., (3.14)

where IIT is the third fundamental form of the deformed hyepersurface, and Hess,, .

denotes the Hessian of 8¢ (when viewed as a scalar-valued function on ¢; ()). The
third fundamental form and Hess;, 1 are defined as

Mi(x,y) =g (@% n, V8 n) , (3.15)

Hesss, . (x, ¥) = (65 (dsph)?, y) : (3.16)

for x, y € X(p(H)), where d and f, respectively, denote the exterior derivative and
the sharp operator for raising indices. Thus, from (3.13) and (3.14), one obtains

80" = ¢ Ls,m0 — 8¢™ ¢TI + g Hess;, L, (3.17)
and in components

8Oap = FUAF 3 Oupic (89 1) + F9 40,89 )18 + FpOhe(80 )¢\

ddpt (3.18)
— 8¢ FAF"304cOpa g + F'a (8—(’;’) :

The unit normal vector field, N; = n¢ o ¢, 0, € X((pg,,(H))l, lies in Ty, (x)S,
for fixed time t and X € H, and thus, its variation is given by its covariant derivative
along the curve ¢ (X, t) evaluated at € = 0, and therefore (see Appendix A)14

d -3 8
ON'= Ne| _ =VaNe| _ = DoxNe| _ =Vs,N

e=0 e =

— 6§¢TN— dsph)?. (3.19)

Using (2.5), in components one has

1
SN = —(8¢ ) 0%, — (3 o9 ) g, (3.20)

axb

4 D(p e (X,1) denotes the covariant derivative along the curve ¢ (X, ).
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It is straightforward to see that the variation of the ambient space metric vanishes as
g is compatible with the connection, i.e., g 0 ¢ = Dy, (g0 ¢ = @ip g = 0, where
ox () = (X, 1) for fix X.

Using Hamilton’s principle (cf. (3.5)), one obtains the following Euler—Lagrange
equations (see Appendix B for the details of the derivation)

d oL oL
%T)a——< >— seba—2<—Fb )
Pl dt 3(¢T)a Pb Cas B8ab "

oL oL
- F? Opa — F’ 46 =0, 3.21
<3®AB A>|B ba <3®AB A ba) (3.21a)

d (oL oL
%J_ _ T ,8 ab F—l A _ 2 Fa Fb 0
P s (ngl) + [p »8""( ) a]‘A 9Cag AL BUah

oL
ICHY]

oL _
F“AFbgeacebdg“M[(WFbA) (F I)Db} =0, (3.21b)
AB |B D

where B " and 2B are the tangential and normal external body forces, respectively,
and £ is the external body moment. Note that (2.19), was used in deriving (3.21a).
The boundary conditions read

oL oL
[ZF“B (BCAB Sac + T 0M> ]TA =0, (3.22)

_ oL
(F 1>Aa[p£bg“b+ ( o F”c) }TA =0, (3.23)

CB |B
oL

FepTs =0, 3.24
3015 BTaA (3.24)

where T is the outward vector field normal to 97{. Note that

d oL d oT
dt e dt (g

d oL  d 3T
dt ot dt 9pt

= 0 gac(AT)", — pAL. (3.25)

Remark 3.1 In order to prescribe non-vanishing boundary conditions on d7H, the
Lagrange—d’ Alembert principle should be modified. Let Y, Q, and 4 be the bound-
ary surface traction, boundary shear force, and boundary moment, respectively. The
Lagrange—d’ Alembert’s principle is modified to read

t
55(¢)+/1/ <%-5¢+£-5N>pdAdt
fo JH (3.26)

151
+/ / J(T“gab(SwT)b + 08¢t + ///‘lago%A(F—l)Aa>det =0.
to oH
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Therefore, in this case the boundary conditions are obtained as

oL oL
2F° Oac | [Ta = Jgne Y7, 3.27
[ B <8CABgac+ e ac):| A 8bc ( )
—1\A ab L a
(F~ )% | pLpg™ + ie Ta=J0O, (3.28)
oL
FOpTa = J“. 3.29
30, BT (3.29)
Let us introduce the following tensors
ow ow
P=2F—, M=F_—, 3.30
aC 0 (3.30)

where P is the first Piola—Kirchhoff stress tensor, and M is the couple-stress tensor.
Therefore, based on the symmetries of the independent objective measures of strain,
i.e., the right Cauchy—Green tensor and the extrinsic deformation tensor (or, equiva-
lently, the symmetries of the first and the second fundamental forms of the deformed
shell, i.e., g and @), one has the following symmetries

plaApbl, — o, MmleARbl, — 0. (3.31)

Remark 3.2 We can regard C as a function of F and the spatial metric g, and similarly,
© can be regarded as a function of F and . Therefore, we set

W(X,F,g6,G,B) =W (X,C,©,G,B). (3.32)
Note that

OW _ W 9Cap _ W, o,
- - A Ba

0gap  0Cap 0gap  0Cap

oW _ oW 004p _ oW FaAFbB

00,  0Oap 004 004p )

(3.33)

The Cauchy stress tensor and the spatial couple-stress tensor are accordingly defined
15
as

O_ab E ow a FbB:E(?W.
J dCap J 38ap
w_ LW o 1OW

78@,43 A szaeab'

(3.34)

15 Note that (3.31) is equivalent to o and Mab being symmetric.
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Note that P44 = J(F~1)4,0% and M4 = J(F~1)4, M. Note that from (3.32)

oW AW 9Cap  OW 0043

= . 3.35
dF%c 0Cap 0F% ¢ 004 0F%¢ ( )
It is straightforward to show that
0C B
= 2ab8C AF B + 8ac FC48C 3,
9Fc (3.36)
0OAE _ 5 5C A F¥ g + 0,0 F€ p6C .
dFic b0~ AFTB +OacF" 40" B.
Thus,
aW
F = P e+ 2M A, (3.37)
Note also that
AW oW aW
F¢ =2— +2—0,p. 3.38
AaF T T T T 0, P (3.38)

In terms of these tensors, the Euler—Lagrange equations (3.21) are rewritten as

(P“A + eabeA)lA +MPA 409, + p(BTY — p0,2h = p(ATY,  (3.39)

(P 0MP%) P = [ Mo 4 (PP, |

B
+ B+ [pﬂ“(F_l)Aa]‘A = pAL, (3.40)
and the boundary conditions (3.22) are expressed as
[0 P4 + 200M*4 | T4 =0, (3.41)
(F_I)Au|:,0£” — M“B|B]TA =0, (3.42)
MAT, = 0. (3.43)

The tangential and normal (shear) tractions are given by

(1T = [P“A 4 ZObCMbAg“C] T, (3.44)

Tt = —(F_I)Aa|:,0£” - M“B|B}TA. (3.45)
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Remark 3.3 (Spatial covariance of the energy density and Noether’s theorem) Let us
define the following surface Lagrangian density

L=L(X,0,¢ F g6, G, B). (3.46)

Let us consider a flow ¥; generated by a vector field w, i.e.,

d
—| Ysop=wogp. (3.47)
ds |,—o

Note that v is a local diffeomorphism. We assume that w is tangential, i.e., w €
Tyx)p(H). Let us assume that £ is tangentially covariant, i.e., it is invariant for local
diffeomorphisms /; generated by arbitrary w € T(x)@(H). Thus,

L (X, Y5 09, Vs, VsiF, Vs, Y520, G, B) = L (X, 0,9, F,2,0,G,B).  (3.48)

Taking derivative with respect of s from both sides and evaluating at s = 0 one

obtains!®
L , AL, ., oL
F 4 —2——geqw?
a(paw + a().Daw e~ + AaFaAw b 8gcbgww b
L
—2—0.w ), =0. 3.49
300 ea Wb (3.49)
Note that
L ., AL W
P’ —2—— =2——g.,. 3.50
agba@ agchgca agcbgca ( )
Therefore,
WL , OW aW oW
—F 2 . 2 O, 4y =0. 3.51
3(paw +|: AaFaA + agd)gca + 300 ca:| w b ( )
16 Note that in the local coordinate chart {xl, xz, x3}, for which x3 is the outward normal direction
__138ap _
Oup = 2953 looy’ 1,2.
Thus,
V(@ T gs) g,
Wssb)ary = =5 3 = (Ty; Y Ty Yy (—5 o )

= Ty Y Ty Yy Oup, a0 =1,2.

Note also that (Tyr; ) = —8° 6%, (Ty) .
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Knowing that w is arbitrary, one concludes that

A4 -

oL , W aW W
F =2— +2—=0,. 3.52
A 9Fa, 9 2he 8ac 30pe ac ( )

)

Note that (3.52), is identical to (3.38), which can be written as

, OW
AaFaA

= Jo"gue + 20 MP0,. (3.53)

Noting that p = Jo, where ¢ is the spatial mass density, conservation of mass for
shells is given by

. J
¢+e5 =0. (3.54)

Using the identity 4 [det K()] = det K(t)tr [K~! (1) £ K(#)], one has

J 1 d
—=-tre | —¢"g), (3.55)
J 2 dt

where the trace is calculated using the metric C". From (3.11), one obtains

d *
0.8 1 g2t (3.56)
dt
and thus,
d
treo (Ew*g> =2divv' —2vtué. (3.57)

Therefore, using (3.54), (3.55), and (3.57), one finds the spatial local form of the
conservation of mass as'’

o+odivy' —pvttrd = 0. (3.58)

3.1 The Linearized Governing Equations

Next, we linearize the balance of linear momentum and the symmetries (3.31) about
a motion ¢. We assume that the reference motion is an isometric embedding of an
initially stress-free body into the Euclidean space, and thus, F¢4 = 8¢, P94 = 0,
and M = 0. The tangential and normal displacement fields are defined in terms of
the variation of the deformation map as

U'(X,1) =8¢, ULX,1)=35¢;. (3.59)

17 Note that 9 = %—f + Vo -v.
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Note that the deformation gradient is linearized as

SFpA = (8¢ )4 — 0 FP pdpt = (UT) 4 — 0% FP 4U*
= FP AU, — 0% FP AU (3.60)

Using (3.12), we have
8Cap = F 4 U+ F'g U, —2U" Oy, (3.61)
where @AB = ﬁ“Aﬁbgéab = Bap. From (3.18), one writes

80ap = FUUF g Oupie (U + Fabuc(U T 5 + EPpOpe(U )4

o er o o o Ut 3.62)
— UL FOy Fb g0l g0 + FP 4 . (
axb |B
Using (3.30), one obtains

. 2w >w
SPA =2F%| ————5C ————380c¢p |, 3.63
B[3CA33CCD co+ 0CaBd0OCcp CD] ( .

. 9w 2w
SMA = Fipl ——— 50 ————8Ccp |. 3.64
B[8®A38®c1) ot 90489Ccp CD:| Gob

Substituting (3.61) and (3.62) into (3.63) and (3.64), one obtains
s paA _ paAbB (UJB _yt J°/b3) (3.65)

i . 1 1 . . 1., & .
+ BALE [ObC(UT)°|B + 5( Usis — EULchVngLd + EFdBdelc(UT)C},

. 1 1 A 1., o
SM?A = CaAbB |:9bc(UT)C|B + 5( UJ:b)\B - EUlechngCd + deBebdc(UT)C:|

1
T 5]BbBaA (U;B _yt %B) ’ (3.66)

where y is a two-point tensor that in components is defined as y,p = F? 6., and
the shell elastic constants are defined as

. W o 2w
AaAbB — 4FaMFbN—7 BaAbB — 4FaMFbN—7
8CAM3CBN 8CAMa®BN

o 2w
CaAbB _ ZFQMFbN—.
0044 00pN

(3.67)

Therefore, the linearized governing equations of the shell are expressed in terms of
three elasticity tensors. Note that the elastic constants satisfy the following symme-
tries: A94PB = APBaA apnd CeAbB — CPBaA The linearized normal and parallel
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components of the material acceleration are obtained using (2.35) as SAT = U, and
SAL = UL, Ignoring the body forces and body moments, from (3.39) the linearized
balance of linear momentum is given by

(SP“A + 69, SMbA)\A + 8MPA 0% = p(BAT), (3.682)
(8P +0% M%) 70 — (8M“A|A(F—1)Ba)‘3 = psA*. (3.68b)

Similarly, the symmetries (3.31) are linearized to read
SPUARP =0, sMmIeAEPT, = 0. (3.69)

Note that from (3.65) and (3.69)1, and recalling that the normal and parallel compo-
nents of the displacement field and their gradients are independent, one concludes
that BleAbB fel , (UL ) p = 0, and thus, BI“4PBFel, = (. Again using (3.65)
and (3.69)1, and looking at the terms with U, 5, one obtains A48 Fel aUpp +
BlaAcB fel 4P (U T)pp = 0. Recalling that Bl#4PB F¢l ;= 0, one concludes that
AlaAbB frel \ — (). Following the same procedure starting from (3.66) and (3.69)>, one
obtains BeBlaA fel \ — 0, and CleAcB pel , — (. Therefore, the elastic constants have
the following symmetries

AlaAcB DL peBlaAgbl, (3.70a)
BlaAcB b1, — o ClaAcB Ebl, — g, (3.70b)

3.2 The Linearized Governing Equations of Pre-stressed Shells

In this section, we derive the linearized governing equations of a pre-stressed elastic
shell. Assume that the shell is initially stressed!® such that the initial stress and couple-
stress are, respectively, given by P and M. Let the initial (normal and parallel) body
forces and body moments be given by BT B and £, respectively. The shell must
be in equilibrium in its initial configuration, i.e., the balance of linear and angular
momenta must be satisfied, which read

(ﬁ“*‘ + éahMbA>|A +MPA 409, 4+ p(BTY — p B, 8P =0, (3.71a)

(B + 0NN ) F afe — (M40 D)

18 Note that we do not explicitly specify the source of the initial stress or couple-stress. If the initial stress
and couple-stress are due to elastic deformations, and the body has an energy function W with respect to
its stress-free configuration, then one may express P and M as

. OW . . W
P=2F—|,6 M=F—]|. .
dC IF 200 ¥
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+ Bt 4 (pﬁa(ﬁ—l)Aa)lA —0, (3.71b)

and
plaapbl o mleAgdl, — . (3.72)

We next linearize the governing equations about the motion ¢. The linearized balance
of linear momentum reads (cf. (3.39) and (3.40))

(8Pt + 807,07 + é“bSMhA)lA +SMPA 4B, 4 NP4 4509,
T pBBTY — psety &l — pda,sct = p(U ), (3.73a)
(13“/* + é“,,:\”/\“) (aFCAéuc +EC Aaeac) n (8P”A 4 80%,MPA 4 éahaM”A) F€ 4B

_ (SMaAlA(ﬁfl)Ba) _ (,\"AaAlA((SFfl)Ba>

1 a;p—1\A
B LR +(p5£ (F )a)

1A

i+ (3.73b)

aa —1,A _
(o) =0
The symmetries (3.31) are linearized to read
§PUARD, 4 PlaAspbl,y =0, sMIGAR, - MIASFP, = 0. (3.74)

Notethat §F~1)4, = —(F~1)B (F~1)A, 8 Fby = —(F~1)B, (F~1)4, [(UT)bw—

ébcﬁ"BUl], and using the relation ®4p = FAAFY50,p, along with (3.62), one
obtains

. . . . dUt
80ab = Baple (U T + Ut bucbpa g + (F I)Bb(axa> . BT5)
|B

Knowing that B+ = (B, MN. the normal component of the body force is lin-
earized as (see also Yavari and Ozakin 2008)

BT =g(6B, MN + 8B, SN + (9, NVSN. (3.76)

Assuming that the body force vector B is fixed (dead load), i.e., 628 = 0, we use
(A.22) to obtain'®

SV =g(B,INN=-g-B'.6.U" —dU*-. ", (3.77)
In components

dUt

OBt = —gap(B W) 0% — (BN ——.

(3.78)

19 Note that the variation of the normal vector SA/is purely tangential, and hence, so is the term g(%, NN
in (3.76). In (3.77), with an abuse of notation we only consider the term in the normal direction.
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One obtains the linearized tangent component of the body force as (see also Naghdi
1973, P.457)

5B = —§(B, NISN + BT . (ngT - Uié) g, (3.79)

which in components reads
Tya vil Tye ja dU~+ ab s NG T A 1| ab
OBT)" =B W) 0 + S g | + (B [Tty = hU* 5. (3.80)

As £ is purely tangential, i.e., £ = 0, the variation of the body moment is given in
components by

52 = £ [ — U] . (3.81)

The governing equations for pre-stressed plates. Let us reduce the governing equa-
tions of a pre-stressed shell to that of a pre-stressed plate by setting 6,5, = 0. Thus,
using (3.75), (3.78), (3.80), and (3.81), Egs. (3.73) and (3.74) are simplified to read

\ Ut . . , Ut
5PaA _i_gaC(F*])Bb MbA +gchbA|A(F7])Bb
0x¢ /g 9x¢ Jip
|A
. Ut . . Ut ,
+p B ==+ pg (B W ey — p g (FTHE ( o ) £
|B
A (3.82a)
. dU+t . . . .
|A
o Ut . .
_ TN 2 Ty . otb 1A
B + (P W v (F7) a)m
o o o .|
o EDR WD ] = U (3.82b)

and
§PUAED, 1 Plad TPy =0, sMIeARP, L MA@ T, = 0. (3.83)

From (3.30), (3.65), and (3.66), one has

o o 1
(SPaA — I:AaAbB + PCA(F—I)Bcgab] Ul;||—B + EBaAbB(UJ:bNBa (384a)

26M™A = C4PB(UL) 5 + []B%bB“A + 2M0A(13“—1)Bcg“b] Uy (3.84b)
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Recalling that the normal and parallel displacement gradients are independent, from
(3.83), one obtains

(A[aAcB i IBdA(I;"w—l)Bdg[ac> Ebl, 4+ BlaBgcbl —
1 . . o .
5 (BCB[aA T ZMdA(F—l)Bdg[ac) BV, 4 M[aBgcb] =0, (3.85)
B[aAcBI%b]A =0, (C[aAcBI%b]A —0.
Note that if one uses the stress and couple-stress symmetries for the finitely deformed

shell (3.72), (3.85) will be simplified to (3.70).

Remark 3.4 Note that when UT = 0, and in the absence of initial body moments
(f‘, = 0), normal body forces (%l = 0), and initial couple-stress (l\cll = 0), we
recover the governing equations of a classical plate discussed in Timoshenko and
Woinowsky-Krieger (1959, p. 379), Lekhnitskii (1968, p. 289), and Colquitt et al.
(2014). To see this, from (3.71) and (3.72), the nontrivial equilibrium equations for a
classical plate in its initial configuration read

P+ pBT) =0, and PlAs, = 0. (3.86)
Also, the linearized governing equations (3.82) for a classical plate read
8PaA|A — 0,

1

and P4 8L
d x4

. o UL .
) = (FTHE M 4 — p(B1) - = p g, (3.87)
|A

where from (3.84), 8 P94 = BB (UY,) 5, and M4 = 1CAPB(U,) 5. There-
fore, one obtains

|
~(F7HE, [(CaAbC\A\B(U,thC + CHAPC L (U) c1 + T (U 01

2
o SUL syt ) (3.88)
+ (C”AbC(U,Lb)mA\B] + P — - p(%T)b—b =pU",
d x4 |A ax
and

BUAYE 4 (UL 5 + BB (WUY) 814 = 0. (3.89)

Similarly, after some simplifications (3.83) implies that
BlaAcB bl — o, claAcB b, . (3.90)

Note that in the case of pure bending deformations considered in the above-mentioned
references, no dependence of the strain energy function on the Cauchy—Green defor-
mation tensor is assumed, and thus, B vanishes. Therefore, (3.89) is trivially satisfied
and (3.90) gives ClaAcB ﬁ"’]A =0, i.e., C must possess the minor symmetries.
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4 Transformation Cloaking in Elastic Plates

Letus consider an elastic plate H with a finite hole £ (Fig.1). In transformation cloaking
one surrounds the hole with a cloaking device C, which is an annular elastic plate such
that the finite hole has negligible disturbance effects on the incident waves, i.e., as if
the hole does not exist. The mass density and the elastic properties of the cloak are
inhomogeneous and anisotropic, in general. Without loss of generality, we assume
that in H \ C the plate is homogeneous and isotropic. Motion of H is represented
by a smooth map ¢; : H — S. The cloaking transformation is a time-independent
map & : ¢(H) — é(ﬂ), which transforms the pre-stressed plate H (physical plate)
with the initial stress P and the initial couple-stress M in its current configuration to
a corresponding homogeneous and isotropic stress-free plate H (virtual plate) in its
current configuration (see also Yavari and Golgoon 2019).

The physical and virtual plates are endowed with their respective induced Euclidean
metrics G and G. The mapping & transforms the finite hole £ to a very small hole g
of radius € and is assumed to be the identity in H \ C. The corresponding cloaking
transformation in the reference configuration is denoted by E. We also assume that
the virtual plate has the same uniform and isotropic elastic properties as those of the
physical plate outside the cloak (H \ C). Motion of the virtual plate is denoted by
O; H — S. The initial boundary-value problems corresponding to the motions ¢; :
H — Sand ¢, : H — S are called the physical and virtual problems, respectively.?’
The deformation gradients corresponding to the physical and virtual problems are,
respectively, denoted by F = T ¢, and F=Tp ;- The tangent map of the referential and

spatial cloaking transformations are, respectively, denoted by T E = Fand T¢ = F
The current configurations of the physical and virtual problems are required to be
identical outside the cloaking region, i.e., in H \ C. This implies, in particular, that any
elastic measurements performed in the spatial configurations of the virtual and physical
plates are identical, and thus, they are indistinguishable by an observer positioned
anywhere in H \ C.

Note that due to the structure of the governing equations of an elastic plate (3.39)
and (3.40), under a cloaking transformation, the (two-point) stress and couple-stress
are not necessarily transformed using a Piola transformation?! (unlike transformation
cloaking in 3D elasticity (Yavari and Golgoon 2019)). This is something that we
carefully discuss in Sects. 4.1 and 4.2 for Kirchoff-Love plates and for elastic plates

20 Note that for cloaking applications considered in this paper ¢, = id, i.e., the identity map, and ¢;
is time-independent but is not necessarily the identity map as we assume a time-independent pre-stress
distribution for the cloak.

21" The Piola transformation of a vector (field) w € Ty(x)Sis a vector W € Tx BB given by W = Jo*w =

JF lw.In coordinates, one has wA = J(Ffl)Ahwb, where J = g:tté det F is the Jacobian of ¢ with
G and g the Riemannian metrics of B and S, respectively. Note that a Piola transformation can be performed
on any index of a given tensor. One can show that Div W = J(div w) o ¢, which in coordinates is written
as WA|A = Jw?,. This is also known as the Piola identity. Another way of writing the Piola identity is
Footnote 21 continued

in terms of the unit normal vectors of a surface in 3 and its corresponding surface in S, along with the area
elements. It is written as Rda = JF**NdA, or in components, one writes ngda = J(F*I)Aa NadA. In
the literature of continuum mechanics, this is known as Nanson’s formula.
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Physical Problem /—\

(H,G,B) (pt(H).8,0)
(B.G) (8.8)

[m

&=@¢ioZop; !

Virtual Problem /—\

(#,G,B) (¢:(H),&,0)

)

oQ:

(B,G) (S,

Fig.1 A cloaking transformation E (or & when the physical plate is pre-stressed) transforms a plate with a
finite hole £ to another plate with an infinitesimal hole (&) that is homogeneous and isotropic. The cloaking
transformation is defined to be the identity map outside the cloak C. Note that E is not a referential change
of coordinates and &; is not a spatial change of coordinates

with both the in-plane and out-of-plane deformations. The Jacobian of the referential
and spatial cloaking transformations, & and &, are given by

detGo E

detgoé d £
detG

detF, Jg = g detF @.1)
()

~
ol
Il

Shifters in Euclidean ambient space. We assume that the reference configurations
of both the physical and virtual plates are embedded in the Euclidean space. To relate
vector fields in the physical problem to those in the virtual problem properly one
would need to use shifters. The mapping s : TS — TS defined as s(x,w) = (xX,w)
is called the shifter map. The restriction of s to x € S is denoted by s, = s(x) :
TS — T:S, and shifts w based at x € Sto w based at ¥ € S. Notice that s simply
parallel transports vectors emanating from x to those emanating from x utilizing the
linear structure of the Euclidean ambient space. For S and S we choose two global

collinear Cartesian coordinates {Zi} and {z'} for the virtual and physical deformed
configurations, respectively. Let us also use curvilinear coordinates {X} and {x%} for

these configurations. Note that s'; = Sf . One can show that (Marsden and Hughes
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1983)
s%a(x) = (x)a a,a=1,23. (4.2)
Note that s preserves inner products, and thus, s' = s, where in components,
(sN¥; = g”bsbbg . Note also that
- asf, - - axP -
Saa\l; = ; +v II;ESCG - _};Vcabsacw “4.3)
0x 0x
where
Ixd azzk » 3)?& 32212
Ve = 5 giiage @4 V= 44)
0 oxTox 97" 9x°0x¢

are the Christoffel symbols associated with S and S (with their induced Euclidean
metrics), respectively. It is straightforward to verify that s¢ alp = = 0, i.e., the shifter is
covariantly constant. As the reference configurations of both the physical and virtual
plates are embedded in the Euclidean space, referential shifters may also be defined
similarly. As an example consider polar coordinates (r, #) and (7, é) atx € R? and
% € R?, respectively. The shifter map has the following matrix representation with
respect to these coordinates

_ |: c9s(? —0) ) rsingé - 9)~] . @5)

—sin(@ — 0)/r rcos(60 — 0)/r

In order to ensure that the (tangential and normal) components of the acceleration
term remain form invariant under a cloaking map, the tangential and normal compo-
nents of the displacement field in the physical and virtual plates are related as

@Y =st, T, T =Ut aa=12 4.6)

where s is the shifter in the local tangent plane to plates in R?.>? Let {X !, X%, X3} and
{)~(1 , )~(2, )23} be local coordinate charts for B and B such that (X', X2} and {)~(1 , )22}

2 Note that for both plates we may use two global collinear Cartesian coordinates {z!, 2%, 2%} and
{Z1 72,7 } such that 23 and 73 are the outward normal directions to the physical and virtual plates, respec-
tively. Therefore, {z!, 22} and {z1 ~2} are two global collinear Cartesian coordinates for ¢ () and §(H),
respectively, where E : H — H, ¢ H—>oH),p: H— go(H) and & : p(H) — (p(H) and s is defined
as

p ax% ot s L.
SSax) = — @O 78, aaii=12,
32! ax
where {x?} and {i‘}} are local coordinate charts for () and (), respectively.
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are local charts for H and H, respectively (with 9/9 X 3and 9/ 8X being, respectively,
normal to H and F). We assume that /3 and B are both embedded in the Euclidean

space using two global collinear Cartesian coordinates {Z } and {Z!}, respectively.
The referential shifter is similarly defined as

i 05" az! i -
SAA(X) = —(X)axA(X)8'1, AA LT =1,2,3. 4.7

0Z
Thus, one obtains GAB = SAASBBG/@, where A, B, A, B = 1,2, 3.

Boundary conditions in the physical and virtual problems. Let 0H = 0 U 9,H,
where 9€ is the boundary of the physical hole and 9, is the outer boundary of . Let
us assume that d,7H is the disjoint union of 9,4 and 9,H;, i.e., d,H = I, H; U dpyH4,
such that the Neumann and Dirichlet boundary conditions read®

[PaA 4 29bCMbAg”C] TA — (TT)a7

—(F~)A, [pgs —MeB 5] Ty =T, on d,H,
MAT 4 = me,

o' (X.0)=¢T(X.1),

et(X, 1) =¢H(X, 1), on d,Hy
ot (X _ gt (X,
axA T axA

(4.8)

where T is the unit normal one-form on d,7H. Similarly, for the virtual problem, one
has

B (F_l) ~& [[)Eé _ 'WBué]TA _ fL’ on 9,H;
Mg = . (4.9)
PTX.n=¢"(X.1),
XD =9TX 0, on 8,y
0t (XD _ 99t (X
9% axt

Note that the cloaking map & : H — H is set to be the identity outside the cloak,
i.e.,in H\ C (or H \ (~Z), and thus, one is able to impose identical boundary conditions
on the outer boundaries d,H, and d,7. Thus, noting that 3(H \ C) = 9,H U 9,C
and 8(7:[ \ (~3) = 9,H U 3,C, in order for the two problems to have identical current

23 See Remark. 3.1 for a discussion on how the boundary surface traction, boundary shear force, and
boundary moment as well as their corresponding Dirichlet boundary conditions are prescribed in the
boundary-value problem.
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configurations (and thus, elastic measureplents) outside the cloak, it remains to makg
sure that the boundary data of 9,C and 9,C are identical, i.e., for X € 9,Cand X € 9,C
(note that E|y,¢ = id), one needs to have

FTyi = |:13&A " ZéI;EM“g‘}E] =4, |:PaA +29vaMbAgac] Ty = st (TT),
TL:_(F*I)A [pﬂ“—M‘}é‘g]T-:—(F”)Ag I:p/ga_MaBlB}TA:TJ_, on 9,C
Mé = MAAT - = §7, MIAT, = s7,m¢,
- T AT (4.10)
FToB(X.) =9  (X,1),
@0 B(X.1) = (X.1),
B(Zﬁ on 9,C
— 0 B(X.1) = (S hA XA(Xt)
0X

on &

A.11)

The surface of the hole in the physical shell must be traction-free as well, and hence,

[ P4 4+ 20, Mg | Ty =0, (F)4 [p2 — M 5] Ty =0,

on J&
MUAT, = 0.
4.12)
Remark 4.1 In the linearized setting, the condition (4.10) is written as
T )i = |65 4 206 MPAgac 4 25555M“g‘75} T
= 57, [8P 280, M0 g7+ 28, Mg | Ty = 57, (5TT)",
ST = —(F~ A5 [ps2" — sM®B ;75 — 6F HAa 7 — M 515 on 3,C
—(FHA, | pse® —sMB g | Ty — GF )4, | pft — M8 g [Ty =T, @.13)

e = SMAAT ; = s, 5MAT, = 7, 8me,
Ul o B(X,1) =sUT(X,1),

Lo B(X,n =UNX, 1),
~L n on 3,C

0 B(X,n =(S"H7;

A

X

Next, we discuss transformation cloaking in Kirchoff-Love plates, for which only
the out-of-plane displacement is allowed. We also examine the possibility of transfor-
mation cloaking when the pure bending assumption is relaxed and the plate is allowed
to have both in-plane and out-of-plane displacements.
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4.1 Elastodynamic Transformation Cloaking in Kirchoff-Love Plates

In this section, we discuss transformation cloaking in classical elastic plates in the
absence of in-plane deformations (pure bending). For the sake of brevity, let us denote
the normal displacement of the physical plate U and the normal displacement of the

virtual plate U * by W and W, respectively. For the virtual plate with uniform elastic
properties and vanishing pre-stress and initial body forces, (3.88) is simplified to read

—5W. (4.14)

Note that in the absence of in-plane deformations (U = 0) and in the case of thin
~dA

plate bending B = 0), P4 = §P - 0, and (4.14) is the only non-trivial lin-
earized balance of linear momentum equation. We assume a Saint Venant—Kirchhoff
constitutive model®* for the virtual plate, for which the energy density is given by

] GICRON = BCROY

e (@) [+ (6 -B)T

where E is Young’s modulus and v is Poisson’s ratio. Therefore, in the case of pure
bending deformations, the flexural rigidity tensor for the virtual plate is written with
a slight abuse of notation as

(4.15)

ey ER® 2 2f [ 2AN ~CM  ~AC ~MN 20 AW ~CN
gadbC _ TN pa _ph | &M G GG G G . (4.16
R2(1+v)y M N + +1—v (4.16)

Note that (4.16) is the most general isotropic constitutive equation for a Kirchoff-Love
plate. Assuming that W = W o E, the derivatives of the normal displacement field are
transformed as

\TV,,; = (1?71)1’,; W,
Wp)e = (F )56 W+ (F)25(FC & Wi
(VNVYZ;)@,; = (;_l)bg‘@g W + [(;_1)195”;(;_1)(:5 + (;_I)C@A(;_l)bg
+(Eil)bg|@(1§"7')CA](W.b)w + (Eil)bg(ﬁq)cé(lgq)/‘g Wp)ica,
W perais = F 0 5es W + [0 55 0F D 65+ (F) 50 (F ) 45
HE 5 (F DA 27+ e s (FDA 4+ (F 05205 (F DA

+(P€71)b,;|@|/;(;71)Ag + (I’Eﬂ*l)A@‘g‘[;(ﬁfl)b;;](W,h)\A

24 See (Fox et al. 1993; Le Dret and Raoult 1993; Lods and Miara 1998; Friesecke et al. 2002) for details
on the derivation of the Saint Venant—Kirchhoff shell constitutive model.
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H[F1 55 (F D F Y 5+ (F)C 5 (B0 (F ) 5
+(FE~71)AA|B(1’;E~71)I)5(1§‘7])C6+(F‘E~71)b5‘é(FEvfl)CA(FE~71)AB
+(If~—1)bl;l/§(1;—1)Aé(f—1)Cé + (1‘3—1)CCM(I?—I)Ag(f—l)bg](w,b)‘c‘/q

HED FNC(FDA () 5 Wi, 17

Upon replacing U+ with W, the equilibrium equation for the physical plate is given
by (cf. (3.88))

1 o
- E(F HE, [(CaAbclAlB(W,b)\C + CHC L (W p) 18 4 CC 5 (W ) 1014
[ OW e AW . (4.18)
+ C“AbC(W,b)|C|A|B] + paA (—a> - p(‘BT)b—h =pW.
x4 /|4 dx

We next multiply both sides of (4.14) by some positive function k = k(X) to be deter-
mined,2 and substitute for derivatives from (4.17). Then, compare the coefficients of
different derivatives with those in (4.18). Comparing the coefficients of the fourth-
order derivatives gives us the elastic constants of the physical plate, comparing the
first-order derivatives gives the tangential body force in the finitely deformed phys-
ical plate, and comparing the second-order derivatives will give the pre-stress in the
physical plate. Finally, comparing the coefficients of the third-order derivatives will
result in a set of constraints on the cloaking map that we call cloaking compatibility
equations. The flexural rigidity tensor of the physical plate is obtained as

CME = k() G (FHA g (F ) (FHE e, (4.19)

Notice that C has both the minor and major symmetries. The mass density of the
physical plate is given by p = kp o E. The tangential body force and the pre-stress in
the physical plate are obtained as

pBTY = SRR EEEN s, (4.20)
BbA _ %(If——l)Ba(CaCbAlCIB _ %k(ﬁ-—l)éa@&ﬁﬁé[(ﬁ—l)bg‘g(f—l)AC|B
+ (;_l)bg‘é(;_l)‘q,ﬂg + (;_l)b,ﬂg(;_l)A@g + (;‘_l)b;;@g(;_l)‘q,s
+ P05 (F D+ P s (PO 5+ (P e 5 (F %5 .
@21

25 Note that introducing the scalar field k = k(X) provides an extra degree of freedom in the cloaking
problem. It has to be positive because p = kp o E.
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The cloaking compatibility equations read

(I‘fvfl)Ba(CaAbC‘B + (ijfl)Aa(CaBbclB
_ ku%fl)éd@a/ﬁ;é[(ﬁfl)bglé(ﬁfl)cé(ﬁfl)/\g
+ (f—l)célg<f—l>b,;<f—l>1‘  + (5—5%;‘3(5—1)%;(5—1)% 422)
T (F l)bb\C(F I)CA(F I)A + (F l)bblA(I}fl)Aé(Efl)Cé
+ (F)C g (PO 5 (F 1.
The initial body force and the pre-stress need to satisfy the equilibrium equations

(3.86), i.e., the balance of linear and angular momenta in the physical plate in its
finitely deformed configuration. Therefore,

k(F l)B CaAbC(F 1)b C‘AB

+ {(I%—I)BaCquA‘C‘B _ k(ﬁv-l)éﬁ@dz&l}é [(ﬁ—l)bglA(ﬁ—l)Aé

=1

\
S 1 Eora S Eopa 51 Bial (4.23)
+ (F )b|C(F ) A\B+(F )b|B(F ) C|A+(F )b|C|B(F ) i

+ (ﬁfl)b,;mg(ﬁ*l)A@ + (ifl)b,;@g(ﬁ*l)Ag + (ﬁfl)A@,;‘g(l?fl)bg]}lA =0,
and, with an abuse of notation

(I‘}—I)Ba(CaC[bA]laB _ k(I%“l)B&@&AEC[(Ig‘l)[bg‘A(I;_l)A]é‘~
F EDGaE DN 5 FD0 5 (F a5+ (F )0 (F D (4.24)

L (FhH 5|A|E(F’1)A]c + (FY e (FTHM 5 + (ﬁfl)[bé(ﬁil)mé\ﬁlg] =0.

Note that
S_NA L _ INA A BB _ B, ~C__ E oAl
(F ) AlB = ~ (F ) + I CB(F ) B(F ) A r AB(F ) ok}
BX
z K] z o)
F Y jme = —= [ 48] + T en(F )P (F ) 45
8X
-D _ ) _ 4.25
— e F D s = T e (F7H 45, (4:2)
Z 0 Z
F D s = —= [F ) gpe ]+ TAe D2 5 (F ) 5150
X
- E z ~E E_ E"
T ip(F I)AE|1§|€_F ip(F I)AA\E|C CD(F )A\B\E

@ Springer



17 Page380f76 Journal of Nonlinear Science (2021) 31:17

~ A . . . .
where ' gc and T ;¢ are, respectively, the Christoffel symbols associated with the
induced connections on the physical and virtual plates. Also%0

d o .
(CaAbB‘C = 55T [CaAbB] +(CkAbB lec +CaAkByblelC

(CaKbBl—vAKC + (CaAbKFBKc,

5 (4.26)
(CaAbBlc‘D = =5 [CaAbBlc] +CkAbB|CyalelD +CaAkBlcyblelD
+ (CaKbB|CFAKD + CaAbK|CFBKD _ CaAbBlKFKCD-
Using (4.19) and (4.17), the couple-stress is transformed as
aA 1 aAbB
SM4? = EC W)

1
2 CaAbB(F l)b (F I)BB(F I)AA(F l)a

[155 s Wz + I%Ebl%g (V~V,5)|@] (4.27)

——k(CaAbB(F l)b (F I)BB(F I)AA(F l)a ;Z W,E
+k(F I)AA(F l)a

From (4.13), \TV’A = W,A(S_I)AA, on 9,C, whence, together with (4.17), it follows
that T Ely,c = I*E‘lgac = id. Moreover, (4.13) also requires that (ﬁ%_l)’&&al(/l& ~'~FA =
(F HA s M“B‘BTA, and SM‘“‘T = s7,6MT4, on 9,C, which imply that
FAA|B ae = 0, FA AlBIC e = = 0, klsg,c = 1, and k 4ls,¢c = 0. Similarly, given

that the virtual plate is not pre-stressed (P = 0), (4.10) implies that the initial traction
must vanish on the outer boundary of the cloak, i.e., (TT)“|(; c = pa AT, e = = 0.
Therefore, the cloaking transformation needs to fix the outer boundary of the cloak
up to order three. This is important because in transformation cloaking one tries to
mimic the desirable response (solution) of the boundary-value problem of the incident
waves on a tiny hole outside the cloaking region. Enforcing this condition, outside

26 The covariant derivative of a two-point tensor T is given by

d
AB---F b AB-.F b
T G”.Qa fg qlK = 8X7KT G- ..Qa fg.“q
+ TRE: 'FGN.Qab"'fg.‘.qFARK + (all upper referential indices)

- TAB"'FRM.Q“b"'fg‘.AqFRGK — (all lower referential indices)

+ TAB"'FG“.le'"fg“.q y@ 1, F" k + (all upper spatial indices)

— TAB"'FG“.Q“b"'f[..qylngrK — (all lower spatial indices).
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the cloaking region the boundary-value problems of a finite hole reinforced with the
cloak and that of a tiny hole are essentially identical since they are subject to the same
governing equation, constitutive law, and boundary conditions.

Knowmg that the hole surface in the virtual plate is traction- free (cf 4.11)), ie.,

(F A, (SM“B‘BTA =0, and(SM"AT~ =0, on &, lfk,A|3g_o,F AlB ag_o, and

F A Al B|C‘ . = 0, then the hole inner surface 9€ will be traction-free in the physical

plate as well. Note that (4.12) requires that the initial traction vanish on the boundary
of the physical hole, viz. (T T)|se = P*T4|,. = 0.

Remark 4.2 Itis important to note that contrary to transformation cloaking in 3D elas-
ticity, where stress and couple-stress are transformed using the Piola transformation
under a cloaking map, for Kirchoff-Love plates, the couple-stress is not transformed
via the Piola transformation. This should not be surprising, as in 3D elasticity, diver-
gence of stress (and couple-stress) appears in the balance of linear momentum, and
one uses the Piola transformation in order to preserve the divergence terms (and thus,
the governing equations) up to the Jacobian of the cloaking map.

Remark 4.3 The mass form is not necessarily preserved under the cloaking transfor-
mation E in Kirchoff-Love plates (unlike transformation cloaking in 3D elasticity,
where the mass form is preserved under E, see (Yavari and Golgoon 2019, Remark
6)). To see this let us denote the virtual and physical mass forms by m = ,Z)dfi(;, and
m = pdAg, respectively. Therefore, one obtains

*

]

*
]
[l

r’h:

[l

L= - ~ - Jz
(pdAg) = (po B)E'dAg = (po B)JedAg = TPdAG

~

[

= Tm' (4.28)

Remark 4.4 1t is straightforward to see that when (F hA - Al = = 0 (i.e., when F '

covariantly constant) and k 4 = 0, one has P=0and B = 0, and thus, the cloak-
ing compatibility equations (4.22) and the balance equations in the finitely deformed
configuration (4.23) and (4 24) are trivially satisfied. However if one uses Cartesian

coordinates {Z'} and {Z } for 'H and H, respectively, F would have constant compo-
nents if it is covariantly constant. Knowing that on the outer boundary of the cloak,

one needs to have T By, c = F|3ﬂc = id, it follows that F is the identity everywhere
(so is the cloaking map E), and thus, cloaking is not possible if one assumes that the
tangent map of the cloaking transformation is covariantly constant.?’

27 pomot et al. (2019) used a linear cloaking transformation, which has a covarianlty constant tangent
map. However, a linear cloaking map does not satisfy the required traction boundary condition on 9,C, i.e.,

TEly,c = l?|;,[,c = id, and therefore, using a linear cloaking map is not acceptable (see Brun et al. 2009
for another improper use of this type of mapping, which does not fix the outer boundary of the cloak to the
first order as is required in elastodynamic cloaking.).
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4.1.1 A Circular Cloak in a Kirchoff-Love Plate

Consider a circular hole £ in the physical plate in its reference configuration with
radius R; that needs to be cloaked from the out-of-plane excitations using an annular
cloak having inner and outer radii R; and R,, respectively. Let us map the reference
configuration to the reference configuration of the virtual plate via a cloaking map, E :
H — 7:l where for R; < R < R,, it is defined as, (R, (:)) = E(R,0) = (f(R),®)
such that f(R,) = R, and f(R;) = €, and for R > R, is the identity map. The
physical and virtual plates are endowed with the Euclidean metrics G = diag(1, R?),

and G = diag(1, Rz) in the polar coordinates, respectively. Thus,

F= [f /éR) ﬂ . (4.29)

From (4.16), the flexural rigidity of the virtual plate is given by?®

v 2] [h)

2 Jp Eh3 0 2 10

_ aAbB | __ 1—v

C_[C ]_12(1+v) [01} [127 0} ’
10 0 =

1—v

(4.30)

where the first two indices identify the submatrix and the last two specify the com-
ponents of that submatrix. The (surface) mass density of the physical plate is given
by p = k(R)p. Using (4.19), the flexural rigidity of the cloak is determined up to the

scalar k(R) as follows
2 1 R?
1—v f’4(R) 0 , 02 fz(R)f’z(R)
0 2v R R 0

T=v 2R f2(R) 2R F2(R)
RZ 2

3
¢ - [@aAbB] _ Eh’k(R) |:
120+ v) [ 0

2v_ R 0
FER) F(R) 1=v f2(R) f2(R)
0 0 =&
1—v f4(R)
4.31)

FER) (R

From (4.20), the circumferential component of the tangential body force vanishes, i.e.,
(BT = 0, and its radial component reads

Eh’
125 (v2 = 1) f4R) f(R)
[3R77R) =37 R FOR) =3 £2R SR 1 (R

(BT =

28 Note that the physical components of the flexural rigidity tensor are given by
\/§aa\/(~;gg,/§55\/(~?71§g@‘mb3 (no summation).
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2R 2R (FORFR) =312 R))
+1R) (15772 R) + DR SR = 107D RS R R)) |
(4.32)

The initial stress is given by (cf. (4.21))

pro _ poR _ 0,
:’\rR — Eh3
12(v2 = 1) RF4(R) f'(R)

[R3k (R)S"*(R) +2(v = DR f(RIK(R) £ (R)

+ sz(R)f'3(R) [2(1, — DRK(R) f"(R)

+F(R){(1 = 20)k(R) — (v — 2)RK' (R)}]

_ AR [SRk(R)f,/z(R) T FR) (RKY(R) + 2K (R))

—8f'(R)f"(R) (RK'(R) + k(R))] )
—~ 6Rf3(R)k(R)f’2(R)f”(R)],

~ 3
206 Eh

C12(1-v2) SRR

[ — R2£(R) f"(R) (RK'(R) — 6(v — DK(R)) + 4R*k(R) /" (R)

—20RF2(R) f*(R) [2f'(R) (RK'(R) + 2k(R)) — 3Rk(R) f"(R)]
+ f3(R)(Rf/(R) [f/(R) (vRK"(R) + (4v +2)K'(R)) — 4vRf"(R)K'(R)]

+2k(R) [3vR2f”2(R) T+ DR = vRF(R) {Rf<3>(R) n 4f”(R)” )]

Note that P is diagonal, and thus, (4.24) is already satisfied. The cloaking compatibility
equations (4.22) give the following two ODEs:

1 f(R) KR
f"(R) = f'(R) [E - ]}((R)) k((R))] , (4.342)
(1 =20)RFHRK(R) f"(R)
+f(R) [k(R) (f(R) — Rf'(R)) (Rf'(R) +2(v — 1) f(R))
+(— DR fz(R)k’(R)] 0. (4.34b)

Using (4.34a) and (4.34b), one obtains the following second-order nonlinear ODE for
S(R):

FR[f(R) =R\ (B][Rf(R) + (=D F(R)] —vRFAR) f"(R) = 0. (4.35)
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It is interesting to observe that the differential equation governing the gradient of the
cloaking map involves Poisson’s ratio of the virtual plate. Note that for v = 0, from
(4.35), the cloaking map is forced to be the identity. If v # 0, then (4.34a) and (4.34b)
imply that

KR (f(®) =R (R)’
k(R) VRf2(R)

, (4.36)

and (4.35) can be rewritten as

"(R
iRy = LB

= VR/2(R) [f(R) =R (B[R (R + v —Df(R]. 437

Note, however, that (4.35) is a second-order ODE, and hence, one cannot enforce
Ehe required boundary conditions f(R,) = R,, f(R;) = €, and f'(R,) = 1 (i.e.,
i‘|30c = id) simultaneously. Therefore, cloaking is not possible. The finite (in-plane)
balance of linear momentum (4.23), i.e., f’“A|A + p(%T)“ = 0, is simplified to read

6R*k(R) f'(R) —3Rf(R) f'(R)’ [f'(R) (2RK'(R) + 3k(R)) — 2Rk(R) f"(R)]
=2/ (R) f/(R)? [2RFORIKR) f'(R) + 31 (R) (1 (R) (RK (R) + k(R))
—3Rk(R) f"(R))]

+ FRS (R RF(RY[F/(R) (2RK"(R) + Tk (R)) = 6Rf"(R)K' (R)]

+ k(R [6R? £ (R +3f/(R)? = RF'(R) (2RO (R) +31"(R)) ||
(4.38)

+ f(R)4{45Rk(R) (R + f(R)? [— (Rk<3>(R) 4 3k”(R))]

= Sf/R) S (R) [4RFO(RIK(R) + 9" (R) (RK' (R) + k(R)) |

+ ' RP[RFDRKCR) + 87D (RIK(R) + 12R" (RIK'(R)

+3 (Rf<3>(R) n 3f”(R)> k’(R)]} —0.

One can recursively use (4.36) and (4.37) to express k" (R), k(3)(R), f(3)(R), and
F@(R) in terms of f'(R), f(R), kK'(R), and k(R). Plugging these expressions into
(4.38), one can verify that (4.38) holds. Therefore, the satisfaction of the balance of
linear and angular momenta in the physical plate in its finitely deformed configuration
(i.e., (4.23) and (4.24)) does not impose any additional restriction on the cloaking map;
the cloaking compatibility equations (4.22) is the only constraint on E. In summary,
the ODE (4.37) and its initial and boundary conditions are the obstruction to exact
cloaking. Note that f(R) = R is a solution of (4.37). We have numerically solved
(4.37) for different values of v and did not find any other solution. This result is
summarized in the following proposition.
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Proposition 4.5 Cloaking a circular hole in Kirchoff-Love plates is not possible for
any radial cloaking map. The cloaking compatibility equations and the boundary and
continuity conditions obstruct cloaking.

Remark 4.6 We should emphasize that the classical biharmonic equation should not
be used in a cloaking formulation; instead, (4.14) should be used. For a homogeneous
and isotropic plate in a flat ambient space, substituting the isotropic elasticity tensor
(4.16) into the governing equation of the virtual plate (4.14) one obtains the following
classical biharmonic equation

— DOTHW = pW. (4.39)

Note that in this form of the governing equation the referential and spatial indices
cannot be distinguished. We first show that the classical biharmonic governing equation
(4.39) does not correspond to a unique flexural rigidity tensor for an isotropic and
homogeneous plate. Without loss of generality, we use Cartesian coordinates, for
which (4.14) is expanded to read?®

where the minor and major symmetries of the flexural rigidity tensor were used. From
(4.39) we have

—D(O)|:W;”~(;“~( +W;555 +2W)~”~“;);] =pW. (4.41)
Comparing the coefficients of the different derivatives in (4.40) and (4.41), one obtains

(4.42)

Therefore, there are infinitely many choices for C; one cannot uniquely determine
the flexural rigidity tensor starting from the classical biharmonic governing equation
(4.39) and comparing it with the initial governing equation in the tensorial form given
in (4.14).

29 Note that
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We next transform the classical biharmonic equation (4.39) under a cloaking map.
In Cartesian coordinates

IET_I(X,Y)=|: X Y] (4.43)

——

Knowing that W = Wo E !, using the chain rule, one finds

W W x| OWLy

===zt
a)~( X Y (4.44)
oW _ oW oW,

One may recursively use (4.44) to find the transformed higher-order derivatives of \7V,
and eventually, obtain the transformation of the biharmonic term>°

cue YW W 9*W
VW= — +— +2—5—. (4.45)
X" oy X 9y

Comparing the coefficients of the different derivatives in the transformed biharmonic
equation with those in the governing equation of the physical plate (4.18), one deter-
mines the unknown fields. Comparing the fourth-order derivatives, one finds

2 27?
CXXXX _ o p©) [(FXX> +(Fy) ] :
CYYYY _op© |:<Fy)_()2 . (FYI;)z]Z’

cXYYy _>po [ [ 2] ,
(4.46)
CYXXX —2p©® [ g +F ~Fyy}

2 2
2CXYXY | cXXYY _ 50 4FX FX Y. FYY + (FX ) [3 (FY)?) + (FY}_/) ]
2
N GONEGORICHEI
In particular, we note that transforming the biharmonic equation under a cloaking map

does not fully determine the flexural rigidity tensor of the cloak. This should not be
surprising as the biharmonic equation (4.39) does not correspond to a unique flexural

30 Ina general curvilinear coordinate system, the biharmonic term is given by

g 1 B = 9 1 3 W -¢b |\ =4B
W = _ [metg.( —— |:\/detG GCDD GAB]
axB \VdetG 5% %P

ﬂ
Q
0l
Q.«
:>
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rigidity tensor for the virtual plate (cf. (4.42)). Also, note that (4.46) is consistent with
(4.19) in the sense that, if one only knows the flexural rigidity of the virtual plate C
up to (4.42), then (4.19) gives us (4.46). In summary, if one starts from the classical
biharmonic equation, in which the tensorial character of the elastic constants is lost,
one would not be able to recover the full elastic constants. One needs the full elastic
constants to construct the cloak.

4.1.2 A Critical Review of the Work of Colquitt et al. (2014) on Flexural Cloaking

Next we show that the transformation cloaking formulation of Kirchoff-Love plates
given in Colquitt et al. (2014) is, unfortunately, incorrect. They start from the classical
biharmonic governing equation of an isotropic and homogeneous elastic plate and
apply (Norris 2008, Lemma 2.1) twice to transform the governing equation under the
cloaking map. Using this lemma, one imposes certain constraints on the gradients of
the displacements and the gradients of the Laplacian of the displacements in the virtual
and physical plates. These constraints are incompatible with the way the displacement
field is transformed under a cloaking map. In particular, these constraints will force the
cloaking transformation to isometrically map the governing equations of the virtual
plate to those of the physical plate. Therefore, the virtual and physical plates are
essentially the same elastic plate and this formulation of transformation cloaking does
not result in any new information. Ignoring these constraints and what restrictions they
impose on the cloaking map have resulted in deriving incorrect transformed fields for
the physical plate, and in particular, we show that Colquitt et al. (2014)’s transformed
flexural rigidity is incorrect. The governing equation of flexural waves in an isotropic
and homogeneous thin plate with the flexural rigidity D© = Eh3/12(1 — v?), mass
density P, thickness %, and in the presence of time-harmonic anti-plane excitations
with frequency o reads

DOVEW(X) — Pho®W(X) =0, X e x CR% (4.47)
Colquitt et al. (2014) rewrite the governing equation as

Ph
<V§ — ma}) WX)=0, XeyxCR%. (4.48)

They transform (4.48) by applying (Norris 2008, Lemma 2.1) twice via an invertible
map F: x — 2, where x = F(X), F = Vxx, and J = detF, and obtain

—1ggT “ppTy _ PR o —
V- JTFFVJV.-JFF'V o )W) =0, xeQ. (449

JDO
In particular, their transformed rigidity tensor is given by

Diju = DVJG;;Gy, (4.50)
where G;; = J7'F;,Fj,.
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Let us discuss the implication of applying (Norris 2008, Lemma 2.1) to the out-of-
plane displacement field. In particular, we show that the way the fields are transformed
in this lemma is incompatible with the underlying assumption of the transformation
of the displacement fields under a cloaking map, i.e., Wo E = W. We work in general
curvilinear coordinates and distinguish between the out-of-plane displacement fields
in the virtual and physical plates, i.e., W and W. The gradients of W and W are written
in components as

A _ A A A
G =6 —. (W' =6 % 4.51)
X
Note that
e ~ g 1 9 = OW ~AiB
VAW = DIVEW) = T4 ; = —— |:\/detG—éGABj|,
vdetG yx axX (4.52)
1 3 AW
V2W = DIV(VW) = (VW)A 4 = —— — | Vdet G—G48 |,
(VW) = (VW)7 4 M8XA[ et Go—p

where V? is known as the Laplace—Beltrami operator. Applying (Norris 2008,
Lemma 2.1) to the gradient of the displacement field, one assumes that (VW)4 =

Jz (I?_I)A/;(%\TV)A, or in components
G = e (P 6 (4.53)

i.e., the gradients of the out-of-plane displacements in the virtual and physical plates
are related by the Piola transformation. Then, under this assumption, one obtains

AW W ~AiB W ~iB
LGB =g HA 2G| =g | ZEGM| @ase
axB A

1A A IA

or, equivalently, V2W = DIV(VW) = JzDIV(VW) = J=V2W. Applying the lemma
to the Laplacian V2W, one finds

VAW = i ﬂGCD GAB
0XB axPp I
|A

g d ~CD ~AB
_ ]E(F—l)AAﬁ [jGCD] oA
D¢ 0X IC A
d W ~cp y: .
=Jz | — [jGCD } GV =W @59
ax” \Lox c i
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Using (4.54), one rewrites (4.55) as

o

g d g W ~éh ~AB
VAW — JE(F—I)AA_ J§1 (JE(F_I)C@_GCD) GAB

ax c L456)
= JE%“VNV.

Colquittetal. (2014) and many other researchers start from the biharmonic equation
for the virtual plate, i.e., DOVAW — Phaw?W = 0. Then, they use (4.56) and rewrite
the biharmonic equation as

2 3 W ~éh - AB
Ja(F YA | g (JE(F‘)C —DGCD) G*?
X X |C A
LIt 457
- Eww =VU. 4.57)

They implicitly assume that the virtual and physical plates have the same displacement
fields, i.e., W = Wo 23! or, W = Wo F! (cf. (4.49)), and write (4.57) as (note that
their mapping F corresponds to 871

[JE(FE_I)AA(F ) 33)33 [J:l (JH(F H (F l)DDaa)\(Ai)Gﬁ)) }G/{g}
i 1A (4.58)
Ph
- JEWG) W =0.

However, this formulation of the transformation cloaking problem is flawed for a
number of reasons:
(i) Once one assumes that W = W o E, the gradients of displacements are related

by the chain rule as = (F 1)DD3XD’

which is the underlymg assumptlon of (Norris 2008, Lemma 2.1). In other words, one
cannot assume that W = W o Z, and at the same time use the Piola transform, which
is what Colquitt et al. (2014) did; in order to derive (4 58) from 4.57) they used the

chain rule to relate the gradients of displacements as ~—= (F D
aX

and not by the Piola transformation (4.53),

D d X XD
(i1) Applying (Norris 2008, Lemma 2.1) twice requires the following extra constraint
on the gradients of the Laplacian terms (this is similar to (4.53)):

9 oW GCD GAB
axB | \axP e

) AW ~éh - AB
= Js(F A — (—GCD> '’ (4.59)
IC

31 This assumption ensures that the second term in (4.47) remains form invariant under the cloaking map.
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where using (4.53), it is simplified to read

~AB 9 W ~¢5
= Js(FHr GNP <—~GCD> . (4.60)
|C

Colquitt et al. (2014) use the lemma twice and write their Eq. (2) without mentioning
the constraint (4.60) or (4.53) and even chegking if these constraints are compatible
with the underlying assumption that W = W o E. Let us see what restrictions these

constraints impose on the cloaking map. From (4.53) and the chain rule dfﬁg =
aX
(F D - W 3xD > One obtains
GAB = Jo(F YA .(F 1B ;6" 4.61)
Substituting (4.61) into (4.60), one finds
3 W ~¢h d
——|U==1D (—DG D) -2 [(J~ - 1)v2w] —0. (462
X 0X IC ax"”

Knowing that (4.62) must hold for an arbitrary displacement field W, one concludes
that Jg = 1,%2 and thus, G = E*G, meaning that the physical and virtual plates are
isometric and are essentially the same elastic plate with the same mechanical response.
To see this more clearly, using the fact that Jg = 1, and G = E*(}, or in components,

GAB = (If"_l)AA(I?_l)BgGAB and the metric compatibility of G, i.e., Gapjc = 0,
(4.58) is simplified to read

DO GABGCD oW
axP

) — Pho®W = 0, (4.63)
IC|B|A
ie., DOVAW — Phw?W = 0, which is identical to the biharmonic equation for the
virtual plate DOVAW — Phw?W = 0. Therefore, the physical and the virtual plates
are the same elastic plate and the application of (Norris 2008, Lemma 2.1) maps the
biharmonic equation to itself; it does not result in any new information.

(iii) Colquitt et al. (2014) express (4.58) in Cartesian coordmates and lookmg at

the fourth-order derivatives of the displacement, i.e., JH(F ha - (F hB (F~ e

32 Note that (4.62) implies that (Jg — 1) V2W = C, where C is a constant. Recalling that on the outer

boundary of the cloak ﬁlgoc = id, and thus, Jg|j,c = 1, and given that W is smooth, one concludes that
C = 0. Therefore, Jg = 1.
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& 4 . - S
(F~hHP Cm (summations on A and C), incorrectly conclude that the

flexural rigidity of the cloak is given by (4.50), or in our notation, DABCP —
DO Jg(F~HA J(FHE ;(F~1)Cz(F~1)Pz. The reason for this mistake is that
(4.58) has some hidden strong assumptions. Incorporating these assumptions one
arrives at (4.63). In other words, one needs to look at (4.63) in order to calculate the
transformed elastic constants, and not (4.58). Looking at the term in (4.63) with fourth-
order derivatives, the transformed elasticity tensor is given by D© M% in
Cartesian coordinates. However, (4.63) is nothing but the governing equation of the
virtual plate, i.e., the virtual and physical plates are identical.

Note that when the cloaking transformation is the identity, i.e., when F = id,
Colquitt et al. (2014)’s transformed rigidity tensor (4.50) is not reduced to that of
the homogeneous and isotropic plate (4.30) and is not even positive definite (see
also Pomot et al. 2019). To see this note that for the identity cloaking map (4.50) is

simplified to read
[1 O] [O 0}
ER3 01f]00

ijkl | __
B I:DJ :I o 12(1 +v) |:0 0:| |:1 0:| ’ (4.64)

00[|01

which clearly does not agree with the flexural rigidity of the isotropic and homogeneous
elastic plate (4.30). It is also immediate to see that (4.64) has zero eigenvalues, and
thus, is not positive definite.

(iv) The traction due to the so-called membrane forces obtained in Colquitt et al.
(2014) does not vanish on the boundary of the hole, i.e., the hole surface is not traction-
free. This means that in the numerical simulations presented in Colquitt et al. (2014),
one needs to apply some forces on the boundary of the hole even if the transformation
cloaking problem had been properly formulated. Furthermore, the finite traction due
to the membrane forces does not vanish on the boundary of the cloak either, and their
cloaking transformation does not have the identity tangent map on the outer boundary

f
of the cloak 9,C, i.e., T Fly,c = Fla,c # id. Therefore, the physical and virtual plates
cannot have identical current configurations outside the cloaking region.

Remark 4.7 In this remark we show that the work of Colquitt et al. (2013) on cloaking
of the out-of-plane shear waves for the Helmholtz equation is also incorrect because
similar to their flexural cloaking formulation (Colquitt et al. 2014) their use of the
Piola transformation is inconsistent with their displacement transformation. Colquitt
et al. (2013) start from the Helmholtz equation for an isotropic and homogeneous
medium

uVyx - (Vx)u(X) + 0w’u(X) =0, X € x C R?, (4.65)

where p and p are, respectively, the shear modulus and the mass density of the isotropic
and homogeneous medium, and u is the out-of-plane displacement. Applying (Norris
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2008, Lemma 2.1) using an invertible map F : x — Q2 suchthatx = F(X), F = Vxx,
and J = detF, they transform (4.65) as

[v S(CO)V) + ,o(x)a)Z] u(x) =0, xeQcCR2 (4.66)

where C(x) = u/J (x)F(x)F'(x) is the transformed stiffness matrix and the trans-
formed mass density is given by p(x) = o/J(x). To write this in our notation, one
starts with the Helmholtz equation for the virtual medium [ V2W + D *W = 0,
where [i, p, and W are, respectively, the shear modulus, the mass density, and the
displacement in the virtual medium. Then, provided that (4.53) holds, one may use
(Norris 2008, Lemma 2.1) (see (4.54)), to obtain the transformed equation as

) J - ~
QL [JE(F‘)AA—BG } +p Jz*W = 0. (4.67)
0X |A
Next, assuming that the virtual and the physical media have identical displacements,
ie., W = W o E (which is what Colquitt et al. (2013) implicitly assume) and using
the chain rule, one finds

e s AW - i By
[MJE(F A L(F I)BEWG ] + p Jzw*W = 0. (4.68)
|A

This is identical to what they have in (4.66), recalling that F corresponds to 7.
As we discussed in the case of flexural transformation cloaking, (4.53) imposes a
strong constraint on the cloaking map, which is given by (4.61). In fact, in Cartesian

coordinates, (4.61) is simplified to read Jz (F~1)A 1 (F~1)8 ; = §4B (summation on
A). Using this relation, one obtains the tangent of the (inverse) cloaking map as>3

= oo [aX,¥) BX,Y)
i <x,Y)_[_ﬁ(f(j)a(ij)] (4.69)

where o + B2 > 0. Note that the (bulk) compatibility equations for F~! are written

as (ﬁ’l)Amg = (ﬁ’l)AélA, and thus, one has3*

9 9 do 9
da B g x99 (4.70)
aX oy Y 9x

Hence, one concludes that & and 8 are harmonic, i.e.,

92 92 92 92
a—i——z:O, and—~2 '32

X aY X aY

33 Notice that (4.69) can be represented as a rotation matrix multiplied by the scalar (@?+ ﬁz).

34 Note that if one defines the complex function f(f( +iY) = ﬂ()?, Y) +ia(X,Y), then (4.70) are the
Cauchy-Riemann equations, and hence, the complex function f is holomorphic.
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The mapping F that Colquitt et al. (2013) used to design a square-shaped cloak by
shrinking a finite rectangular cavity to a small one is not of the form (4.69).

4.2 Elastodynamic Transformation Cloaking in Plates with Both In-plane and
Out-of-plane Displacements

In this section, we relax the pure bending assumption and formulate the transformation
cloaking problem of a classical elastic plate in the presence of both in-plane and out-
of-plane displacements. In doing so, we let the physical plate undergo finite in-plane
deformations while staying flat, i.e., ((2JJ‘ —idand = 0), whereas the virtual plate
remains undeformed (é) = id). For simplicity of notation, let us drop the superscripts
and denote the normal and tangential displacement fields of the physical (virtual) plate
Ut and UT (Ut and UT) by W and U (W and U), respectively. The tangential and
normal displacement fields are transformed as

0" =s"0pU'cE, and W=WoE ! (4.72)

The linearized balance of linear momentum for the virtual plate, which has uniform
elastic properties, reads

8™ 1 =poU%, and — (FH)BasMA Lo = 5y W, (4.73)
where
534 radbBp | 23468 \F
SP =A? Ul;lé +§Ba (W’l;)lé’
- 1 ~s7i5 o~ 1 ~7p~7~
and SMI4 = EC“A”B(W’,;)| 5+ E]BibB“AUI;‘ 5- (4.74)
The symmetries of the elastic constants (3.70) for the virtual plate imply that
AlaAeB bl o REBGAfE L _ (4.75a)
BlaAcB B . — o, CladeB Bl — g (4.75b)

Knowing that the virtual plate is uniform, its elastic properties (constants) are (covari-
antly) constant. Thus, (4.73) is simplified to read

(4.76)

The balance of linear momentum for the physical plate in the absence of initial couple-
stress (M = 0) reads (cf. (3.82))

8P 4 + poBLg "W, + pog® (BT, — po g (F 15, (W.e) 5 £b = pUe, (4.77a)
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PO (W), — [(F*‘)Ba«SM“A‘A]lB — p0o(BTYW, + (o f:CUL.,,,g“”(F*‘m)M

[P & ETHP 8] | = ol (4.77b)

where using (3.84)

8PaA [AaAbB‘i‘PCA(F I)Bcgab:l Ub|B+ IBL!AIJB(Wb)lB7

X (4.78)
8MaA (CaAhB(W b)‘B + 2BbBaAUb‘B
Note that
05‘@ =(S_1)bg(1§" )~ &Ubics
05‘@|,§=(571)b5 [(1“E )¢ ¢l ~Uh|c-|-(F 1)c (F hA s UblClA]
Osicris = 5[ (F 0 qaUne + ((F D (P + (F)C 5 (F )%

+ (ﬁfl)cé(l?ﬂ*l)f‘mg)Umcm + (F7 )C@(ﬁq)Ag(lg*l)BgUmqu}
(4.79)
W= (F )W,

W5 e = (F~)256 Wy + (PP (FHC e Wpie,

F i W+ [F 0550 ek (B0 B
5 E D [ W e + FDE D (DA 5 Wi,
W 5)ie1in = e ms Woo + [(F0 55 P05+ 7050 (R0 5
+ (Ffl)bg\é(ﬁ”)*‘m + (F”)bz;\aé(ﬁ*l)’ﬂi + (’?7])b5|A|1§(F57] A
5 ea D 5+ e 55 Wi
[ E 55 F N Y (FHE (P 5
+ FYA 4 g PO (F Y o (P05 e (P (P14,
FE i FYA ) b PO PO 5 | Wi
+(;_l)bg(ﬁ_l)C@(f_l)A/;(f_l)Bg(W,b)|C|A|B, (4.80)

§ 2E, ~
where F = FFF~! 33 Under the cloaking transformation E : H — 7{ and using (4.79)

and (4.80), the divergence term in (4.73); is transformed via the Piola transformation
as

35 Note that F = id, while Fis not the identity, in general. However, for thin plates (due to the inextensibility
constraint) F = id, and thus, the mappings £ and E are identical, whence (4.80) reduces to (4.17) with a
slight abuse of notation.
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=Jz [HF DA ZETDE 557 ATy, (4.81)
1 b »dAbB

2]~(F DA LED HFEP GEE W)

1

_J"(F 1)AA(F—1)bb|BIéﬁAbB W,b]A-

l\)

Using the shifter map, we write (4.81) as the in-plane governing equation of the
physical plate (4.77a). Therefore, the referential mass density of the physical plate is
given by po = Jzp,°° and recalling that the shifter map is covariantly constant, one
obtains

AaAbB JE( 71)a (F I)AA(Sfl)bb(F I)B Aa f)L‘A(ﬁ**l)BCgab7 (4823)
]BaAbB — JE(S—l)aﬁ(F—I)AA(F—l)bg(F—l)BBBaAbB’ (482b)
1 _ £ iy
poBt = Iz G (F 5 3B gan, (4.82¢)
o 1 _ £ . E L =
0" = =2 Ja(s™ ) G (D e F (P 5B e, (4.82d)
(BN =0, (4.82¢)

where in deriving (4.82c), the Piola identity [Jg (I*E” —hA A] " = 0, and the fact that

the virtual plate has uniform elastic parameters were used.

Remark 4.8 Note that in this case we have two sets of governing equations that need to
be simultaneously transformed under a cloaking map: the in-plane and the out-of-plane
governing equations (unlike the previous case where the out-of-plane equilibrium
equation was the only non-trivial governing equation). Note also that similar to 3D
elasticity, the in-plane governing equations are transformed using a Piola transfor-
mation. This, in turn, implies that mass density is transformed as pp = Jgpy. Now
because mass density must be transformed the same way for the in-plane and the out-
of-plane governing equations, the scalar field & introduced in Sect. 4.1 is equal to the
Jacobian of the cloaking map Jz, i.e., k(X) = Jz(X).

Similarly, we write (4.76), as the out-of-plane governing equation of the physical
plate (4.77b) up to the Jacobian of the (referential) cloaking map Jz. Hence, one finds

36 Conservation of mass for the physical and virtual plates implies that py = Qj and pg = &J. Noting
that (o =id,and Jz = Jiz J~1, the spatial mass density of the cloak is given by 0 = Jg pg.
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the initial pre-stress, the tangential body force, and the flexural rigidity of the physical

plate as>’
CadbB _ Ja(;—I)a&(I?—l)AA(;—I)[;I;(E—I)BI;@&AEB’ (4.83a)
o 1 2 5 T
po(BT) = 5JE(F_l)Ba(fi_l)bm@,ﬂgca’qbc, (4.83b)

phA _ %[(ﬁ-—l)BalBCachAlc i (I%—I)Ba(cachlC‘B:I
_ %Js(1%"71)35@&/;56[(;71)b5|g(1?71)Aé\é + (;«’*l)b};lé(f‘*l)Amé
Y F ) 7+ 0505 g+ () 05(F DA
+ (Is"_l)bl;@g(f?_l)Ag + (E_I)AC|A\B(§_1)b5]’ (4.83¢)

along with the following cloaking compatibility equations>3

(Ij-—l)BalBCaAbc + (ﬁ—l)BaCaAbclB + (I‘}—I)Aa(cthclB
2 PR P g g E 3 g
_ JE(F—l)B&CaAhCI:(F—l)bBIE(F—l)Cé(F—I)AA+(F—1)C6|B(F—l)bE(F—1)AA

g & ) § g £

YA D 6+ O ez ()50 . (4.84a)
(F) g BN g 4 (E)P BP0 g 42 [ o (8957 = £g°) (F)CutF )]
— J2(F )P a(s™) B (P g (4.84b)
(ﬁv—l)BalBBbCaA + (I%—l)AaEbCaBlB + (ﬁv—l)BthCaAlB
+2p0 (£ — £0g°) (P (FTHA
= Ja(F ) as™ ) BPCA (F ) o (F) 5 + (F 0 a5 (F )1
+FOCF N 5] (4.84c)

37 Note that

o

c—1 A
F =
(F~)"aB axB

[(F=D%a] + T4 ep(F) 0 = yPac(FHA <.

£ £ oz oz 9 £ £ £ .k
(F 5= F D) P g =F g(8~5 [(F ‘)“a]w“ch(F W (Fh G =7 (F ‘)“z»),
X

where )755 j are the (induced) Christoffel symbols corresponding to the virtual plate in its current configu-
ration.

38 One starts from the governing equations of the virtual plate and substitutes the derivatives with their
corresponding transformed derivatives and compares the coefficients of the different derivatives in the
transformed governing equations with those in the physical plate. This overdetermined system of equations
gives all the transformed fields, and a set of cloaking compatibility equations.
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and the ones given by (4.82¢) and (4.83b). Notice that C already possesses the major
symmetries. Recalling that the elastic parameters of the virtual plate satisfy (4.75), the
relations Cl@AcB (b1, — 0, and BeBleA b1, — 0, already hold, i.e.,

peBla bl _ JE(S—l)cg(;—l)Bé(;—l)[a&(ﬁa—l)AA}%b]Alﬁééé&A
_ JE(5—1)cg(ﬁ—l)Bé(Ii—l)[a&(lf-—l)b]gl%g@éém{
= T (FNB L (F Y (R EP B7BIA _ o (4.85a)
ClaAcB bl _ JE(}E;-f])cé(;‘vf])Bé(;ﬂfl)[ad(ﬁfl)A _fbl  GadcB
=JE(;_1)05(1%_1)33(;_1)[%(1’?_1)[’];;1%5/3@“53
= Js(FE“‘I)%(PE“‘I)BI;(ﬁi—l)[ba(f—l)“ﬁ’;ﬁémé —0. (4.85b)
On the other hand, AleAcB Jad 4 = 0, and BleAcB ald 4 = 0, respectively, imply that
pladAcB gbl - g (S—l)cE(E—I)Bé(S—l)[a&(ﬁ—l)AAI%b]AAéﬁéé
_ pAA(E1\B glac b1,
— Jz (S—l)cg(ﬁ—l)Bé(s—l)[aé(f—l)b]EP%EAAaAEE
— PANE T 18 FP g =0, (4.862)
pladcB fob] , _ JE(;71)%(;71)Bé(571)[aa(§71)Agﬁb]ABaﬁeé
_ JE(1371)%(1%71)33(Sfl)la&(liq)b]];ﬁz}/iﬁmaé — 0. (4.86b)
Pushing forward theses expressions to the current configuration, one obtains

clabled _ ch[aAcB P
J
Je, 1. od o1 S _1\b]. b RaAcB
=7(S ) (F™ )BF BTG (F™ )

1. o o o
_ 7PEA(F'—l)Belyng[aC};'b]A

&
Jg(S_l)Cg(F_l)dj(S_ )a (F l)b] Fb Fd ALIACB
1, o o .
_ 7f)eA(}771)BeI;'ng[(lCF*b]A
§ § e

— Js(S—I)L’E(F—l)d(z(s—l)[tla(F—l)b]géabc‘d _ &[bdgca] — 0’ (4873)
1
J

J - o _ £ [y g
(F )¢E(F I)BéFdB(S 1)[a&(F l)b]EFhABaACB

Ib[ab]cd B[aAcB ﬁ-b]AﬁvdB
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e—1ye_( fm - £ _ 1 27 25 ~-7-%
= Je(F)ea(F~) (s hlag (F=Y)P) - b fd - fadch

3 3 3 ~aTa
= Je(F ) (P H? (s Hle(FHP B = . (4.87b)

Additionally, the initial body forces and the pre-stress need to satisfy the following
balance of linear and angular momenta in the finitely deformed configuration

B4+ po(B T =0, (4.88a)
poBL + [poé“(ﬁ—l)f‘a]m —0, (4.88b)
plea bl — . (4.88¢)

Notice that if (4.88¢) holds (or, equivalently, ¢ is symmetric), then A possesses the
major symmetries (cf. (4.82a)). The stress and couple-stress are transformed as

8PN = Js(s™ ) a(F 1) 50
1 _ i £ g [ T Y
+5 75 NaG(F DA (F Y (FHE g FO pBYAPPW

(4.89)
§ Z o
SMUA = Jg(FHaa(F~HA ;sm4

x
b
S
S
x
o}

1 £ g_ £ g_ £ o
+ 5 Ja(F Daa(F DAL (F Y (FHE 5 FSy 5C

Using (4.13), one needs to have \TV’(; = W’a(s_l)a,; on the boundary of the cloak 9,C,
5

which implies that 7§y ¢c = F|s,¢c = id. Additionally, the boundary surface traction

and moment in the physical and virtual plates need to be identical on the boundary

of the cloak, i.e., 8T )@ = si,(8TT)4, §T" = sTL, and sm¥ = s,8m<, on 9,C

(see (4.13)). Therefore, one needs to impose the following constraints on the outer

§ . 5. )
boundary of the cloak: F, 4 o e =0, F%aB o e =0, TE|y,c = Fls,c = id (and

o § & 2Eo,
thus, F|y,c = id, given that F|;,¢c = id and F = FFF~!). Similarly, knowing that
the hole surface € in the virtual plate is traction-free, the hole inner surface in the

£
physical plate 0€ will be traction-free as well if one requires that F'%, 4 e = 0, and

£
Féa1B ‘35 = 0.3 Furthermore, the hole must be traction-free in the physical plate in

. o
39 Note that F 4 ’9 o = 0 implies that ], = 0, and 82Jy,¢ =0, (see (4.13) and (4.82d)), and thus,
Oo

. ) & 5 5
ST = —~(F~HA, M B 5T, = — [JE(F_I)BE(F_I)”&‘SMHB] (F~H%T4
|B

°

o £ R L
=—Jg(FHB s (F~1)936MB g (1A Ty = —(FHA ;M8
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its finitely deformed configuration, i.e., from (4.12), one needs to have (YO"T)” lae =
BaATy) | =0.and F4jpe = = [(FDAp2Ta] | =0,
( A) e an lag (F7)"apLiTy -
Remark 4.9 Upon using (4.83a) and the Piola identity, the cloaking compatibility equa-
tions (4.84a) are simplified to read
s € g , £
L € g . £

= CMC(F DG (F D G (FHA(F 6. (4.90)
Remark 4.10 Note that for an isotropic (virtual) plate, the elastic constant B is given
(with a slight abuse of notation) by

G, (4.91)

for some scalars bj and b. This is a consequence of the fact that the most general form
of a fourth-order isotropic tensor is a18;;0k + a20ixd i + a3d;18 jx (for some scalars
ai,i = 1,2, 3) and the minor symmetries of B dictated by (4.75).

Remark 4.11 When restricting to the in-plane deformations, we recover our result
(Yavari and Golgoon 2019, §4.4) for the elastodynamic cloaking of a cylindrical hole
in the context of the small-on-large theory of (classical) elasticity in 3D. For in-plane
deformations, W = 0, and for a classical solid B (and C) vanishes. Therefore, the out-
of-plane equilibrium equation (4.77b) is trivially satisfied, and the in-plane equilibrium
equation (4.77a) is the only non-trivial governing equation. Note that in this case, the
pre-stress is determined such that the (only non-trivial) balance of angular momen-
tum (4.87a) is satisfied. We should emphasize that in (Yavari and Golgoon 2019),
the variation of the body force is assumed to be independent of that of the motion.
Therefore, the linearized equations involve the load increment 628 independently of
the infinitesimal deformation §¢ (see Marsden and Hughes 1983, p. 237).

Remark 4.12 Note that (4.88b) is trivially satisfied. To see this, using (4.82c) and
(4.82d), the expression in (4.88b) is simplified to read

1 492

| _ 2. £ £ o
= =3B P g (sTH G F ;(F ) 5 [Jaw WPa(F 1)%]A

L ira ¢ g
= 3 B P acts ™G (5 [ I (FH 5] =0

Footnote 39 continued

where |:JE(F:‘_1)BB:| = 0, and the fact that E (and &) fixes the boundary of the cloak 9,C to the third
|B
order were used.
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& 2E,
where the relation F = FFF~!, and the Piola identity were used.

Remark 4.13 If B vanishes for the virtual plate, which is the case if one assumes the
Saint Venant-Kirchhoff energy function (cf. (4.15)), then so does the tensor B for the
physical plate, i.e.,B = 0. Moreover, if B = 0, then BL = 0, £ = 0, and the cloaking
compatibility equations (4.84b) and (4.84c) are trivially satisfied.

Remark 4.14 The second-order change (variation) in the energy (density) of the phys-
ical plate is given by

1 9w 2w
W =-—" 5Cap8C - 8CABd0O
20CapdCcp ABOCCD + 0C4B00@Ccp ABEECD
1 *w
T 504580 cp. 4.93
20045000, ABOTCD (499

Therefore, one obtains

1 1 1
W = EA“A”BUH‘AUMB + EB“A”BUC,\A(W,;»‘B + ZC“A”B(W,a)|A(W,b>|B.
(4.94)

Similarly, we note that for the virtual plate

- 1. o ~ E7 Ef o~ o~
W = Jz8*W — S PP g s s’ FAAF P 5U; 1 Up 5

1 £ T £ iirma
+ EJE(F_I)I“(F_I)B FFnpB AP0, W
(4.96)

1
+2J~<F g (F=1)A 3 FEaCHAPB R (W ) 5
1 _ 5 _ _1yb_ B ¢ Fd, L CaAbBy (i
+ZJ5(F DY G E (P g FE i F s CAP W W .

Hence, the positive-definiteness of the second-order variation of the energy of the
physical plate involves that of the virtual plate (i.e., s2W), along with the elastic
parameters and (in-plane and out-of-plane) displacements of the virtual plate, the first
and the second derivatives of the cloaking map, and the pre-stress. This is in contrast
to transformation cloaking in classical (and generalized Cosserat) 3D elasticity, where
82W = Jz82W (see Yavari and Golgoon 2019). Thus, one cannot simply conclude that
(the second-order variation of) the energy density is positive-definite in the physical
problem if and only if it is positive-definite in the virtual problem.
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4.2.1 A Circular Cloak in the Presence of In-plane and Out-of-plane Displacements

Let us consider the cylindrical cloak example in the presence of the initial stress P, the
initial body force B, and the initial body moment £. The cloaking transformation &
maps a pre-stressed cylindrical annulus (in the physical plate) with inner and outer radii
r; and r,, respectively, to a cylindrical annulus (in the virtual plate) with inner and outer
radii € and r,, respectively. Let, in polar coordinates, (7, 0) = £(r,0) = (f(r),0).
Therefore,

£ [f/(no
F_|: 0 J, (4.97)

where f(r,) = r, and f(r;) = €. Let (R, ©) = E(R, ©), (r,0) = ¢(R, ©), and

(7,0) = (ZJ(I?, ©) such thaté) = id (and thus, F = id). We assume that the physical
plate is finitely deformed such that (r, 8) = (R, ®) = (¥ (R), ®). Therefore,

. [Y'(R)O
F= [ 0 1]. (4.98)
Using i?‘ = 13713?1%‘", one has
P [W(R)f(;(w(R)) ﬂ , (4.99)

and thus, Jg = ¥/ (R) f (¥ (R)) f' (¥ (R))/R. The referential mass density of the cloak
is given by

po(R) = /' (R) f wf(R))f(‘/’( D Ri<R<R,. (4100

Note that s = diag (1, r/ f(r)). Assuming the Saint Venant-Kirchhoff constitutive
equation (4.15) for the virtual plate, C is given by (4.30), B=0 (and thus, B = 0, see
(4.82b), which using (4.82c) and (4.82d) implies that BL = 0, and &= 0), and A is
obtained as*’

(4.101)

40 Note that in the case of a general isotropic energy function for the virtual plate B, £, and BL do not
vanish and their expressions are given in Remark. 4.16.
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Thus,

2] [
R _[radbs] _ _ Eh 0 25| |10
A‘[A ]_2(1+u) 01 2 07| (4.102)
10 0 -2

1—v

Using (4.83a), the flexural rigidity tensor of the physical plate is given by

¢ = [(‘CaAbB]
2 fW(R) 0 0 RY'(R)
=V RY/(R)f7 (W (R) TR R)
ERd 0 2 Y@ v (R) 0
= = TwEyemy . LT@ERNTEED
12 +v) 0 TR @ R) T T RN G (R) 0
U2 (R) 0 0 = RITWRDY (R (R)
RIG(R) 7 (RNY(R) [-v P ®)

(4.103)

From (4.82a), the first elasticity tensor of the physical plate is obtained as

2 _fWW®) 0 0 REGR)Y(R)
1=v Rf7 (Y (R)Y'(R) SW(R))
Eh 0 = 1 0

A— [ AaAbB]
2(1+v) 0 1 127"” 0
S (R)) 0 0 2 R W R)YY'(R)
Rf' (W (R)Y'(R) —v f(R))

1
'R _R_SOR 1 3r@ _R_ 500 (4.104)
[x/f(mp eIl }[_%RP G }

0 0

[ 0 0 } [ 0 0 }

rR R 0 R 1 pr® R pOHO
7w P i P el Tl
where utilizing (4.83c), the pre-stress is calculated as

pro — por .
Eh?
12(v2 = 1) RY(R) f3 W (R) £ (Y (R)

{W(R)f(w(R))f/s(lﬁ(R)) [(v =2)RY'(R) +2¢/(R)]

[:’;rR —

+RYA R (R) W (R) + 20 (R) £ (0 (R [V R (R (R) £ (4 (R))

1 R (=0 = DRY'(R) =29 (R} ]

—VR) SRS W RS W (R)

YRS R) [3f2 (R = OGRS (v (R)] } (4.105)
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ERh3
12(b2 = 1) RY(R) AW (R) £ (W (R))
2R S W (R (W (R) [RY (R (R) £ (W(R))
+ @ (R) {¥(R) —2(v = 2)RY'(R)}]
FYR) LW R 2 WR) [ W (R) {VRY(R) + (v — )9 (R)}
—VRY (WY (R) f" (¥ (R))]
+ 12 R [VRYA(R)FO (R (R) [y (R))

+< (v (R) = RY'(B)) f' (¥ (R))

poo _

{ —3RYP RV (R f (W (R))

*2R¢(R)W(R)f”(1ﬂ(R))) Py R "W R) + (1~ V)f/(w(R))}]}-

Using (4.83b), one finds the components of the tangential body force as (%T)e =0,
and

BTy = EN
125 (V2 = 1) fAW(R) f7 (W (R))

{3¢(R)f’7(1ﬂ(R)) —3F @R fC W (R)

— 3.2 R S W (R (W (R)) (4.106)

72

+ 23RNSR [FO GRS W (R) = 31w (R
+ L) [1557 W R) + £ (R) W (R)

—107 9 (R) /(W (R f (W (R)) ] }

However, note that (4.82e) implies that (%T)’ = 0, and thus, (4.106) can be viewed
as a constraint. Notice that (4.88c) is trivially satisfied. The cloaking compatibility
equations (4.84a) give the following ODE

S @R [fWR) =¥ (RS W RN [¥(R) f (W (R) + (v — 1) f(¥(R)] (4.107)
— v (R) f2WR) f (W (R)) =0. '
Recalling that r = ¥ (R), we may rewrite (4.107) as?!
FOfE) =rf O][rf' )+ 0 =D f@)] = vrf2 @) f(r) = 0. (4.108)

Noting that (4.108) is a second-order ODE and the cloaking transformation & needs
to satisfy f(r,) = ro, f(r;) = €, and f'(r,) = 1, one concludes that cloaking is

41 Note that (4.108) is identical to (4.37).
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not possible. The balance of linear momentum in the finitely deformed configuration
(4.88a) is simplified to read
3RY(RYY'(R) (¥ (R) — RY'(R)) f'(¥(R))’

+ Y REF W RS (0 (R [ R (RYY(R) f'(w (R))

+ (RY/'(R) — ¢ (R)) { Ry (R)Y'(R) f" (¥ (R))

+/ W (R) [(5—20)RY'(R) + w(R)]}]

+ YRS W RS (0 (R 0 = DR (R (R)F (Y (R)

+ (V(R) — RY'(R)) {vRy (R)Y(R) /" (¥ (R))

+f W R [2 =¥ (R) — (v — DRY'(R)]} ]
(4.109)
+ f((R)? ((v — DR (R)* ' (¥ (R))*

— (0 = DRYR)f RN £ W (R) Ry (R) + 29/ (R)

— RY (R 1 (0 (R) |+ 9 (R = 20R%Y (R) £ (W (R)? + (v = ) f (Y (R))?
+ RY W R (vRFD W RYY (R + 1w (R) [VRY(R) + ' (R)] ) |

— v R (£ W R (RFO W (R (R) + 1 (W (R))
—2Rw’<R>f”(w<R>)2)) =

Provided that v # 0, one may use (4.108) to obtain expressions for f”(y(R)) and
O (R)) interms of ¥ (R), ' (R), f (¥ (R)),and f’ (1 (R)). Plugging these expres-
sions into (4.109), it is straightforward to verify that (4.109) is trivially satisfied.
Therefore, the balance of linear and angular momenta (cf. (4.88)) for the physical
plate in its finitely deformed configuration is satisfied as long as the cloaking map
satisfies the constraint (4.108). In summary, similar to the Kirchoff-Love plate the
ODE (4.108) and its initial and boundary conditions are the obstruction to cloaking.
This result is summarized in the following proposition.

Proposition 4.15 Cloaking a circular hole in elastic plates with both in-plane and
out-of-plane deformations is not possible for any radial cloaking transformation. The
cloaking compatibility equations and the boundary and continuity conditions obstruct
cloaking.

Remark 4.16 Assuming that B is given by (4.91), one obtains B, the initial normal
body force BL, and the initial body moment £ of the physical plate using (4.82b),
(4.82¢), and (4.82d), respectively, as
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B= -@aAbB]
[T (b1+2b2) (v (R) 0 0 BRV® ]
RFZWRNY'(R) . T R))
= 0 P - Lrwy O
{ : :
0 f’(xlzz(k)) f/(wl(R)) o 0
bayr(R) 0 (B1+2b2) Ry (R) £ (W (R)Y'(R)
| LR R)Y'(R) F2W(R) i
(4.110)
3 (b1 + 2by) 5 4
Bt = [— (R [ W(R) + FWR) [ (W(R))
250 f3 (W (R) f> (Y (R)) v SN
2.2 R W (R) £ (W (R))
+LAW R (1P W R W R) =3 W (R)) } (4.111)
. (bi +2by) > p 3
= — W R f" (W (R)) + ¥ (R) £~ (¥ (R))
260 f2(W (R) f* (Y (R)) [f VDT varw
— RS2 R ], 4.112)

and the circumferential component of the body moment vanishes, i.e., £ =0.

Remark 4.17 (General cloaking transformations) Next we show that if by > 0 and
b; + by > 0, i.e., if the tensor B for the virtual plate is positive definite, then trans-
formation cloaking would not be possible even if one uses a general cloaking map
& for an arbitrary hole surrounded by a cloak (with an arbitrary shape). Without loss
of generality, we use Cartesian coordinates, where the shifters and the metrics have
trivial representations. Let us consider an arbitrary cloaking map & such that

| J

Therefore, J; = [F11F2 — F12F21]_1, and (4.87b) is simplified to read

: Fii(x,y) Fia(x, y)

Fo1(x,y) Fo2(x, y)

7]=

(4.113)

biFa (Fﬁ + F%g) + 2boF 11 (FriFar + FiaF2) — Fia (51 + 252) (F%l + F%z) =0,

(4.114a)
Far (P31 + P ) (B1 +2B2) = 2F0b2 (FuiFar + FiaFo) = Fioby (P +F%,) =0,
(4.114b)
F(FZB—FFBB 2 (by +2b
11 (F5b2 — Fi2Fa1(by +b2) + F5;(by + 2by)
+ F12F2 (FZI(BI +by) — Fra(by + 252)) - F%1F2262 = 0. (4.114¢)
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Provided that F%zf)l +F (b1 + 2by) # 0, from (4.114a) one obtains

(F%l + F%z)(E)] + 252) — 2F11F2262
2 .

F1 =F =~ = =
F3,b; + F3, (b1 + 2by)

4.115)

Substituting for F»; into (4.114c), one has

(F2, + F2,)(F}, — F11F2)ba(by + 2b2)
~ ~ ~ 2
[F%zbl +Ff (b + 2b2)]

[F%zezBl + F2,(F1; — F2)(by + 2b2) + F11F3,(3b; + 462)} =0. (4.116)

Using (4.115), the Jacobian of the cloaking map is simplified to read

F2,b1 + F3, (b + 2by)
E = ~ ~ .
(F3, + F2,)(F11F2 — F3,) (b1 + 2by)

4.117)

Knowing that 62 > (), and the Jacobian of the cloaking map cannot be singular, (4.116)
implies that

F2,Fxnby 4 F2,(F1; — F22) (b + 2b2) + F11F3,(3by +4by) =0,  (4.118)
where as long as F%zlsl — F%I(Bl + 262) # 0, gives

F3 (by + 2by) + F%z(?’Bl + 4by)

Foo =Fyy = — 7 (4.119)
Fll(bl + 2by) — F12b1
Plugging (4.115) and (4.119) into (4.114b), one obtains
Fi2(F3, + F2,)*by (b1 + by)(by + 2by)?
12(F1; + Fp)"ba(by + b2) (b1 + 2by) _o, (4.120)

~ ~ ~ 13
[F21B1 +2B2) — Fb |

where recalling that by +by > 0, implies that F, = 0, and thus, Fy; = 0 (cf. (4.115)),
5
and from (4.119), Fy; = Fy,. Given that F|3,¢ = id, one concludes that £ must be the
identity, i.e., cloaking is not possible. ~
Let us consider the case where F,b; + F3,(bj + 2by) = 0, and thus,

2
2F =

by = ——5—1—b,. 4.121)
Fiy +Fz
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Therefore, (4.114a) is simplified to read 262F12(F%2 — F11F22) = 0, implying that
F2, = F11F2 (or Fap = F2,/F11).*? Substituting for by and Fy into (4.114b) and
(4.114c), one obtains

~ Fia(Fi2 —F21) 15
20y > |F
Fri(Fr +F)
~ F12(F21 — F12)

b2 2 2
Fll(Fll + F12)

FhiFa Pl + Pl +FLiF o] =0 @220

[F?l +Fl + 2F11F12F21] =0. (4.122b)

Note that Jz = [Fy1F2» — FioF217! = [Fi1o(F12 — F21)]’1, and thus, (4.122) implies
that

Fio + F1 For (F} + Fl) + FF3,Fio = 0, (4.123a)
Fi) +Fl +2F} FioFa = 0, (4.123b)
from which, one obtains Fi = —F»1, and F11 = —F2F3;. Thus, F11 = Flz’ and using

(4.121), one concludes that b; + by = 0, i.e., B is not positive definite, which is a
contradiction. Similarly, it is straightforward to show that assuming F12b1 - Fl | (bl +
2b,) = 0, the Jacobian of the cloaking map is forced to be singular.

5 Concluding Remarks

In this paper, we formulated the problem of elastodynamic transformation cloaking in
plates. In particular, we considered transformation cloaking in Kirchoff-Love plates
as well as elastic plates with both in-plane and out-of-plane displacements. Using a
Lagrangian field theory, the governing equations of nonlinear (and linearized) elas-
tic shells (and plates) were derived by characterizing the geometry of a shell as an
embedded hypersuface in the Euclidean space using the first and the second funda-
mental forms. The body forces and body moments were taken into account in the
boundary-value problem of an elastic plate using the Lagrange—d’ Alembert principle.
A cloaking map transforms the boundary-value problem of an isotropic and homoge-
neous elastic plate with an infinitesimal hole (virtual problem) to that of an anisotropic
and inhomogeneous elastic plate with a finite hole covered by a cloak (physical prob-
lem) that is designed such that the response of the virtual plate is mimicked outside
the cloak.

Cloaking in Kirchoff-Love plates involves transforming the governing equation of
the virtual plate to that of the physical plate up to an unknown scalar field via a cloaking
map. In doing so, one obtains a set of constraints (cloaking compatibility equations)
involving the cloaking transformation, the scalar field, and the elastic parameters of
the virtual plate. In addition, on the boundary of the cloak and the hole there are some
boundary and continuity conditions that the cloaking transformation and the scalar field

42 Note that F 12 # 0, because otherwise, b 1= —262 (from (4.121)), contradicting the positive definiteness
of B.
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need to satisfy. In particular, the cloaking map needs to fix the outer boundary of the
cloak up to the third order. In the example of a circular hole, we showed that cloaking a
circular hole in Kirchoff—Love plates is not possible for a generic radial cloaking map;
the obstructions to transformation cloaking are the cloaking compatibility equations
and the boundary and continuity conditions.

In the case of a hole with an arbitrary shape, the cloaking compatibility equations
are a system of second-order nonlinear PDEs, and the balance of linear and angular
momenta for the (physical) plate in its finitely deformed configuration leads to fourth-
order and third-order nonlinear PDEs. The complexity of this system of nonlinear PDEs
makes studying the obstruction to cloaking for an arbitrary cloaking map very difficult.
This is in contrast to 3D elastodynamics and elastic plates with both the in-plane and
the out-of-plane deformations, where the linearized balance of angular momentum is
the obstruction to cloaking. The form of the linearized balance of angular momentum
usually allows one to analyze these equations for an arbitrary cloaking map. Note
that Kirchoff-Love plates can only have bending deformations, and in this case, the
linearized balance of angular momentum only implies that the flexural rigidity tensor
must have the minor symmetries. As the flexural rigidity tensor preserves its minor (and
major) symmetries under a cloaking map, the linearized balance of angular momentum
is trivially satisfied. Therefore, one only needs to analyze the cloaking compatibility
equations and the balance of linear and angular momenta in the finitely deformed
configuration (of the physical plate) to study obstruction to transformation cloaking.

Next, we relaxed the pure bending assumption and formulated the transformation
cloaking problem for an elastic plate in the presence of in-plane and out-of-plane
displacements. The physical plate is initially stressed and is subjected to (in-plane
and out-of-plane) body forces and moments in its finitely deformed configuration.
This problem involves transforming the in-plane governing equations using the Piola
transformation given by the cloaking map as well as transforming the out-of-plane
governing equation up to the Jacobian of the cloaking map. Assuming a general radial
cloaking map, we showed that, similar to Kirchoff-Love plates, cloaking is not pos-
sible for a circular hole; the cloaking compatibility equations and the boundary and
continuity conditions obstruct transformation cloaking. We also showed that if for the
virtual plate the elasticity tensor pertaining to the coupling between the in-plane and
the out-of-plane displacements is positive-definite, then cloaking is not possible even
if one uses a general cloaking map for a hole and a cloak with arbitrary shapes; the
balance of angular momentum is the obstruction to cloaking.

Our analysis suggests that the path forward for engineering applications of flexural
wave cloaking is approximate cloaking. Approximate cloaking should be formulated
as an optimal design problem. Recently, Fachinotti et al. (2018) formulated cloaking
an inclusion in 2D linear elasticity as an optimization problem. For a given load, they
minimized an objective function that quantifies the difference between the cloaked
system and the corresponding homogeneous body without the inclusion. They also
extended their method to the case of multiple loads. In the case of a Kirchoff-Love
plate with a hole of radius R;, the optimization parameters are the outer radius of the
cloak R, and its elastic constants. If R, is too large the cloak would not be practical,
and if R, is too close to R; the elastic properties of the cloak will be too complicated
to be feasible. Instead of optimizing over all possible anisotropic and inhomogeneous
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elastic constants inside the cloak, one idea would be to assume that the cloak is made
of N isotropic and homogeneous rings. The optimization problem is then reduced to
finding the isotropic elastic constants and mass density of each ring. Of course, the
continuity equations at the boundaries between rings much be carefully enforced. One
would identify M loadings of interest and optimize the cloak for the set of combined
loadings. For a given loading, the objective function can be chosen to be the L>-norm
of the difference between the displacement field of the cloaked plate and that of the
corresponding homogeneous plate without a hole. The elastic constants and mass
density derived from transforming the governing PDE of the virtual plate can be used
as an initial guess for the optimal design problem. This will be the subject of a future
communication.

An extension of the present formulation will be to assign a set of deformable
directors at each point of an elastic shell in its reference and current configurations.
This will lead to a (normal and tangential) hyperstress in addition to the stress and the
couple-stress of the present theory. One should note that the balance of linear (and
angular) momentum and microlinear (and angular) momentum in this case is coupled
in a way that makes transformation cloaking highly non-trivial. Moreover, one needs
to derive a set of compatibility conditions for the normal and tangential components
of the director gradient. This will be the subject of a future communication.

Acknowledgements This research was supported by ARO W911NF-18-1-0003 (Drs. Daniel P. Cole and
David Stepp). A.G. benefited from discussions with Fabio Sozio, Arzhang Angoshtari, Amirhossein Tajdini,
and Souhayl Sadik.

Appendix A: Variations of the Right Cauchy-Green Deformation Ten-
sor, the Unit Normal Vector Field, and the Second Fundamental Form

In this appendix, we discuss the derivation of the variations of the right Cauchy—Green
deformation tensor C, the unit normal vector field (of the deformed shell) A/, and ®
used in obtaining the Euler—Lagrange equations in Sect. 3 (see also Capovilla and
Guven 2002; Kadianakis and Travlopanos 2013, 2018).

Lie derivative. Letw : &/ — TS be a C! vector field, where & C S is an open
neighborhood. A curve @ : I — S, where [ is an open interval, is an integral curve
of w provided that % = w(u(t)), Yt € I. Consider a time-dependent vector
fieldw : S x I — TS, where I is some open interval. The collection of maps V.
is the flow of w if for each ¢ and x, T +— v ,(x) is an integral curve of w, i.e.,
%w,,t(x) = W(Y¢(x), 7), and ¥, ;(x) = x. Assume that t is a time-dependent
tensor field on S, i.e., t;(x) = t(x, ¢) is a tensor. The Lie derivative of t with respect
to w is defined as

d
Lyt= vt . (A.1)

=t

Note that ¥ ; maps t; to t;. Therefore, to calculate the Lie derivative one drags t along
the flow of w from 7 to ¢ and then differentiates the Lie dragged tensor with respect
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to 7. The autonomous Lie derivative of t with respect to w is defined as
Lyt = d Yot (A.2)
v _d‘L' o =t '

Hence, Lyt = 0t/dt + £wt. The Lie derivative for a scalar f is given by Ly f =

0 f /0t +w[f].In acoordinate chart {x“}, this is written as, Ly f = % + g){a w. For

a vector u, it can be shown that Lyu = %—‘;V + [w, u]. If V is a torsion-free connection,

then [w, u] = Vyu — Vuw, and thus, Lyu = %—Vt" + Vyu — Vyw.
The rate of deformation tensor for shells is defined as (Marsden and Hughes 1983)

20" = ¢ [(ngT)b +I(VEV T — 2vl0] , (A.3)

where the spatial velocity is decomposed into the normal and tangential components
asv=v' + v'n. In components

2D = (Vg + vy ) F aF"p — 2070 4. (A4)
Note that
Lyrg = (VEVT) + [(VEV))’]T, (A.5)
Therefore,
2D = ¢¥ (Ly7g) — 207 0. (A.6)

Knowing that ¢, (Lyg) = 2D° (see, e.g., Marsden and Hughes 1983; Simo and Mars-
den 1984), one obtains

¢F(Lyg) = ¢} (Lyrg) — 207 ©. (A7)

Thus, Ls,g = L;,78—28¢" 6, and hence, §C* = ¢/ (Ls,8) = ¢; Ly, 78—238¢p" ©.
Also note that

Loyr8 = 8000 )l + 2ac 09T | dx @ . (A)
Hence, in components, one obtains

8Cap = F 480, + F 5S¢y, — 289" Oyp. (A.9)

8Cap = F4 8ac(80 )15+ F'5 gbe(80 )14 — 289" F* AF" 504p. (A.10)
Therefore, (3.11) is implied.
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The covariant derivative of v is computed as
Vv = Vv +utm) = VAT 40 Vi + dvt @ (A.11)
Using the relations (2.3) and (2.5) in the ambient space, one obtains
Vv = (V& —vh0) + (@' +6-v)®n. (A.12)
In components
Vey = [(UT)”|,, — vlea,,] 9, ® dx’ + [v{,, + ebc(vT)C] n®di’. (A.13)
Similarly, one can write
85 = [(&pT)“‘h — 5¢L9“h] 30 ® dx’ + [&pi,h + ehf(awT)C] nedd.  (A.14)
Note that for an arbitrary vector field W = W' + WL defined on a surface
embedded in R3, the tangential and normal components of the covariant derivative
with respect to the surface coordinates are similarly given by
VEW)T = veWT —wle,  (VEW)l—dwl4e0-WT.  (A.15)
Therefore, @QW = (@gW)T + (ﬁgW)l, in components reads
W) T = [T = W, | 0, @ da”,
(VEW)L = [W{b + 9;,c(WT)C] N®dx’. (A.16)

Thus, one can use (A.16); to write the variation of the deformation gradient in com-
ponents as

SF % = 8p )" \a — 0 FP 480", (A.17)

Therefore, (3.60) follows. At any time ¢, the deformation map ¢, : H — Sis a smooth
embedding of the (undeformed) shell into the ambient space. For each X € H, let
Toi(X) : TxH — T,,x)S be the tangent of ¢; at X. The variation of the unit normal
vector N = n¢ o ¢ ; is defined as

d
SN = —N,
dé €=

=VEN| =DyxnNe| =VEN.  (AL8)
0 E e=0 e=0

In order to compute the variation, let W be a vector field in S tangent to ¢, () and
note that

VEW = [5p, W]+ Viyde. (A.19)
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From (A.12), one obtains
Ve 50 = (v%v&ﬂ —5pl0 -W) + ((d 5oty W +8-807 -w) n. (A.20)
Therefore,

g (J\/, ?%ngo) — (A5 - W+0-5¢07 -W=—5 (ﬁ,/\ﬂ W) (A2

where the second equality is a consequence of the metric compatibility of Ve (2.4).
By arbitrariness of W, we have

SN =V N=-0-50T —dop". (A.22)
In components
SN = =[G ")0% + 9" 15" 0u- (A.23)

Hence, (3.19) and (3.20) are followed. Note that 50" = ¢/ (Lsu0), where Ls,0 =
Ls, 0 — ST + Hessg,, 1, i.e.,

80" = ¢;Ls,m0 — 8¢ ¢TI + g Hess;,1 . (A.24)
where for x, y € X(¢(H)), the third fundamental form of the deformed hypersurface
IIT and the Hessian of Sgol, ie., Hess&pl are given by (3.15) and (3.16). The Lie

derivative with respect to the tangential component of the variation field is given in
components by (see, e.g., Marsden and Hughes 1983, p.97)

Lsg78" = [Babic 007 +0ac(89 )y + 0p(89 )10 | d” @ dx®. (A25)

Therefore, in components, one can write the variation of O’ as

8045 = FOAF 5 Oupic 39 1) + F40ac (39 )18 + FPpOhc (59 ) |4
3 5¢L> (A.26)
|B .

— 8T FU 4 F? 50ucOpa g + FPa < P
Using (A.17) and the factthat @ yp = F4 F b p6,, one obtains the variation of 0" as

86ab = Oablc(89 ) + 89 0uclpag™ + BT pp- (A27)
Hence, (3.17) and (3.75) are obtained.

Proof of the relation (A.24). Here, we give a proof of the relation (A.24), see also
(Capovilla and Guven 2002; Lenz and Lipowsky 2000; Deserno 2004). For the sake
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of simplicity, we assume that the surface is embedded in three-dimensional Euclidean
space. For this proof, we adopt a notation different from the rest of the paper. Let us
consider an embedded surface denoted by ¥ in R>. The surface geometry is locally
described by three functions x(x!, x2,x3) = X(v*) in the Cartesian coordinates
{x!, x2, x3} such that {v*}, @ = 1, 2, is a local coordinate chart on the surface. Let
us define two tangent vectors e, = dX/dv* on the surface. We note that the surface
geometry is completely described by its induced metric n4g and its induced second
fundamental form Aqg.* Note that nos = €, - €4, where “” denotes the dot product
in R3. Let us denote the surface covariant derivative with V,.. Then, one can write the
Gauss—Weingarten equations as Vyeg = Aggn, and Vyn = —Aaﬂeﬁ, where n is the
unit normal vector to the surface. Let us consider the deformation of the embedding
functions of the surface X(v) — X(v) + §X(v) such that the variation field §X is
decomposed into the tangential and normal components as X = (¥ | )%e, + ¥ n.
Using the relation Ayg = n - Vyeg, one may write

SAep =0n- Vo VgX +n-V,VgsX. (A.28)
Knowing that the variation of the unit normal vector is purely tangential, the first term

vanishes, i.e., dn- Vo VgX = én- Vyeg = Ayg(dn) -n = 0. After some simplification
and using the Codazzi—Mainardi equation V4 Ag, = VgAg, , one obtains

8Aap = Ay Vo (W) 4 Agy Ve 1) 4+ (0 )Y V) Aggp
— Ay AY gt + Vo Vgt (A.29)

Notice that the first three terms correspond to the Lie derivative of the induced second
fundamental form with respect to the tangential component of the variation field, and
thus, (A.29) can be rewritten as

Aap = Ly Nap — Aay AY gt + Vo V. (A.30)

Therefore, (A.24) follows.

Appendix B: The Euler-Lagrange Equations of Elastic Shells

In this appendix, we discuss the derivation of the Euler-Lagrange equations. Substi-
tuting (3.8), (3.12), (3.18), and (3.20) into (3.6), one obtains

15l
/ / {p(%Ua(wT)up%L-sgoi
o H

L Déy Ty 080t L
— —— = pL [ 90 + ——g°
+a¢ ar pb<(<p) at T8

oL
ST (F“AS%]B + F 8, — 23¢¢F“AF”39,41,)

43 Note that g and A, respectively, correspond to C and ® defined previously.
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oL
TOas [F“AF”B Bable 397" + F 40ac (3¢ )15 + F' 50530 )" |a
Lpa b cd oo (39T
—0¢  FAF’BO4cOpa 8 + F7 5 b dAdt = 0. (B.1)
X |B

After some simplification, we have

/ /{p(%T)aww ) 4 pBL st +—<% 8¢>
dt \ 0¢

oL
) £,(8¢0 H46%,
dt( ) o —pLpp )

¢
_ ab  p—1\A abp—1\A 1L
(0S8t g (%) (pLigFTHA) B0
AL AL :
-2 FO4FP pOup80* +2 (FFngcb(awT)‘)
AB AB |A
oL
—2(3C Fngcb) e ")"
AB |A (B.2)
+ FOAF" 5 Oupic S ) +2 L pag e ")"
8®AB ab|c 3@ ac 5
oL L
-2 F9 40 ) (69 )¢ — ———F 4 F’ 30,cOpq 480"
(8®AB ac . % 9045 BUac g op

AL a&f) ( GV ) LoD
+ F? - F 3o~ (F~)"p
(a@)AB 9w ) | \seas 1) 577

L b) —1\D
F F
+[(3®AB A ‘B( ) b:|

This can further be simplified to read

h d oL
B, — — [ —=—) — pgy0?®
ffo /H{[”( & dt(a«'ﬂ)a) Pt
oL oL
-2 Fb FCAFbp6
<3CAB Bgab>|A+3®AB A B Uchbla
oL d L
) Fb 0 S T\a %l_7< ¢ ab F—IA
(3@,43 A ba)m]( @) +[ﬂ ar \agT +(P »g“ (F7) a)lA

oL L
-2 FéAFb 56, — FOuFY 50,.0pq g
3Cap Al BUab 9O45 Al BUacbpd &

+ ( 0L FbA) (F~HP, }&pL
P 5 "

9L L
+ ( aw)—(psbang“b(F”)Aa) +2(—F1’Bg¢h<&p )C)
t |A A

|D

(SgoL}dAdt =0.
|D

0@ aC
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L AL 8t
2 [ — = F* 40,080 7)¢
+ <8®AB A (w))lBJr(a@AB 3XA)|B
_ 0L 1, p—1\D _
FPu) set(FHP, dAdt = 0. (B.3)
004p B D

We assume that §¢ (X, t9) = §¢(X, t1) = 0. Using Stokes’ theorem, we have

n d oL
B, — — — pLy0°
/IO/H{[”( Ja dr(a«'ﬂ)a) Pt
oL oL
—2(—F" ) + FCAFp0
<8CAB B8ab A 9OAp A B Uchla
oL d oL
) Fh9 5Tll %L_i ) 2 ahF—lA
<3®AB A ba)w](‘/) ) +[,0 ai 48(291- +(,0 b8 (F ) a)m

oL oL
FOAF? 50, —
3 B A BYab a®AB

L ) ~1\D
F F
+(<a®AB A ‘B( ) b)

- [psbg“”w“)/‘a + (

-2

F 4 F? 504cOpa g (B.4)

]éwL}dAdH—/n/ { oL L‘S‘”ALTB
D o Jon |0Oap 09X

F%) (F*)Aa}mol
|B

d0cp

AL AL
2 Fopgue + ——— FO 504 |Ta(dp ) YdL dt =0,
+ |:BCAB B&ac + N B ac] A(Bp ) }

where T is the outward vector field normal to the boundary curve 9H. Knowing that
8o ', 8¢*, and d(8¢™) are arbitrary, from (B.4) the Euler—Lagrange equations (3.21)
along with the boundary conditions (3.22) are obtained.
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