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Abstract Ericksen’s problem consists of determining all equilibrium deformations that can
be sustained solely by the application of boundary tractions for an arbitrary incompress-
ible isotropic hyperelastic material whose stress-free configuration is geometrically flat. We
generalize this by first, using a geometric formulation of this problem to show that all the
known universal solutions are symmetric with respect to Lie subgroups of the special Eu-
clidean group. Second, we extend this problem to its anelastic version, where the stress-free
configuration of the body is a Riemannian manifold. Physically, this situation corresponds to
the case where nontrivial finite eigenstrains are present. We characterize explicitly the uni-
versal eigenstrains that share the symmetries present in the classical problem, and show that
in the presence of eigenstrains, the six known classical families of universal solutions merge
into three distinct anelastic families, distinguished by their particular symmetry group. Some
generic solutions of these families correspond to well-known cases of anelastic eigenstrains.
Additionally, we show that some of these families possess a branch of anomalous solutions,
and demonstrate the unique features of these solutions and the equilibrium stress they gen-
erate.
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1 Introduction

Universal deformations in nonlinear elasticity are deformations that exist for all members
of a particular class of materials in the absence of body forces. Given any member of a par-
ticular class of materials, any universal deformation for that class can be maintained by the
application of surface tractions alone. For instance in unconstrained isotropic elastic mate-
rials, only homogeneous deformations are universal. However, adding material constraints,
i.e., restricting the class under consideration, expands the set of universal solutions. In par-
ticular, under the imposition of incompressibility, there are five known families of universal
deformations in addition to the universal homogeneous deformations, now restricted to iso-
choric homogeneous deformations in keeping with the material constraint.

The process of obtaining and classifying all universal solutions is a highly nontrivial task.
This line of research originates in the seminal work of Jerald Ericksen. In 1954, he made
the first systematic attempt to classify all universal deformations in isotropic incompressible
elasticity [7]. His work revealed four families of universal solutions in addition to homo-
geneous solutions. In 1955, he completely solved the analogous problem for unconstrained
elastic bodies, proving that the only compressible universal solutions are homogeneous de-
formations [8]. In the case of incompressible elasticity, another family of universal solutions
was then discovered by Singh and Pipkin [33], with a special case of this family discovered
by Klingbeil and Shield [16]. Additionally, Fosdick [9] noted that a different special case
of this deformation represented a universal solution with constant invariants, a special case
not addressed by Ericksen’s initial work. Further contributions and specializations of this
problem were made by a number of authors [10, 15, 17, 19, 21] and the current conjecture
is that no other solution to Ericksen’s problem exist but a proof of it remains an outstanding
open problem of rational mechanics [1].

Here, we are interested in generalizing Ericksen’s problem to nonlinear anelasticity. In
anelasticity, we consider geometric deformations combining both elastic deformations and
an additional anelastic component to the deformation, i.e., one that does not contribute to the
strain energy. Such theories are known to be relevant in many situations that generalize clas-
sical nonlinear elasticity [5] such as thermal effects [27, 34], plastic flows [18], dislocations
and defects [3, 25, 37], growth and remodeling [14, 23, 30, 35, 36], and swelling [28, 29].
Such processes are characterized by the presence of eigenstrains [22] that do not produce
corresponding stresses or, equivalently, by changing the intrinsic geometry of the reference
configuration from Euclidean to Riemannian. These eigenstrains are generally incompatible,
and therefore further elastic strains are typically required to embed bodies with nontrivial
eigenstrains into Euclidean space, with the resulting self-equilibrating elastic stresses gen-
erated by this strain referred to as residual stresses.

The first step in this research program was to generalize Ericksen’s theorem for com-
pressible isotropic materials to anelastic deformations. By using a geometric formulation, it
was proved that only covariantly homogeneous deformations are universal [40]. The second
step, considered here, is to extend the current classification of isotropic incompressible non-
linear elasticity to isotropic incompressible nonlinear anelasticity. This general problem is
more involved than the classical Ericksen problem as we have to determine simultaneously
both the anelastic and elastic components that render the solutions universal.

While anelastic deformations can be modeled through a multiplicative decomposition
[31], it is equivalent but more appropriate in our context to model them as a stress-free
evolution of a general Riemannian manifold, the material manifold, via some anelastic pro-
cess [6, 14, 24, 37]. This non-Euclidean material configuration contains all the informa-
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Table 1 Standard forms of the Cauchy deformation tensors for the generic branches of the three symmetric
anelastic incompressible isotropic universal deformation families

Family Coordinates Generic Cauchy tensor Incompressibility
[cq1 (x) 0 0

U Cartesian {x, y, z} [Cab] = 0 c(x) 3 (x) detcgp =1
L O 3 (x)  c33(x)
feny 0 0

Us Cylindrical {r,0.2)  [cap]=]| © cn(r) ) detcgp = r?
L O 3 (r)  c33(r)
(502 0 0

Uy Spherical {r, 6, ¢} [can]=]| O g (r)r?sin ¢ 0 Identically Satisfied
L O 0 g r2

tion of the anelastic processes. It can then be mapped by an elastic deformation into the
current Euclidean configuration. Only the strain induced by the elastic component appears
in the strain-energy formulation, which models the notion that the anelastic deformation
changes the relaxed geometry of the material, and that only the further elastic deformation
stores energy by straining the material. In looking for universal solutions, both the Rie-
mannian metric of the material manifold and the elastic deformation are unknowns to be
determined.

In this paper, we extend the currently known families of incompressible universal solu-
tions to the anelastic setting in an appropriately symmetric way, which will be precisely de-
fined shortly. In the process of doing this, we discover that under these symmetry conditions,
all families exhibit a branch of generic universal solutions that contain arbitrary functions as
parameters, but some families also contain anomalous universal solution branches outside
of these, whose form is fixed up to a finite number of constants. Additionally, we find that
the six classical families of universal solutions merge into three distinct anelastic families,
characterized by their respective symmetry groups. The Cauchy deformation tensors of the
generic branches of these families can all be expressed in the forms presented here in Ta-
ble 1, with the standard forms of the anomalous branches presented in Sect. 8, as they are
more involved. In Sect. 2, we provide an overview of the geometric features of anelasticity
and provide the relevant governing equations of elasticity in this context. The known univer-
sal solution families are summarized in Sect. 3. Then, in Sect. 4 we compute the appropriate
symmetry group for each family and impose this symmetry on the metric tensor field a
priori. We then formulate the problem of extending the universal families to the anelastic
setting and outline the techniques used in our analysis in Sect. 5. In Sect. 6 we derive the
form of the generic solutions for each family and obtain the constant invariant conditions
that are necessary for anomalous solutions to exist. In Sect. 7 we present the general form of
the anomalous solutions, relegating the explicit calculations to Appendix B. In Sect. 8, we
examine the overlap of these families of solutions. Finally, we present some visualizations
of the Riemannian geometry of strains and stresses induced by these anomalous solutions
in Sect. 9, and summarize our results in Sect. 10. We have provided two other appendices,
Appendix A containing summaries of the algebraic and group theoretic tools we employ in
our analysis, and Appendix C, detailing particular features of the Lie algebra se(3), which
plays a key role in our analysis.
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Fig. 1 General motion from B
to C; ¢ maps a point in /3 to its
corresponding point in the
current configuration ¢ (B3)

(C,m)

ccsS
z(t) = @i (X)

2 Nonlinear Elasticity and Anelasticity

In the geometric formulation of nonlinear elasticity, we define the ambient space to be a
Riemannian manifold (S, m), where m is a fixed background metric. Since we are interested
in universal deformations that take place in Euclidean space we assume that the ambient
space is Euclidean. Then, a body is defined as a Riemannian manifold (3, M). We define a
motion as an isotopy ¢

p:BxR—CCS, (D

parameterized by time ¢ that gives a homeomorphism at each time ¢ between the reference
configuration B and the physical configuration at time t defined by ¢ (B, t) (see Fig. 1): We
use coordinate charts {X“} and {x“} for B and C, respectively. We utilize uppercase Latin
letters to denote most quantities and indices in the reference configuration, and lowercase
Latin letters to denote most quantities and indices in the physical configuration.

The homeomorphism at time ¢, ¢(—, t), can be interpreted physically as determining the
position of a small piece of material at time #, given its position in B, which is interpreted
as an initial position, though the important feature of the reference configuration is that it
specifies the relaxed geometry of the bodys; it is not necessarily the initial configuration of the
body. While in elasticity, (8, M) is Euclidean, for an anelastic system, (13, M) may not be
Euclidean and, in such case, ¢y = ¢(—, 0) is not the identity map. Since ¢y(8) and ¢ (B, t)
correspond to physical configurations, we model them as subsets of Euclidean space, and
hence, we identify positions with vectors.

Since we are interested in equilibrium states, we restrict our attention to a finite time
t* > 0 and suppress the explicit time-dependence so that we define, with a slight abuse of
notation, ¢(B) = (B, t*).

2.1 Kinematics

The local properties of deformations are encapsulated in the derivative of the map ¢ that we
explore next. The tangent space of B at X € B is denoted by Tx 5. The tangent space of the
corresponding point x = ¢(X) in the ambient space is denoted by Tj,(x,C. The deformation
gradient F is the derivative map of ¢:

With respect to the coordinate charts {X#} and {x“}, F it is defined as follows

dg® 3

— A
= oxA axe 29X ®)

The adjoint of F is

F'(X,1): Tyx)C — TxB, g(FV,v)=M(V,F'v), VVeTxB, veT,xC. @)
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In components, (FT)4, = M*%m,, F’. Note that the adjoint explicitly depends on the
metrics M and m. The right Cauchy-Green deformation tensor is defined as

C(X)=F"(X)F(X) : TxB— TxB. )

It is straightforward to see that C* = ¢*m, which has components Cp = F¢ 4 F’ gmgp [20].
The Jacobian relates the material and spatial Riemannian volume elements as dv(x, m) =

JdV (X,M), where J is given by
det
7=/ GerF. )
detM

2.2 Equilibrium Equations

The balance of linear momentum in the absence of body and inertial forces in terms of the
Cauchy stress tensor reads

dive =0, @

where div is the spatial divergence operator, defined in components as

do b
: __ab __
(dive)* =o®), = o

+0ucybcb +O—beacb s (8)

and y“. is the Christoffel symbol of the Levi-Civita connection V™ of the metric m in the
coordinate chart {x“}, defined as V™, 3. = y“;.9,. The local form of the balance of angular
momentum reads 0’ = o% | i.e., the Cauchy stress is symmetric.

The first Piola-Kirchhoff stress is defined as P = JoF~*, and in components, P4 =
Jo® (F~1A,. F* is the deal of F, and is defined as F* = ;’;: dX* ® afa' The balance of
linear momentum in terms of P reads DivP = 0. In components

_ aPuA
x4

P + PPT A g+ PAF 4y%. =0, ©)
where ' g¢ is the Christoffel symbol of the Levi-Civita connection VM of the metric M in

the coordinate chart {X*}, defined as VM, p0c = I'4 3¢ 94. The balance of angular momen-
tum in terms of P reads PFT = FP".

2.3 Constitutive Equations

In this paper we restrict ourselves to bodies that are isotropic in the absence of eigen-
strains. We also assume that the elastic deformations are incompressible. The left Cauchy-
Green stretch tensor is defined as B = (¢~') (m™') and has components B*f =
(F~ Y4, (F™H8, m®, where m® are components of m~!. The spatial analogues of C°
and B are defined as

¢ =(p7")' M. e = (F) " (F)" s Mag. and b =g, (M), b% = F, F* 5 M,

(10)
where b? is called the Finger deformation tensor. The two tensors C and b have the same
principal invariants, which are denoted by /;, I, and I3 [26]. In the case of an isotropic
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solid the energy function W depends only on I;, I, and I5. If the material is incompressible
(Isy=1), W = W(I}, I), and the Cauchy stress has the following representation [32]'

o= —p+2128—W m 420 W (12)
a1 01l al,

where p is a Lagrange multiplier that is associated with the incompressibility constraint
J=1

2.4 Ericksen’s Problem

The classical elastic Ericksen problem is stated as follows: Determine all equilibrium de-
formations ¢ : B — C with B,C C E? that can be sustained by an arbitrary incompressible
isotropic hyperelastic solid with suitable boundary tractions.

The emphasis of the classical problem is that both configurations are Euclidean. Here, we
consider a generalized version of this problem applicable to anelastic systems. The anelastic
Ericksen problem relaxes the requirement that 8 C E* and is stated as follows: Determine all
Riemannian manifolds (B, M), and all maps ¢ : B — C with C C E? that can be sustained
by an arbitrary incompressible isotropic hyperelastic solid with suitable boundary tractions.

These problems are treated locally in the sense that the equilibrium equations are locally
satisfied by these deformations for arbitrary incompressible isotropic hyperelastic materi-
als. We do not address non-local problems such as self-intersection or self-contact beyond
requiring that our solutions be locally homeomorphisms, which is guaranteed by the condi-
tion detF > 0. This condition ensures that over some domain our solution is an embedding,
rather than an immersion.

3 The Known Universal Deformations

We begin with the known families of incompressible universal solutions in the absence of
eigenstrains. We merely present them and direct the reader to the original papers for their
derivation [7, 8, 16, 33]. The corresponding deformation gradients are derived explicitly in
[14]. The emphasis and novelty here is in the particular type of symmetry associated to each
family as they will play a key role in the generalization of the problem to anelastic systems.
Expressed in terms of the standard Cartesian coordinates {x, y, z}, cylindrical polar coordi-
nates {r, 6, z}, or spherical polar coordinates {r, 6, ¢} (letting capital letters denote reference
configuration coordinates, and lower case letters denote current configuration coordinates),
we have the following six universal families.

Family 0: Homogeneous Deformations Using the Cartesian coordinates {x“} = {x, y, z}
and {X*} = {X, Y, Z}, this family is most compactly expressed as

x4 = FaAXA +Ca, (13)

TAs p is a scalar field to be determined the stress representation can equivalently be written as

ow ow
— -1 f it
=—pm 2—b" -2 . 11
o p + a1, a12c (11)
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Fig. 2 All homogeneous deformations amount to a combination of stretching, shearing, and rotation. The
shearing vanishes on a specific set of principal basis vectors by virtue of the polar decomposition of F¢ 4

Fig. 3 The stretching, shearing,
and bending of a rectangular
block around a cylinder

where F¢ 4 is a constant tensor with det F“, = 1, and ¢ is a constant vector. A deformation
of this type is depicted in Fig. 2. The form of equation (13) immediately reveals that the
deformation gradient is F“,, as evidenced by the induced tangent map dx? = F9,dX4.
Since the deformation gradient F is constant, F¢ 4 (X 4y = F%,, the transformation

XA > XA=Xx*4C*, vC4eR, (14)

leaves the deformation gradient unchanged, and hence, C4p remains unchanged. In terms
of symmetry group, we notice that the action X4 — X4 + C# is precisely the action of
T(3) c SE(3) on E3.

Family 1: Bending, Stretching, and Shearing of a Rectangular Block When expressed
using cylindrical polar coordinates {r, 6, z} and Cartesian coordinates {X, Y, Z} in the cur-
rent and reference configurations, respectively, universal deformations in this family take
the form

z
r=yJAQX+D), 6=B({Y +E), ¢=— —BCY+F, (15)

though the parameters E and F correspond to rigid motions, and hence, can be safely disre-
garded. These parameters generate rotation around and translation along the r = 0 axis, as
seen in Fig. 3. We can compute the deformation gradient, which when expressed on mixed
orthonormal frames, takes the form

A 1
F=—er®EX+Breg®EY—BCeZ®Ey+EeZ®Ez, (16)
r

or in terms of a mixed coordinate bases, we have the components

A_ | _A
Y x4 T T\ 2X+D 0 0
Fé,= i l= 0 B o |- a7
X X
0 -BC 3
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Fig. 4 Straightening and
subsequent stretching and o 7
shearing of an annular wedge @ 4

Working in terms of the mixed bases will often be advantageous when computing sym-
metries and the components of arbitrary metric tensors, as these bases are automatically
induced by the coordinate map. Additionally, we demand A B # 0O to ensure the deformation
is invertible; the incompressibility condition is automatically satisfied. We compute C4p as

A
2X+D 0 0
[Cagl=]| O B*(AQ2X + D)+ C?) -< 1, (18)
C 1
0 —a e

and note that this remains unchanged under the transformation
Y>Y=Y+C,, Z—>Z=Z+C,, VC;,,C,eR. (19)
This is precisely the action of T(2) C SE(3) on E3.

Family 2: Straightening, Stretching, and Shearing of an Annular Wedge Deforma-
tions in this family are most naturally expressed using Cartesian and cylindrical polar coor-
dinates {x, y, z} and {R, ®, Z} in the current and reference configurations respectively, and
take the form
1 ® zZ CO
=-AB*R*+D, y=—+E, z==+-—+F. 20
x=3 + y=—pt =gt T (20)
An example of one of these deformations is depicted in Fig. 4. The corresponding deforma-
tion gradient is

1 o) 1
F=AB2Rex®ER+me,,®E@+mez®E@+Eez®Ez, 1)

or, in terms of the induced coordinate bases

AB*R=./2AB2(x—D) 0 O
a 11— L
[F'a]= 8 % 0 (22)
A8 B

We demand A B # 0 to ensure the deformation is invertible, and as in the previous case, the
incompressibility condition is automatically satisfied. Thus

A’B*R? 0 0

[Casl=| © Le o (23)
0 i j
AB? B2
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Fig. 5 The twisting, extension,
and axial shearing of a
cylindrical sector

The transformation
O—>0=0+d, Z—>Z=Z+K, VP, KeR, (24)
leaves these components unchanged. This is the action of SO(2) x T(1) C SE(3) on E3.

Family 3: Torsion, Extension, and Shearing of an Annular Wedge When expressed in
cylindrical polar coordinates, deformations in this family take the form

r’=AR*+B, 6=CO+DZ+G, z=EO®+FZ+H, (25)

and an example of a deformation from this family is depicted in Fig. 5. The deformation
gradient can be naturally expressed on orthonormal cylindrical polar bases as

AR Cr E
F= Te,. ®Er + 7e9 QR Eg + Dreys  E; + Eez RFEe + Fe, E, (26)
or equivalently on the coordinate bases, it has components
A(r2=B) [ s2g2
r2 VYV ARZ+B

0
[Fa] = 0 c
0 E

27)

mo o

We have the incompressibility condition A (CF — DE) = 1, which also ensures invertibil-
ity. Thus, C4p is written as

A’R?
AR?+B 0 0
[Casl=] 0 C*(AR*+ B) + E? CD(AR*+B)+EF |, (28
0 CD(AR*+B)+EF D?>(AR*+ B) + F?

and notice that C4p does not depend on ® or Z.

Family 4: Inflation/Eversion of a Sphere In spherical polar coordinates {r, 8, ¢} and
{R, ®, &}, deformations in this family take the form

P=+xR*+ A3, 0=40, ¢=0a. (29)

An example of one of these deformations is depicted in Fig. 6. The deformation gradient on
orthonormal bases reads

R? r
F::I:ﬁe,@)ER—{—E(ed,@Eq,:i:eg@E@), (30)
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Fig. 6 Inflation of a spherical
cap

or, in terms of the coordinate bases, we have the components

2
3R2 = (ir3T2A3)3 0 0
Foy] = | @R . 31
[F4] 0 +1 0 D
0 0 1

Incompressibility and invertibility are trivially satisfied. Thus

R
(£R3+43)" 0 0
[Casl= 0 (£R* + A% sin’ @ 0 - (Y
0 0 (1R + A%)*°

We can then represent this tensor on an orthonormal spherical basis (using the standard
Euclidean metric) as

RS (£R? + A%
C(X)=74/3ER®ER+7Z(I—ER®ER), (33)
(£R>+ A3 R
where I is the identity tensor, and Ex = % This obeys the symmetry transformation
C(QX)=QCX)Q", VvQeSOA), (34)

which is symmetry under the prolonged action of SO(3) C SE(3) on TE? ® T*E>.

Family 5: Inflation, Bending, Extension, and Azimuthal Shearing of an Annular Wedge
When expressed in cylindrical polar coordinates {r, 6, z} and {R, ®, Z}, deformations in this
family take the form

r=AR, 0=BlogR+CO®+D, z=EZ+F. 35)

An example of one of these deformations is presented in Fig. 7. The deformation gradient
expressed on orthonormal bases is written as

F=Ae,  Ex + ABey Q Egx + ACey Q Ep + Ee, ® E, (36)

or, on the coordinate bases

A 0 0 A 0 0
[Fia]=|2 C 0|=|2 C o0 (37)
0 0 E 0 0 E
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Fig. 7 The inflation, bending,
extension, and azimuthal
shearing of an annular wedge

In order to satisfy incompressibility, we have A2CE = 1. This family is peculiar, as the
stretch generated by the other inhomogeneous families has an eigenvector along the direc-
tion of inhomogeneity, but this one does not. Additionally, the invariants of b for this family
are spatially constant.

When we generalize these deformations to include an anelastic component, we have to
change the incompressibility condition from detF =1 to

detm
J= detF =1, (38)
detM

to reflect the fact that we are only constraining the elastic component of the deformation to
be isochoric. It is easier however, to consider square of this equation in the form

detb=1, (39)
which in components reads
det (F*sM*PF" ) = detm®. (40)

This is because when we move to the anelastic setting, the stretch b is a more natural object
to work with, since it captures geometric data about the material manifold, but itself lives in
Euclidean space. The right Cauchy-Green strain reads

A% 4+ A2B? A’BCR 0
[Cagl=| A?BCR A’C?*R? 01, 41)
0 0 E?

which is invariant under changes in Z or ©.
3.1 Summary of the Symmetry Groups

The symmetries we have calculated are all generated by the usual action of Lie subgroups
of the special Euclidean group on the reference configuration. For each family, there is some
continuous family of rotations and/or translations, which once prolonged, leaves the right
Cauchy-Green stretch tensor field unchanged. In a similar manner, we can compute symme-
tries of the left Cauchy-Green stretch tensor field, which also happen to be Lie subgroups of
the special Euclidean group but, acting now on the current configuration. These groups are
summarized in Table 2, expressed in terms of the group of n-dimensional rotations SO(n)
and the group of n-dimensional translations T(n).

Interestingly enough, for each family, the symmetry group of C does not necessarily
match the symmetry group of b, but the dimensions of these two groups do match, as their
actions are related through the maps relating the coordinates in the two configurations. Ad-
ditionally, when we impose the symmetries of C on the material manifold, families with 3-
dimensional Lie symmetries automatically satisfy the equilibrium conditions, but those only
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Table 2 Symmetry of the b
universal stretch tensor fields; Family C°= (F F ) Dimension b =FF' Dimension

these are subgroups of

SE(3) = SO(3) x T(3) 0 T3) 3 T3) 3
1 TQ) 2 SO@2) x T(1) 2
2 SO@2) x T(1) 2 TQ) 2
3 SO@2) x T() 2 SO@2) x T(1) 2
4 SO(3) 3 SO@3) 3
5 SO@2) x T() 2 SO@2) x T(1) 2

containing a 2-dimensional Lie symmetry require additional constraints to satisfy equilib-
rium. This seems to suggest that the dimension of the symmetry group plays a role in con-
straining the material response, and sufficiently high dimensional symmetries are sufficient
for guaranteeing equilibrium.

These symmetries can be summarized as a single key property, namely that for a given
universal deformation and its associated deformation gradient F and right Cauchy-Green
tensor, C = F'F = M~'¢*m, we have that C* = ¢*m is invariant under the prolonged ac-
tion of a Lie subgroup of the special Euclidean group acting on the reference configuration.
We will use this key property when studying the anelastic Ericksen problem, and accord-
ingly refer to the symmetries of C” as ‘universal symmetries’.

4 General Construction

The previous section demonstrated a remarkable symmetry property of the known universal
solutions in the absence of eigenstrain. We can use these symmetries to generalize Ericksen’s
problem to anelastic systems. The problem is then to find a suitable metric on the material
manifold that preserves both the symmetry and the general functional form of the universal
deformations. The eigenstrains and metric associated with this new metric are referred to as
‘universal’. This can be achieved by the following construction:

e First, in the absence of eigenstrains, the body is embedded in the ambient space with an
induced metric M. The material manifold is the flat Riemannian manifold (B, M) and the
deformation is a map from this manifold to the ambient space.

e Second, in the presence of eigenstrains the natural configuration of the body is a Rieman-
nian manifold (5, M), where M has non-vanishing curvature [12, 38, 39]. In this case,
the deformation is a map from (53, M) to the ambient space (S, m).

e Third, we choose curvilinear coordinates {X“} on B and curvilinear coordinates {x“}
on C C S. These coordinates are not necessarily associated with the metrics M and M.
We know of the previously presented classes of universal deformations x¢ = ¢(X*) for
(B, M). We fix these functional dependences ¢ on the coordinates and determine the
metrics M compatible with these solutions.

e Fourth, we pull back m under the deformation ¢, and consider the three manifolds:
(B, 1\71), (B,M), and (B, ¢*m). We have two candidates for determining the symmetry
to apply to M: M and ¢*m. We use ¢*m since it captures information about the de-
formation. We compute its symmetries, and demand M to have these same symmetries.
Explicitly, since both M and m are Euclidean metrics, both are invariant under the full
action of SE(3) acting on their respective base spaces. By considering Euclidean sym-
metries of ¢*m, we are identifying Euclidean symmetries in the current configuration
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Fig. 8 Here we have prescribed
the coordinate transformations
for each family at every stage of
the motion. The unknown
quantity to be determined is the
metric tensor field M of the
material manifold, which dictates
the stress-free geometry

that are mapped to Euclidean symmetries in the reference configuration when pulled back
under the classical universal deformation in question.

e Fifth, we compute the deformation mapping (53, M) to (C, m), where now M is restricted
by the derived symmetries, and compute the specific metrics M that generate universal
eigenstrains.

4.1 Universal Equilibrium Equations

We fix the coordinate labels for the anelastic component of the local deformation; if X A
are coordinates for the material manifold, we write the anelastic deformation in terms of
coordinates as

XA =54%4, (42)

where 84 is the Kronecker delta, and use the metric tensor field to reflect the change in
geometry (see Fig. 8). In other words, we convect the referential coordinates along with
the anelastic motion onto the intermediate configuration. This allows us to trivially pull the
material metric tensor back to the reference configuration using
My =584 Mup 85, (43)

and treat M 5z as our unknown quantity. Since M ;5 and C 5 live in the same space, we can
immediately impose the symmetry of C;;3 on M ;;, which naturally imposes a symmetry
on M,p via (43).

After determining the most general form of a metric tensor field obeying these symme-
tries, we can compute the general form of the elastic left Cauchy-Green tensor

b =F yM*PF’p, (44)
and its inverse in terms of the undetermined components of the metric tensor field. Both of
these appear in the Cauchy stress of an incompressible isotropic elastic solid, which has the

following representation

o = —pm® 4+ 2W,b — 2W,c, (45)
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in terms of W; = 0W /0d1;, where I; and I, are the two non-trivial invariants of b, and p is the
Lagrange multiplier corresponding to the incompressibility constraint. We seek equilibrium
solutions, hence we must satisfy

Vo = —mV, p + 2V, (W157) — 2V, (Wac™) = 0. (46)

We wish to eliminate the pressure field from the analysis, so we take a second covariant
derivative, lower the upper free index, and compute the antisymmetric part. This operation
eliminates the pressure identically and yields the condition

1 1
ma[dvc']vbaab = Emadvcvbaab - Ema(rvdvbaab =0, 47

which must be satisfied for arbitrary choices of the strain energy function W. Because W
is arbitrary, we can freely vary its partial derivatives independently, so in order to satisfy
(47) for any W, we require each of the terms multiplying a partial derivative of W to vanish
independently. This yields nine independent conditions that must be satisfied, corresponding
to the nine independent mixed partial derivatives of W that appear: W, W,, Wy, Wia, Wy,
Wi, Wi, Wi, and Wy, These universal equilibrium equations are

Mg VeVpb™ — o VyVyb® =0, (48)
Mg VeV —meVyVyc® =0, (49)
Mag Vb Vel + mag VbV Iy + magb® V.V, I
— M VbVl — me VbV Iy — mo bV, 1 =0, G0
Mg VbV eIy — mag VeV Iy + mgg VbV, I,
— Maq VeV It 4+ maqb® V.Vl — mggc® V.V, I,
— Mae VbV Iy + Mo VeVl — mg VbV, I, eh
+m e VeVl — mab®V VI + maec®®Vy VI, =0,
Mg Ve VoI + Mg Vec®™Vy I + maqc®®V .V, I
— M VpcV Iy — o Vgc®Vy I — m e c®®VyVy I, = 0, N
Maab®® Vo [V, I} — maeb® V1V, 1, =0, (53)
Magb®V LV, I} + magb®V 1,V — maqc®V 1V, 1,
— MV LV I, — ma bV [V 4 maec®®V 1V, I, =0, oY
Magh™ VL,V I — gV Vi Iy — mgqc®®V 1LV, I
— Maeb VgLV I 4+ Moo Na LVl + Mmoo eV 1V, I =0, )
MgV LVl — MooV LV, I = 0. (56)

Each of these nine equations is antisymmetric in the two free indices. Therefore, each equa-
tion has three independent components providing an overdetermined system of 27 scalar
conditions that must be satisfied. Imposing the universal symmetries lead to two different
situations depending on the symmetry:
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Case I: For two universal families (the homogeneous and spherical deformations) these
equations are trivially satisfied and do not lead to any new conditions.

Case II: For the other families, these equations will either require particular off-diagonal
components of the metric tensor to vanish? (Case Ila) or the invariants to be constant (Case
IIb). For Case Ila the equilibrium equations are trivially satisfied. This is the so-called
generic case for all the remaining families analysed in Chap. 7. Case IIb corresponds to
the anomalous solutions. In this case the symmetry condition generates a set of ordinary
differential equations constraining these components in terms of a single independent vari-
able. In addition to satisfying these, we also must satisfy three algebraic constraints, namely
that the invariants of b are spatially constant. This leaves us with an overdetermined system
of four linear differential equations, one linear algebraic equation and two nonlinear alge-
braic equations for the six unknown components of the metric tensor field. We can integrate
the differential equations, and use the linear algebraic equation to express the other two
algebraic equations in terms of the following 15 < n < 18 variables: a single unknown com-
ponent of the metric tensor, the remaining independent variable in space (e.g., radius), the
integration constants introduced by our integration of the ordinary differential equations, the
deformation parameters, and the two constant invariants. Therefore, the remaining algebraic
conditions are polynomial equations in these n variables that are quadratic in the unknown
component of the material metric tensor field. We compute the resultant (see Appendix A.1)
of these polynomials in this component, and demand it vanish for the two equations to have
a common solution, since our metric tensor must simultaneously satisfy both. This resultant
is itself a polynomial in the dependent variable that must vanish. Because we seek solutions
that are universal over an open set, we can send each of the coefficients of the resultant to
zero identically. This leaves us with a set of algebraic equations relating the integration con-
stants, the deformation parameters, and the invariants that must be necessarily satisfied in
order for these anomalous solutions to exist. These algebraic equations are solved in Chap. 8.

5 Symmetries of the Material Metric

Family 0: Homogeneous Deformations Recall that the action X# — X4 + C4 is the
action of T(3) C SE(3) on E?. We seek to impose this symmetry on the material metric
tensor field, and hence demand

Map(XP) = Map(X® +CP) = Myp(XP). (57)
Taking the derivative of this with respect to C? gives

IMyp _ OMap 0X®  OMap
aCP — 9XE oCP  jxPD

=0, (58)

and hence, we consider constant metric tensor fields. It is however, more useful to express
this condition in terms of the current configuration variables, which we can do via the chain
rule
8MAB BMAB dx* 8MAB
9XD — gx¢ 9XP  9xd

Fy=0. (59

2More precisely, in Family 5 one off diagonal component vanishes, and another becomes fully determined
by the other metric components; it does not vanish, but its indeterminacy is eliminated nonetheless.
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Since F is invertible, this implies that M,p is constant when expressed in terms of the
current configuration coordinates as well. Additionally, it is more useful to consider the
inverse metric tensor field MA2, which also must be constant in order for the identity

MapM®C =8¢, (60)
to hold.

Family 1: Bending, Stretching, and Shearing of a Rectangular Block Recall, that the
symmetry associated with this deformation is the action of T(2) C SE(3) on E3. We there-
fore require the same invariance for M p:

Map (X, Y +C1,Z+C) =Msp (X, Y, Z). (61)
Taking the derivative with respect to C; and C, independently gives the conditions

OMup(X.Y,Z)  OMup(X.Y,Z) 0Y  OMup(X.Y.Z) _

= — = = 0, (62)
aC, Y aC, Y
OMap(X. ¥, 2) _ 0Map(X, ¥, 2) 92 _ 0Map(X,¥,2) _ 63)
3C, - 3z aC, YA o

Therefore, we assume that the metric tensor is of the form M ,5(X), which because of the
form of the deformation, can be recast into the form M,z (r), and equivalently M*8 (r).

Family 2: Straightening, Stretching, and Shearing of a Sector of a Cylinder Here, we
require that the metric is invariant under the action of SO(2) x T(1) C SE(3) on E3:

MAB(R7®+¢aZ+K):MAB(Rs®7Z)a (64)
and hence, by the same reasoning as before one finds

dM4p(R, 0, Z) _ OMap(R, 8,7) _
90 B 9z B

0. (65)

Note that this does not imply % = 0, since the basis vectors of C do change with ©.
Rather, the components M,p do not change with ® when M is represented with respect
to a cylindrical polar basis. We can use the equation M4z M5¢ = §S to show that 3,;4(33 =
‘r”g;B = 0. Hence, we write MAZ(R) or equivalently M4Z(x). This symmetry of M4 is
precisely the action SO(2) x T(1) C SE(3) prolonged to TE? ® TE?, with ® denoting the

tensor product bundle, the bundle formed by taking fiberwise tensor products.

Family 3: Inflation, Bending, Torsion, Extension, and Shearing of an Annular Wedge
As with Family 2, we demand that M4 be invariant under the transformation

©—>0=0+d, Z>Z=Z+K, VO KEeR, (66)

which renders the conditions

dM45(R, 0, Z) _ OMup(R, 8,7) _

0. 67
a0 0Z 7

So we consider metric tensor fields of the form M 45 (R), or equivalently, M45 (r).
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Fig. 9 The set of orthonormal
eigenspaces at a point X are
affine spaces that must be
preserved under all rotations
fixing the origin and X, however
these swept areas are generally
not affine spaces, but rather cones

Family 4: Inflation/Eversion of a Sphere Here, we demand the invariance of M(X) un-
der the prolonged action of SO(3) C SE(3) on T*E? ® T*E?. We then seek the most general
positive-definite symmetric tensor field that satisfies

M (QX) = QM(X)Q", VQeS0(@3). (68)

Because M(X) is positive-definite and symmetric, we can represent it in spectral form on an
orthonormal basis {u,} as

3
MX) =Y " m?(X)u (X) @ u;(X). (69)

i=1

We then consider the subgroup of rotations leaving X fixed. Under this one-parameter fam-
ily, we have the symmetry condition

M(X) = QM(X)Q", VQ such that QX = X. (70)
This implies that (suppressing the X dependence)
m*u; =My, =QMQ'y; = m’Q'u; =MQ'y;, (71)

i.e., the rotated vector Qu; lies in the same eigenspace as the eigenvector u;. For this to
hold for all Q in this one-parameter family, the eigenspaces of M at the point X must be
unchanged by these rotations, i.e., the swept vector QTu; remains in the eigenspace. Gen-
erally, a rotating vector sweeps out a cone, which not being an affine space, cannot be the
eigenspace of a linear operator, as depicted in Fig. 9.

However, there are two degenerate cases where cones become affine spaces, where the ro-
tation axis and swept vector are coincident, and where they are perpendicular, which means
that the eigenspaces of M at X must contain the axis of the rotation, and the plane orthogonal
to it, as depicted in Fig. 10, forcing M(X) to be of the form

M(X) = m?(X)Ex(X) ® Ex(X) + m2(X) (I — Ex(X) ® Ex(X)), (72)
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Fig. 10 When the eigenspaces
are parallel and perpendicular to
the position vector of X, they can
remain invariant under these

rotations, provided that the \

eigenvalues of the two orthogonal x .

eigenvectors are equal \ \
\\,

Fig. 11 As we rotate the point
X, we see that the eigenspaces
are unchanged when expressed
on an orthonormal spherical
basis, i.e., they rotate with X,
hence their associated
eigenvalues must be constant on
concentric spherical surfaces

because for each X, the axis of rotation is Ex(X). Imposing the more general symmetry
condition (68), on this spectral form, we get the condition
m7 (QX) Ex(X) ® Ex(X) +m3 (QX) (I — Ex(X) ® Ex(X))

(73)
=mi(X)Ex(X) ® Er(X) +m3(X) (1 - Ex(X) ® Ez (X)),

which implies that
m} (QX) =mi(X), m}(QX)=m3(X), YQ € SO(3). (74)

This ultimately requires that m; and m, depend on X solely through its norm, R = |X|,
since for any two points, X; = Rn,, and X, = Rn,, where n; and n, are unit vectors, we
can construct orthogonal transformations such that n, = Qn;. Hence, because the functions
m; and m, take on the same values whenever their arguments have the same norm, these
functions must only depend on their argument through its norm, as shown in Fig. 11. We
then have

M(X) = m3(R)Ex(X) ® Ex(X) +m3(R) (I — Ex(X) ® Ex(X)), (75)
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which is the general form of the pullback of our material metric tensor.* Computing the
components of M,p then gives

mi(R) 0 0
[Mag(R)I=| O m2(R)R?sin® ® 0 : (76)
0 0 m3(R)R?

Since m; and m, are arbitrary, and R is only a function of r, this can be rewritten as

m%(r) 0 0
(Map(R)]=[Map(R(r))]=| O m3(r) sin’ ¢ 0 1, 7
0 0 m3(r)
and equivalently
m%(r) 0 0
[M*Pr)]=] o et 0o |- (78)
0 0 m3(r)

These metrics are precisely the form considered by Ben Amar and Goriely [2], and Yavari
and Goriely [38], though the first represents this tensor on an orthonormal spherical basis,
and the second works with the components of the metric tensor rather than its inverse, as we
have done.

Family 5: Inflation, Bending, Extension, and Azimuthal Shearing of an Annular Wedge
As in other cases, we have the following symmetry relations for M:

OMas(R.©,Z) _0Map(R.©.7) _

- 0, 79
0 aZ 7

so we ultimately consider inverse metric tensor fields of the form M42(r).

In conclusion, we note that the application of the symmetry condition leads to a reduction
of the independent variables to a single one (either the radial variable r in cylindrical or
spherical coordinates, or x for the deformation of rectangular blocks).

6 Generic Universal Solutions

Having established the symmetry conditions on the material metric, we can express the uni-
versal equilibrium equations under these restrictions. For all families (Case I and IIa), these
equations will have generic solutions, and in some cases, these solutions are the only ones
satisfying the symmetry conditions. Other families also have anomalous solutions (Case
IIb) outside of these generic branches that occur only when the invariants of the tensor b,
or equivalently C, are constant; these will be addressed in the next section. The nature of
the anomalous solutions differs markedly from the generic solutions found here: generic
solutions contain arbitrary functions as free parameters, while the form of the anomalous
solutions is determined up to a finite number of undetermined constants. Additionally, for

3The methodological difference in the symmetry calculation for this family is due to the topology of SO(3).
This group is not the product of Lie groups, and hence, we cannot express its action by independently varying
coordinates as we do in the other families; while ® — ® 4 W is a rotation, & — & + W, is not.
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generic solutions, the eigenvectors of b are contained within or perpendicular to the span
of the infinitesimal generators of the symmetry group, while for anomalous solutions, this
alignment does not occur. While the invariants, and hence, their gradients could be calcu-
lated explicitly in terms of the unknown inverse metric components, it is easier to keep these
functions unevaluated at the moment, because we will ultimately show that they must be
constant for the anomalous solution to exist.

We then fix an orthonormal frame on these constructed intermediate configurations, and
express the anelastic deformation required to generate these intermediate configurations in
terms of these frames. We note that since we are in reality only determining the elastic com-
ponent of these motions, the factor A corresponds to the universal motion, while the factor G
corresponds to the stretch required to obtain the universal intermediate configurations from
the classical reference configurations, which play no dynamic role. Hence after computing
A =FG™!, so long as the geometry of the intermediate configuration is retained, the factor
G can be discarded, which corresponds to the fact that we can prepend an arbitrary com-
patible anelastic deformation onto our universal deformations. As this is supplementary to
our main results, we will simply give G on some orthonormal anholonomic frame, leaving
further computations to interested readers.

Family 0: Homogeneous Deformations The deformation mapping written in Cartesian
coordinates is given by (13), and the deformation gradient F¢, is constant. We compute the
left Cauchy-Green tensor as

bab — FaAMAB FbBa (80)

which is also constant, and hence its invariants are constant. The Cauchy stress takes the
form

o (x,y,2) = —p (x,y, ) m* + 2W; b = 2Wpc*, 81)
and the equilibrium equations read

Vbo'ab = _mabvhp (x7 Y, Z) =0. (82)

Because m“? is invertible, this implies that p is constant, and the equilibrium equations are
satisfied simply because of the assumed form of M*. The only remaining condition is the
incompressibility condition which, in the chosen coordinate systems, reads

detb™ =detm® =1. (83)

We can express this constraint as a condition on M AB or as a condition on F¢,. In
reality, these conditions are equivalent, since we have

(det F94)* det MMN =1, (84)

and one can be freely transformed into the other by changing coordinates. However, for the
other families, it will be easier to express this condition as a restriction on the inverse metric
tensor, so for consistency we choose the invertible tensor ¥, and then enforce

1
det MAP = ———— (85)
(det FaA)

which ensures that the volume form in the material manifold agrees with that in the current
configuration.
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Because the material metric is constant, its Levi-Civita connection produces no curva-
ture, and thus the material manifold is Euclidean. This is useful when using a multiplicative
decomposition of the deformation gradient into elastic and anelastic factors F = AG, as we
can choose a Cartesian frame {e,} in the material manifold and its corresponding coframe
{9}, in which case the anelastic factor must satisfy G4 G538aﬂ = M 4p. Since the matrix
of components M ,p is positive definite and symmetric, we can take the matrix of compo-
nents G4 to be its unique positive-definite symmetric square root, in which case we satisfy
GY,G? Bdup = M 4. Alternatively, we may prescribe the anelastic factor in such a way that
the induced material metric is valid. In this case, since M 4 is constant, any constant invert-
ible anelastic factor will furnish a valid material metric. The incompressibility constraint
becomes det(A%, A”36*#my,.) = 1, which furnishes a differential equation constraining the
volume in the current configuration to agree with that in the material manifold.

Family 1: Bending, Stretching, and Shearing of a Rectangular Block The deformation
for this family is given in (15) with the deformation gradient (16). We compute the quantity
Ma Vi Vo ® = 0, which for this family, only has two independent nonzero components,
and we take the coefficients of the partial derivatives of W to vanish independently. The
Wi11 coefficient of this equation gives the conditions

ABrM"2(r) , 0
|:B(M13(r’;—ACMTZ(r)):| L(r)?= |:0:| : (86)

r

The first equation implies that either M'?(r) = 0, or I; is constant, because AB # 0 to
ensure the invertibility of the deformation. If I; is not constant, we have M'?(r) = 0. The
second component then becomes M '3(r) = 0. Therefore, if I; is not constant, we have that
M2 (r)y=M"3@r)=0.

If I, is constant, we can examine the W5, component, which implies the conditions

ABrM"(r) , 0
|:B(M]3(V’;—ACM,:2(V))i| L(r)* = |:0:| : &7)

P

Therefore, I, is constant, or M'2(r) = M'3(r) = 0 and we have established that either
M"Y (r) = M3(r) =0, or all the invariants of b are constant, which is the condition for
the anomalous solution. Hence, in this section, we take M'?(r) = M'3(r) = 0 and we con-
sider the constant invariant case in the next section. With M'2(r) = M3 (r) = 0, we have
the equilibrium equation satisfied, i.e., all of its terms identically vanish. We only have to
satisfy incompressibility. Demanding detb® = detm®, we have the condition

M) [M”(r)M”(r) — (M® (r))z] —1. (88)

Since M''(r) # 0, and M?*(r) # 0, the relation

M3 (@)
M¥(r) = M“(r)lez(r) (Mzz((,,))) ’ (89)
ensures that the incompressibility is satisfied. Hence, we have the generic solution
M'(r) 0 0
[MAB(r)] - 0 M?(r) M>(r) e (90)
0 M) g T (17442(::))
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which, by writing M48(X) = MAE (r(X)), can finally be written in terms of the referential
variables as

M"(X) 0 0
22 23

23 1 M*0)

0 M (X) M”(X)MZZ(X) + M22(X)

The current form of M,p automatically captures incompressibility because we imposed a
particular form of r(X). If we leave this unspecified, we can simply say that M ,p is of the
form

M (X) 0 0
[Myp(X)] = 0 Mxn(X) Mxp(X) |, (92)
0 My (X) Mi3(X)

and use the incompressibility constraint to determine r (X). This is equivalent to introducing
a change in coordinates rescaling X .

When using a multiplicative decomposition, F = AG, we can choose an orthonormal
frame {e,} and its coframe {1#®} in the material manifold, and require G*,G*# BOup = Myp.
Since M, is block diagonal, positive definite, and symmetric, we can take G* 4 to be its
unique positive definite symmetric square root. Because the components M4 are arbitrary
functions of X, we can take G 4 to be of the form

G‘l(X) 0 0
[GYa(X)] = 0 GH(X) GH(X) |, 93)
0 GH(X) G*(X)

which will yield a suitable M,p. Additionally, we can multiply G by an arbitrary local
rotation Q yielding QG, which may be more useful depending on the particular problem.*
This is equivalent to choosing a different orthonormal frame in the material manifold, which
being non-Euclidean in general, does not possess a preferred orthonormal frame to begin
with.

Family 2: Straightening, Stretching, and Shearing of a Sector of a Cylinder Re-
call that any deformation in this family is given by (20) with deformation gradient (21).
We compute the equilibrium condition maUVk]Vho“" =0, and to aid computations, we
use the incompressibility constraint det b’ = detm“® by evaluating c*® as ¢* det (b",,) =
¢ det (b”” m pm).

The W), coefficient of the equilibrium equation has two independent components giving

the conditions
2x—-D) M (x) ez — |0
VA [CMlz(x) + AM‘3(x)] hiwy”= [0] ' G

If 1, is constant, we satisfy these equations, but if /; is not constant, we have M'?(x) =
M"B3(x) =0, since A (x — D) #0.

4For example, if the eigenstrain corresponds to anelastic simple shear, it may be more natural to express G
in an upper triangular form, rather than a symmetric form.
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If 1, is constant, we then consider the W}y, component of the equilibrium condition to

obtain
2(x — D) M (x) .o o
VT a4 [CMU(x) +AM13(x)] Lx) = [0] ’ ©3)

which again implies that either M'?(x) = M'3(x) =0, or I, is constant. Therefore, unless
the invariants of b are constant, we have M'?(x) = M'3(x) = 0. Setting these components to
0 satisfies equilibrium, and so we compute the incompressibility condition det b*® = detm®.
This becomes

2(x — D)

M) (M2 MP ) — (M2 )] =1, (96)

which implies that

2
MP(x) = AB® (M) 97)
2(x — D) M (x)M?2(x) M?2(x)
Bringing all of these together we have
M (x) 0 0
2 23
[MAE (x)] = 0 M*(x) M= (x) oyt | (98)
23 AB? M= (x)
0 M= (x) 2x—D)M T (x)M22(x) M?2(x)
or in terms of referential coordinates, writing M48(R) = M4® (x(R)),
M'(R) 0 0
22 23
[M*P(R)] = 0 M*(R) M?>(R) oy | (99)
23 1
O M (R) RZM”(R)MZZ(R) MZZ(R)

This is the generic solution, and we have set up the conditions for the anomalous solution,
namely that the invariants of b must be constant.

As before, we can introduce a coordinate rescaling, treating x as an unknown function of
R, which allows the tensor M4Z to take the form

M'"(R) 0 0
[M*PR)]=| © M*(R) M>(R) |, (100)
0 M>@R) M>(R)

and turns the incompressibility constraint into a differential equation that can be integrated
to determine x (R). If a multiplicative decomposition of F = AG is used, we can express G
on an orthonormal frame in the form

G'1(R) 0 0
[GYa(R)] = 0 G*(R) G*(R) |, (101)
0 G*(R)  G*5(R)

which guarantees that M = G*4,G* BOqp is of the proper form. As before, an arbitrary

local rotation Q can be imposed yielding the factor QG, where G is as above, and this new
factorization will yield a material metric of the proper form.
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Family 3: Inflation, Bending, Torsion, Extension, and Shearing of an Annular Wedge
This family of deformations can be written using cylindrical polar coordinates in both con-
figurations as given in (25) with deformation gradient (26).

As before, we compute the Wy, coefficient of the equilibrium equation and obtain

12
VA (2= B)I(r)? [Cgr gr] [%”Eg} = [8] : (102)

r

The matrix on the left-hand side is invertible, since its determinant, CF — DE, being a
factor of the determinant of F, is nonzero to ensure invertibility. Therefore, we have either
I, being constant, or both M'2(r) and M'3(r) must be zero.

If I, is constant, we examine the Wy, coefficient of the equilibrium equation and obtain

12
Fomaly AR o

which as before implies that M'?(r) = M'3(r) = 0, or I, is constant. Therefore, to satisfy
equilibrium, we must have all of the invariants of b being constant, or M'2(r) = M'3(r) = 0.
The latter of these conditions is also sufficient to guarantee equilibrium. We only have to
satisfy incompressibility, which amounts to the equation

A(CF — DEY (= BYM"' (r) [Mzz(r)M33(r) - (M23(r))2] —1, (104)

which we can do by setting

2
M¥(r) = ! (2@) (105)
A(CF — DE)* (r* = B) M'\(n\M®2(r) ~ M>(r)
This gives the generic solution
M'(r) 0 0
AB 0 M?(r) M3
[M*P)] = | 06
0 M23(r) 1 + (M23(7))
A(CF-DE)(r2=B)M' (r)M?2(r) M22(r)
or in referential variables, writing MA8(R) = M8 (r(R)),
M''(R) 0 0
2 23
[MAB(R)] _ 0 M~ (R) M=~ (R) . . (107)
23 1 M?*(R)
0 M=(R) A2R2(CF—DE)*M'(R)M?2(R) M22(R)

As in the other families, we can introduce a coordinate rescaling to express the material
metric in the form

M (R) 0 0

[Msp(R)] = 0 Mx»(R) My(R) |, (108)
0 M (R)  M33(R)
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which means that on some orthonormal frame, the anelastic factor of a multiplicative de-
composition F = AG takes the form

G'/(R) 0 0
[G“s(R)] = 0 G%(R) G*(R) . (109)
0 G*(R) G (R)

Doing this turns the incompressibility condition into a differential equation for the unknown
function r (R), and as before, any other compatible anelastic factor can be expressed as QG,
where Q is an arbitrary local rotation and G is as above.

Family 4: Inflation/Eversion of a Sphere For this family, the symmetry enforced on the
metric tensor automatically satisfies the universal equilibrium equations without additional
restrictions. Demonstrating this, under this symmetry, the left Cauchy-Green tensor reads

4
-3 3\3
[ b] (J—”Tif‘y m3(r) 0 0
b= m3(r) , (110)
0 sin?(¢) 0
0 0 m%(r)
and its inverse is
4
ot 0 0
b (ir3¥A3)%m%(r) | 11
0 0 —
m5 (r)r

We can compute the invariants of b as

4
:|:I‘3 A3 3
I, = 7( ;E ) mi(r) +2r*m3(r),
4
m3(r) [2 (£r3 F A% mi(r) + r6m§(r)] (112)
L= > ,
r

4
3

L= (' F A mir)ym3(r) = 1.

Notice in particular, that these invariants only depend on r. The Cauchy stress is diagonal
with components
4
2(2r3F A3 mi(n)W 2rW.
011:_p+ ( + 2 1() 1_ r z 7 (113)
d (£r3 F A3 mi(r)

o2 2r4m§(r)W1 —2W, — rzm%(r)p

, 114
m3(r)r sin’ (¢) (114)
3_ P 2 2w,
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Taking the divergence of this tensor and setting it equal to zero gives

4W. 4rim’ (r)W: d
V0! — 2 LW ml(rz _4rmi()W, — a—p (116)
3 r

MmO (15 A% i)

2 ((F2PFOAY) W 1 (0 F A) (B Wor + () W12))

(£r3F A3)% mi(r)

2(r* - A3)% mi(r) (2(r* + AWy £ (rP = A%) (L) Wi + I[ ()W 1))

+ ~
4
N 4(:i:r3:|:A3)3 my (r)ym\ (r)W; _o
r4 -
1 9
Vo =—— P _ (117)
r2sin’ ¢ 96
19
vba”’:——zﬁ:o. (118)
r

Therefore, the undetermined pressure must only depend on r, and the components of V0%
only depend on r. Using g—g =0 and g—p =0, and defining v* = V,0%’, we can compute
Ve, = V.v“. For simplicity, we will only compute the off-diagonal components of this ten-

sor. Note that

vi(r)
v=| 0o |, (119)
0

and V4. = 8.0 4+ v?y.4*. Computing the off-diagonal components, we get

vl av? v’
Vhi=—+vly'=0, Vi=—+4+0v'y2=0, Vi=—+v'y’=0,
30 99 or
2 3 ! (120)
av av’ av
V2 o— L2 =0, V3= Ly3—=0, Vii= Ll —o.
=0 +vyn 2= 5y + vy 3 —8¢+U V31

Therefore, V. is diagonal. Because m,;, is also diagonal, we conclude that V. is diag-
onal, and hence, is identically symmetric. Recognizing Vje as mp, V9. = mp, (Ve Vo),
this means that the equilibrium equations are automatically satisfied for an appropriate pres-
sure field, because the antisymmetric part of my, (VCVdo“d) vanishes simply due to the
symmetry of the tensor field M45.

We now only need to satisfy the incompressibility condition detb = 1. Computing this
yields

(& ¢A3)%m§(r)m;‘(r) =1, (121)

or in referential variables, writing m;(R) =m,(r(R)), R4m%(R)m‘2‘(R) = 1. Therefore, the
final form of the inverse material metric tensor for this family is

m%(R) 0 0
1
[MAB] = 0 ml(R)R2 sin? @ (1) . (]22)
0 my(R)R?
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Alternatively, introducing a coordinate rescaling as before, the material metric tensor takes
the form

mi(R) 0 0
[(Magl = 0 my(R) sin’ ¢ 0 , (123)
0 0 my(R)

and we obtain a differential equation that can be integrated to determine r (R). Then, taking
a multiplicative decomposition of F = AG, we can express G using an orthonormal frame
in the material manifold yielding

Gi(R) 0 0
[G*s]=| 0 GxR)sin® 0 |, (124)
0 0 G (R)

which again can be left multiplied by an arbitrary local rotation Q if desired.
Family 5: Inflation, Bending, Extension, and Azimuthal Shearing of an Annular Wedge
For this family, we have the deformation as given in (35) with deformation gradient (36).

Again, we compute the equilibrium condition m,p; Vk]Vb(r“” =0, and look at the Wy coef-
ficient. This contains two independent equations:

AEM"(r) o2 [0
[Ar(ABM”(r)—i—Cerz(r))] hn) _[o]' (125)

If I, is constant, this equation is satisfied, and if /; is not constant, we require M By =

and M"?(r) = —%ﬁl('). If 1, is constant, we examine the Wy, coefficient in the equilib-
rium equation and obtain
AEM(r) .5 o
|:Ar (ABM" () + Crm2(ry) | 27" = o (126)
which implies either I, is constant, or M'*(r) =0 and M'%(r) = % Hence, we

either have all of the invariants of b constant, or we have M3(r) =0 and M"?(r) =
— w, which characterizes the generic solution.

The conditions on the components of the metric are sufficient to satisfy equilibrium, so
we only have to satisfy incompressibility. The incompressibility condition in this case reads

AE*M" () [(C*r*M*(r) — AB*M" () MP (r) — C*r*M> (r)*] = 1. (127)

We solve this for M??(r) to obtain

1 M3())’  A2B*M"
M2(r) = ) D 2g)
A2C2E2r2 11 (r)M33 (r) M?33 (r) C2r2
which gives the generic solution
M () _AB/Zi'(r) 0
AB ] oy  1+A2CCE22(MB()P M) | A2p2all,
[M (r)] o _ABlgr = A2C2E2r2(1v1”(r)13133(r) . BC%Z - M23(r) ’ (129)
0 M>(r) M¥(r)
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or in referential variables, writing MAB(R) = M8 (r(R)),

M''(R) _ B 0
CR
[MAB(R)] =|_ BuM'& 1+A4C2E2R2(MB(R))ZM“(R) B2MU(R) M23(R) . (130)
CR A4C2E2R2M11(R)M33(R) C2R2
0 M*(R) M*(R)

Unlike the other families, the standard Euclidean inverse metric M4Z(R) =
diag{1, R72,1} is not a member of the generic solution branch for this family. This is be-
cause this Euclidean metric yields a special case of the anomalous solution, having constant
invariants.

In principle, we can rescale our coordinates and compute the form of the anelastic fac-
tor in a multiplicative decomposition for a member of this family as we have done for the
previous families. However we will not concern ourselves with the multiplicative decom-
position for this family, because its generic solution branch does not contain the solution
without eigenstrain. As such, any continuous process based on this family beginning with
zero eigenstrain will not lie in this solution branch, but rather on the anomalous branch, and
so the multiplicative decomposition associated with this generic branch is of limited use.

7 The Anomalous Universal Solutions

As we have covered cases I and Ila in the previous section, we turn our attention to case
IIb. The groundwork for this case, namely the spatial constancy of the strain invariants has
already been laid in our analysis of case Ila in Sect. 6. The analysis for each family follows
the same general pattern, so we will merely outline these steps here in an example appearing
in Family 5, then present the results. Details are given in Appendix B.

Step 1: For the anomalous solution, we start with the equations derived from the equilibrium
conditions: four second-order linear differential equations for each family, involving the
six undetermined components of the inverse metric tensor. By integrating the equilibrium
conditions, up to two of these components can be expressed in terms of the other variables.

We take, as an example the deformation
r=R, 6=1logR+0, z=1Z, (131)

for which we compute the components of b* as

Ml M2+ MT” M3
[bah]: M12+MT” M22+2MT]2+A1_;‘ M23+M+3 ) (132)
M3 M2+ M3 M3

r

The first universal equilibrium equation is ma[IVk]Vbb‘”’ = 0, which in these coordinates
amounts to the two equations

13 i 13

By MO M 2(r) o, (133)
r r

r(SMR@) + MM ) +rMP @) +3MP(r) +3M" (r) =0. (134)
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The general solution of these equations is

. M"(r)
r3 ro

ME) =air + 2, M2 =24 (135)
r r

For the purposes of our example, we will take y, =0, y; =0, and M '3(r) = r. With this,
b becomes

m" 0 r
[b*]=] 0 Mm>2- A:I_;‘ M®34+1]. (136)
ro MP 41 M*

Next, we compute the equilibrium condition m,j Vk]V;,c”” =0, which is simplified by mul-
tiplying c*® by the condition detb = 1. This condition puts the remaining two ODE:s in the
form

r (M2 ) +TrMP(r) +8M*(r) 4 8) =0, (137)
3MZ(r) +3M" () +r (SMP @) + M (1) +rMP(r)") =0. (138)

Integrating these equations gives the solutions
M2 =2 s —rt, rSMP@) =t MY ) + 748 + 12, (139)

which gives b%* as

Mll

0 r
[bah] =1 0 % + /;5_5 % + % . (140)
r % + % M

r

Step 2: After integrating these equations, we have the three constant invariant conditions for
each family to solve. The constant trace condition is linear in the unknown components of
the inverse metric, so we can use it to solve for one undetermined inverse metric component
in exchange for introducing the trace of b as a parameter.

We have the constant trace condition

I=bPmay = MY 4 M 4 4 B2 (141)
r
hence,
M33:II—M”—;31—%. (142)

The incompressibility condition detb = 1 then can be written as

(Bir + Bor®) MU + [ (P 4+ 112) + (P By +182)" = 1 (Bur® + or') | M1 ()

+7° (14 Bir* + B2) =0,
(143)
and the constant second invariant condition can be written as

POMU () = r* (L% = Bir® = B) M () + (P + ) + (Bur + Bor)’

+r8 4 12r6 - 11r4 (ﬂ1r2 —i—ﬂz).

(144)
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Step 3: We are left with two nonlinear algebraic equations. The first is the incompressibility
condition detb = 1, and the second is the constancy of the second invariant of b. Both are
quadratic equations in the remaining component of the inverse metric tensor, which creates
an overdetermined system. We compute the resultant of these two equations in this compo-
nent, and demand this resultant vanish to ensure that these two equations have a common
root. The resultant of these equations is itself a polynomial in the other undetermined inte-
gration constants: the invariants of b, and the remaining independent spatial coordinate.

Even in our simplified example, the resultant of these equations in M'!(r) yields a rela-
tively lengthy polynomial equation p(r) = 0. It can be immediately simplified by noticing
that one of the coefficients is simply u$, so o = 0 is a necessary condition for there to be a
common solution to these two equations. It can be further simplified by noting that after us-
ing u, = 0, one of the coefficients becomes ,35’ , so we demand B, = 0. With this, a different
coefficient becomes u?, and hence p; = 0 as well.

Step 4: Therefore, the resultant is a polynomial equation of the form p (¢) = 0, which must
hold for all values of the independent variable g (which is either r or x depending on the
family). Accordingly, we set each coefficient to zero independently, and obtain an overdeter-
mined system of nonlinear polynomial equations for the undetermined constants. We wish
to find all the solutions to these equations, and so we compute a primary decomposition of
the radical ideal generated by these equations. These equations are simple enough that this
can be done with the assistance of a symbolic algebra package, though even then the compu-
tations are rather cumbersome (see Appendix B). After we have done this, we are left with
a set of conditions on the undetermined constants that are necessary and sufficient for the
existence of a common root of the original quadratic equations in the undetermined inverse
metric component over an open set. We substitute these constants into these equations and
use them to solve for the final component of the inverse metric tensor, which gives us the
general form of the anomalous solution. In all of these cases, despite encountering branching
conditions in the course of analyzing the conditions on the constants, the separate branches
ultimately are redundant, and we are left with a single anomalous solution branch for each
family.

For our example, using the conditions u, =0, B, =0, and | = 0, the polynomial simply
becomes (B3 — 1,87 + L1 — 1)*r'8 = 0, which demands 7 — I, 82 + L) — 1 =0, be-
cause r > 0. We recognize that this is the eigenvalue equation for the tensor b, so we require
B, to be an eigenvalue of b. We can satisfy this by writing I, = ) +e; and I, = e, + é,
where e; = A; + A, is the sum of the other two eigenvalues of b and we have used in-
compressibility in the form A;A;8; = 1. When we substitute these conditions back into the
original equations for M'!, they both become (up to some nonzero constant)

BiM' (r)? — e piM" (r) + 21+ 1=0. (145)

This equation can be solved for M'" and we obtain

1 1
M"(r) = 3 (el + [el—4 <r2 + E)) , (146)
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which gives one example of M45 as

e N T —%(eli e]2—4R2—%> 2R
1
5 —%(elzl: e%—4R2—%) %(elzi: e%—4R2—%)+£—‘ )
2R -2 el?,/e%—4R2—%
147)
This lets us compute the corresponding elastic left Cauchy-Green stretch tensor as
%(elzlz e%—4(r2+ﬂl—l)) 0 r

(6] = 0 £ 0 . (148)

r 0 %(elq: ef—4(r2+%>>

We can verify that b? satisfies the equilibrium conditions and the constant invariant condi-
tions.

Completely determining the universal anelastic extensions of these families amounts to
doing a similar analysis for each of the remaining families, but in full generality, i.e., not as-
suming particular values for the parameters appearing in the deformation, nor selecting val-
ues for the integration constants a priori. These computations are included in Appendix B,
only the results are presented next. As we are considering the case where the strain in-
variants are constant, the set of universal equilibrium equations reduces to (48) and (49).
Ordinarily these equations have three independent components, but in our case, one of these
components vanishes identically for each equation, hence we have four ordinary differential
equations to solve for each anomalous branch, together with the three algebraic equations
constraining the strain invariants to be constant.

Family 1: Bending, Stretching, and Shearing of a Rectangular Block Integrating the
equilibrium equations (48) and (49) and solving the constant invariant conditions gives the
following anomalous solution branch for this family:

12 aq
M) = + oo, (149)
AB*Ca
MP) === 4yt (150)

) r\/B2e%r2—4 (B2 (ex+A2B2M2(1)2) + (AB2CM () — MP()’)

M= 4
242 2A’B ’
(151)
2
M2y = A?B%e; (eyr? — A2M" (r)) M'(r)? + [AB*CM"(r) — M (r)] ’ (152)

By [(AB2CM™(r) = MI())’ +r2M ()]
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AC (AB*CM"(r) — M(r))?

M*®(r) = >
exr? [(AB2CM™(r) = MD()* 4+ 2 M2 ()]
N A’B? (ejeyr* —r? — AzezM“(r)2) Mlz(r)MB(r)’ (153)
err? [(A32CM12(r) — MB)) + r2M12(r)2]
M () = A2B2 [AB? (C2+ ) M"(r) — CM ()]’ + e (err? — A2M" () MP(r)?

err? (AB2CM™2(r) = MP(r)) + 12 M"2(r)?
(154)

Here the constants e; and e, are the elementary symmetric polynomials in two of the three
free eigenvalues of b

er =M +i, erx=2»AlA, (155)
with the incompressibility condition determining the third eigenvalue as A3 = ﬁ The pa-
rameters e; and e, must be positive with e% > 4e,, since b is positive definite. The remaining
constants, o, oy, ¥, and y, are arbitrary, subject to the condition that the choice of ey, e;,

oy, o, Y1, and y, must yield a positive-definite metric tensor. One can explicitly verify that
the invariants of b generated by this metric are

1
I =e+—=A+Ar+ 23,

€
e
1226_1+62=)»1)»2+)»2)»3+)»3)»1, (156)
2
I =AAA3=1.

Additionally, we can express this in terms of the referential variables by expressing r in
terms of X by the relation r = /A 2X + D).

Family 2: Straightening, Stretching, and Shearing of a Sector of a Cylinder With this
family, it is prudent to make the substitution £ = x — D, which allows us to express the
anomalous solution branch as

M) = &jél“z (157)
MP(E) = ng” (158)
JAer + \/Ae% —4[Aer +2¢ (AMD©) + CM12E)" + M) ]
M"E = ; - (159)
4A2B%
AB[(CMR©) + AMB©) +e2 (o1 — 24B%6 M () M(6)?]
M>) = » (160)

e [M12(6)2 + (AMP(E) + CM126)’

@ Springer



The Anelastic Ericksen Problem. .. 323

AB[C(CMP©) + AMP(©)" + CM2(©)?)

MPE)=— 2
e <M12(€)2 + (AMB(&') + CMlz(é)) )
_AB[(A—eie2+2AB%e: M () MM )] (6
e [MRE) +(AMPE) +CM1E)) |
MP(E) = B2 ((14+ CY) M) + ACMP(©))’ + A%es (e) = 2AB°6 M (§)) M1 (§)?

e MP2(E)? + (AMP(E) + CM2(E))’
(162)

Alternatively, we can express this in terms of referential variables using the equation & =
%ABZRZ. As in the previous case, ¢; and e, are the elementary symmetric polynomials in
the free eigenvalues of b, A, and A,.

ep=A1+ A, e€r=~AjAs. (163)

With this, the third eigenvalue is determined via the incompressibility condition Az = #

.
This ensures that the invariants of b are ’
1
I =e + . =i+ A+ A3,
2

e
1226_1+62=)»1)»2+)»2)»3+)~3)»1, (164)
2

Li=AMA3=1.

The constants ey, e, @1, &3, ¥1, ¥, are largely arbitrary, apart from the condition that e; > 0,
and e% > 4e, > 0, and that the constants are chosen such that the metric tensor is positive
definite.

Alternatively, we have the case where the anelastic strain is compatible, and we have

M\ R*> MpR MiR
[Map(R)]=| MR My My |, (165)
Mi3R My M3;

where {M||, M1, M3, My,, My, M33} are constants and det M 45(R) = R?. At first glance
this case appears slightly more general than the previous one under the special case
a; = y; =0, because for a fixed overall deformation, there are five independent parameters
determining this solution, while setting «; = y; = 0 in the other family yields a special case
of (165) depending on the free parameters «», y», e, and e,. However, this case causes the
stretch tensor b* to be constant, which requires that the material manifold be Euclidean, and
a constant isochoric stretch only depends on two independent stretches, with the remaining
degrees of freedom representing a global rotation, which we can freely add or remove. This
case appears to not be a special case of the previous branch, because once we eliminate the
dependence on £, we no longer have a preferred direction, and hence we spontaneously gain
additional rotational degrees of freedom that can be removed by the choice of the orientation
of our current configuration Cartesian coordinates.

Physically, this amounts to the reference configuration deforming anelastically into a
parallelepiped, which can be elastically deformed into the desired block, as that elastic de-
formation is homogeneous. Indeed, the stress required to accomplish this is always constant,
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and hence equilibrium conditions are trivially satisfied. One can easily verify that the only
nonzero Christoffel symbol generated by this metric is I'! | = %, which generates a vanish-
ing curvature tensor R = 0. In fact, the anelastic strain can be integrated up to an arbitrary
rigid rotation and translation to obtain the position vector

R2
X4 =€ + Oe, + Zes, (166)

where &, is an arbitrary right-handed set of linearly independent vectors spanning a paral-
lelepiped with unit volume. With this, the constants M, = €, -&;, i.e., the arbitrary constants
appearing in the metric tensor are given by the Euclidean inner products of the constant basis
vectors.

Family 3: Inflation, Bending, Torsion, Extension, and Shearing of an Annular Wedge
For this solution, it is prudent to define the functions

p(r)=y1+ry—§, 4 = + . (167)

With these definitions, we have the following anomalous solution branch

Dq(r) — Fp(r)
Mlz(r) _ — (168)

Ep(r) Cq(r)

MB(@r) = (169)

Fiid

eli\/e 4 ez—l—A(CF—DE) <p(r)2_|_q(r) )]

11 2
M =r 2A(r2 - B)

; (170)

(Dr2p(r) + Fq(r))’ + erear® (Dq(r) — Fp(r))?
&2 (CF = DE)*r?(q(r)? + p(r)*r?)
_ Aey(Fp(r) = Dq(r)* (r* = B) M"' (r)
2 (CF — DE)*r2(q(r)? + p(r)*r?)
Ae> (Ep(r) — Cq(r)) (Fp(r) — Dq(r)) (r* — B) M\ (r)
2 (CF — DE)*r? (q(r)2 + p(r)*r?)
_ e (Cq(r) — Ep(r)) (Dq(r) — Fp(r))
(CF — DE)* (q(r)* + p(r)*r?)
_ (Cp)r* + Eq(r)) (Dp(n)r? + Fq(r)
s (CF = DE)*r2(q(r)? + p(r)*r?)

M*(r) =

(171)

M>(r) =

172)

(Cr2p(r) + Eq(n)’ + erear> (Cq(r) — Ep(r))?
e (CF — DE)*r2 (q(r)* + p(r)*r?)
Aey (Ep(r) — Cq(r))* (r* — B)M" (r)
e:(CF — DE)*r2(q(r)* + p(r)¥r?)

M¥(r) =

(173)
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As with the other families, we can use the deformation equation r = +/AR? + B, to recast
this into the referential variables. Additionally, the parameters e; and e, are the same as the
previous families, and other than demanding that the eigenvalues they determine be positive,
we also demand that the choice of variables «y, s, y1, ¥2, €1, and e, leaves the metric tensor
positive definite.

Family 5: Inflation, Bending, Extension, and Azimuthal Shearing of an Annular Wedge
To facilitate the analysis of this family, it is useful to define the function f(r) =y, + f—%
With this, we have

Mls(r):alr_i_a_z’ -
,
(== \/e% - 4(62 + A2f(r)2 + A2E2M13(r)2)
o ’ (175)
2A2
_ 11
M2y = LD ZABM (1) .
Cr
M2y = O e+ A7 (B — ) M)
C2r2e; (f(r)? + E2M13(r)?)
E2 (14 AB e 1)) MP(0) —2ABes f () (FOP 4 EME0P)
+ C%rle, (f(r)2 + E2M13(r)2) i
13 13 _ 5 0
M3 () __ABMP(r) _ MB@) f(r) (1 —erer + A2erM (r))’ .
cr Cexr (f(r)2+ E2M"3(r)?)
’ : — AZMM 13,12
M3 () = f(r)? + E?e; (e — A2M" (r)) M (r) -

E%e; (f(r)> + E2MB(r)?)

Again, the constraints on the constants appearing are as before, and are only necessary to
ensure the positive definiteness of b and the metric tensor. We can recast this into referential
variables using r = AR, if desired.

8 Merging of Universal Solution Families

After obtaining the previous results, it is natural to ask if solutions in one family corre-
spond to solutions in another, and if so, to what extent? It is possible that the material mani-
folds, and the corresponding elastic deformations from two different families differ only by
a change of coordinates, or equivalently, by a compatible anelastic deformation connecting
the reference configurations of the two total deformations.

8.1 Equivalent Universal Solutions
Two universal deformations, ¢y : (M}, M') — (M}, m'),and ¢, : (M3, M?) > (M2, m?)
are said to be equivalent if there exist two isometries W : (M}g, Ml) — (M2 R Mz), and

¥ (Ml m') —> (M2, m?) such that

Yop=¢0V¥, (180)
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or, equivalently, the following diagram commutes:

(M M) —— (ML m')

lw lw (181)

(M M2) —— (M2, m?)

For general manifolds, this is a difficult task, as we not only have to determine whether or
not two isometries exist, i.e., solve the Riemannian manifold equivalence problem twice, but
also whether or not they satisfy equation (180). However, in our case, the current configura-
tions of the universal deformations are both Euclidean, and hence ¥ must be an element of
SE(3). Additionally, ¢; and ¢, are invertible and in principle known, so if we can find ,
we can solve for ¥ = ¢, Yo o Itis then a simple matter of checking whether or not ¥
is an isometry.

We choose coordinates for all of these manifolds, writing current configuration coordi-
nates as {x“}, and material manifold coordinates as {X“}, with each set numbered by the
universal deformation pertaining to it. In terms of these coordinates, these maps are

x‘ =g (X%,

xa:go XA ,

2 2 (X21) (182)
0=y (x"),

XM =w(X,%),

where we have used different indices on the different sides of the equations to emphasize
that in principle each new coordinate depends on all of the old coordinates. These maps
prolong to tangent maps (F;)* 4, (F2)* 4, h%, HAp, satisfying

dx“ = (F)* ad X",

dx)" = (F)" 4dX>",

(183)
d)Cza = h“;,dxlh,
dX,* =H"gdX,".
In terms of these tangent maps, we then have the isometry conditions
(MI)AB:HDAHEB (MZ)DE’ (184)
(7). = b ()., (185
and the prolongation of equation (180) as
h'y (F1)" 4 = (F2)" gH" 4. (186)

Because both current configurations are Euclidean, we can trivially satisfy equation (185)
by choosing ¥ to be an element of SE(3), and we can then use equation (186) to express
equation (184) in terms of h?; as

(M), = (F)* b’ (F) 5 (M?) ,, (F)° 510 ()" . (187)
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We can write this expression in terms of the inverse of b = F, F? g MA® for each defor-
mation and obtain

(€)ap =04 (€2)eg Ny, (188)
and hence
(b2)* =h".hP (b)) (189)

8.2 Relationships Between the Six Universal Families

We would like to identify which families are likely to contain overlap, and take note of
Table 2. Specifically, the left Cauchy-Green tensor of each family is symmetric with respect
to the prolonged action of a subgroup of SE(3). Therefore, if two universal deformations
are equivalent, their corresponding strain tensors should have isomorphic symmetry groups.
Denoting the symmetry group of b; as K; C SE(3), and the symmetry group of b, as K, C
SE(3), we seek 1 € SE(3) such that

YK =K. (190)

This immediately identifies a possible correspondence between Families 1, 3, and 5, because
their symmetry groups are isomorphic. Additionally, we expect that there might be some
universal solutions in Family 2 that are also in Family 0, since the symmetry group of Family
2 is a subgroup of that of Family O, though we can immediately recognize that there are
solutions in Family 2 that are not equivalent to any in Family 0, because not all solutions in
Family 2 are invariant under the action of the full symmetry group of Family 0.

This observation immediately reveals that, up to an element of these symmetry groups,
¥ must be the obvious one implied by our choice of coordinates in each family, because it
must send invariant sets of K to invariant sets of K,. We recall that if a (sub)group K acts
on a manifold M, an invariant set of K is a set Sy C M such that Vx € Sk, and Vk € K,
k ex € Sk. Here we consider the smallest nonempty invariant sets: the orbits of a single point
under the action of the subgroup K;. The invariant sets of the symmetry groups of Families
1, 3, and 5 are concentric cylinders, hence any potential ¢ connecting these two families
must map a family of concentric cylinders to another. The coordinates for each family were
chosen such that this family of cylinders is centered on the z axis, hence we require ¥ to be
a Euclidean isometry mapping the z axis to itself. Apart from rotations and translation that
leave the left Cauchy-Green tensor fields unchanged, this restricts ¥ to either be the identity,
or a rotation reversing the orientation of the z axis. We will see that we can freely take v to
be the identity.

We first show that Family O is contained within Family 2. To do this, we must find an
equivalent deformation in Family 2 for any choice of deformation in Family 0. Identifying
our coordinate systems (i.e., taking v to be the identity), we can express the left Cauchy-
Green tensor field for any deformation in Family O as

bll b12 b13_
[6(x,y,2)]=| b b2 bP|. (191)
b13 b23 b33

We choose a universal solution in Family 2 with material inverse metric of the form

Ml] M12 M13—
R R R
[MAP(R)] = | M2 i M |, (192)
M3 3 33
R .
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with M4® being appropriate constants, which is one of the cases where the material mani-
fold is Euclidean. Pushing this forward to the current configuration, we obtain the equations

Pl p2 i3 A2B*M" BM"™ CBM"™ + ABM"
12 322 323 | _ 712 > cm? | uB
Z” ‘;23 233 = BM pe e
o712 713 cm? | mM®B ctm® | oM M3
CBM'-+ ABM 2 vt am o T et (193)
Therefore, for any given element of Family 0O, the choices
B bll
M'" = YEIE (194)
. b12
M"? = 5 (195)
~ b13 _ CblZ
MP = —5 (196)
M? = A’B*b*, (197)
M3 = AR? (b* — Cb?), (198)
M* = B* (b¥ - 2Cb™ + C?b?), (199)

yield an equivalent member of Family 2. Also we note that these compatible material man-
ifolds are contained as special cases of the non-homogeneous branch of Family 2 via the
same argument presented in Sect. 7. Denoting U4 to be the set of universal deformations
corresponding to family A, we conclude that

Uy Clh. (200)

We then seek to establish similar correspondences between the sets U4, U3, and Us. First, we
consider an element of U5 lying in its generic branch. The left Cauchy-Green tensor field
of this element is fully determined by specifying three functions of R, hence implicitly of r
through R = )A_, namely M ), M2 (r), and M3 (r), along with values for the constants A,
C, and E. Labeling these choices M''(r), M®(r), M*3(r), A, C, and E, we seck elements
in Families 1 and 3 that generate the same stretch tensor field.

The left Cauchy-Green tensor field for the generic branch of Family 1 depends on three
arbitrary functions of X (r) = g -2, M (X(r)), M*(X(r)), and M*(X(r)) as well as
the constants A, B, C. If we select the functions and constants such that

1 AZrZM”(r)
M (X(r) = — (201)
. [AzEzrzMn(r)]_l + C2I%(r)2
M=(X(r)) = B0 , (202)
[AzEzrzﬂn(r)]_l L OB ryY
M>PX@r)=A|C +CEM®(r) |, (203)

M3 ()
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it is straightforward to verify that the stretch tensor fields generated coincide. Therefore, the
generic solution branch of Family 5 is contained in the generic solution branch of Family 1,
since we can find universal solutions in Family 1 that are equivalent to any universal solution
in Family 5.

Similarly, the generic branch of Family 3 depends on three functions of r through R(r) =
’ZfB: MY(R(r)), MZ(R(r)), and M>(R(r)) as well as the constants A, B, C, D, E,
and F. The choice

A2r2M11 (r)

11 _
MR =

(204)
M*(R(r))

EF + RE M () [CENP () = CEMP (0| [ DEN ) = CFNP()]

)

A2E2(CF — DE)* r2M"\ (r)M33(r)
(205)

) P2 REPNN () [CFIP () — DEI ()]
M (R(r) =

— - - (206)
A2E2(CF — DE)’r2M"\ (r)M3(r)

also generates an identical stretch field, hence the generic branch of Family 5 is also con-
tained in the generic branch of Family 3.

‘We have shown that the generic branch of Family 5 is contained in those of both Family
1 and Family 3. To examine the opposite direction, suppose we take an arbitrary member of
the generic branch of Family 1, defined by parameters M"N(X(r)), M2(X (r)), MB(X(r)),
A, B, and C, and seek to find a solution in Family 5 that generates the same stretch tensor
field. Elements in Family 5 depend on the parameters M'' (R(r)), M*(R(r)), M*3(R(r)),
A, C, and E, and the choice

Aix
MY (R()) = % , (207)
~23 B2 A2 0r22
MRy =2 Agﬁf’)) LS AZ E(X(’)), (208)
N L M) [P0 = AR (X (r>>]2
MPR() = G

E2A2B2M" (X (r)) M*(X (r))

generates the same stretch tensor fields as the member of Family 1. Hence, the generic
solution branch of Family 1 is contained in the generic branch of Family 5. Coupled with
the previous result, we conclude that the generic solution branches for Families 1 and 5
are equivalent, in that every universal solution in one of these branches has at least one
equivalent universal solution in the other.

Next, choosing an arbitrary universal solution in the generic branch of Family 3, we seek
a universal solution in Family 5 that is equivalent. Choosing parameters M''(r), M2 (r),
M® (r), A, B, C s [), E ,and F determining an arbitrary solution in Family 3, we can choose
an element of Family 5 by specifying the parameters A, C, E, M'"'(R(r)), M**(R(r)), and
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M*(R(r)), where R(r) = % If we choose these such that

A2 = BYM" ()

MU ReY) = 2 210)
MP(R(r) = ——— [ o @1)
CEM™(r) A(CF- DE) (= B) w1y
+ (CH20) + DV () (EMP ) + FIP (1)) } 212)
1 F? . . 2
MP(R(r)) = —— +(EM>(r)+ FM*(r)) |,
EXM=0) | A(CF-b ) 2 — BYM (r) )

(213)

we obtain a universal solution that is equivalent to the specified solution in Family 3. Hence,
the generic solution branch of Family 3 is contained within that of Family 5. Coupled with
our previous results, this result implies that the generic solution branches of Families 1, 3,
and 5 are all equivalent to each other.

Next we consider the anomalous solution branches for these families. First, we select an
arbitrary member of Family 3 anomalous solution branch by specifying the parameters A, B,
n= DE—CF/} é1, €, a1, da, Y1, and p,. We seek to find solutions in Family 1 anomalous
solution branch, and Family 5 solution branches that generate equivalent solutions.

First examining Family 1, we can select values for constants oy, a2, y1, ¥2, €1, €2, A, B,
and C. It is straightforward to verify that the choice

a =y, W=y, YI=d, py=d+Cy,

1 ~ - -
B=——, A=An", e =e, e =e¢é,

v A
generates an equivalent solution. Likewise for Family 5, we can choose values for the pa-
rameters o, &, Y1, V2, €1, €2, A, and E, where the specific choices

(214)

A=iVA E=1 ai=d, w=d n=h n=h a=éa, a=o
(215)
generate a solution that is equivalent to the arbitrary solution from Family 3. Hence the
anomalous branch from Family 3 is contained in both that of Family 1 and Family 5.
Conversely, we select an arbitrary member of the anomalous branch of Family 5 by
specifying the parameters «, &z, Y1, V2, €1, €2, A, and E. We can verify that the choice of
parameters

A=A, UZ\/X, e1=¢é, e=6, aj=Ed;, w=Ed, yi=7, n=p,
(216)
yields a solution from Family 3 that is equivalent to the arbitrary one from Family 5.

SWhile the anomalous branch for Family 3 depends on the parameters C, D, E, and F, they only appear in
the combination DE — CF, hence it is sufficient to only specify this value.
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Finally, we select an arbitrary member of the anomalous branch of Family 1 by specifying
the parameters a1, &%, Y1, V2, €1, €2, A, , and C and seek an equivalent solution in Family
3. The parameter choices

A=A%, B=B, n=1, e =¢é, e =é,
217
o) = )/1 O[zzﬁ—BCOlz, Y1 ZBOZQ, )/2:502], ( )
AB’ AB
generate such a solution. Hence, we deduce that the anomalous branches of Families 1 and
5 are contained in that of Family 3, which combined with our previous results implies that
the anomalous branches of all the three families are the same.

Therefore, having examined both the generic and anomalous branches of these families,
we conclude that Uy = U3 = Us. Hence, in the anelastic setting, our initial six families of
universal solutions have collapsed into three families U4, U3, and Uy, one corresponding to
each of the three surfaces with constant principal curvatures in 3D Euclidean space: planes,
cylinders, and spheres, respectively. These surfaces are the invariant sets of the symmetry
groups of the left Cauchy-Green tensor fields, and they played a central role in [7], being the
level sets of the strain invariants. Here, we see that not only are the invariants of b constant on
these surfaces, but b itself is symmetric with respect to these surfaces in the manner induced
by the action of the special Euclidean group. This symmetry is present even in the degenerate
case when the invariants of b are constant, which is why we can identify the symmetry
groups even in the anomalous solution branches. In the classical problem, similar surfaces
can be identified in the material manifold, since in the absence of eigenstrains, the material
manifold and the reference configuration coincide. These surfaces are invariant sets of the
symmetry groups of the right Cauchy-Green tensor fields, and prevent the identification of
the classical families with each other, since the only two classical families with matching
invariant sets in both configurations are Families 3 and 5. These however cannot be identified
with each other because solutions in Family 5 have constant invariants, while those in Family
3 do not. Hence, it is only after the addition of eigenstrains that many of the classical families
become redundant.

8.3 Standard Forms of the Three Distinct Universal Families

‘We note that there is some redundancy in the parameterizations we currently have, which is
exhibited by observing that the parameter selections we have used to identify the families
with each other are not mutual inverses. We can reparametrize to eliminate this redundancy
and have a single representation for strain field of each family. Concretely, we can express
the left Cauchy-Green stretch field for the anomalous branches of 43 in the following stan-
dard form:

pl=m=+ \/mz — [p + (b13)2 + (blzr)z],

b13)2 _ (blzr)2 (b“ _ 2m)
pr2 [(67) + (br)]
i (07)" = p (61" (b —2m)

p[@7) + ()]

b22: (

218)
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b"*b" (146" p—2pm
pr=T2 N ( PP s
r

r3or’ » [(b13)2 + (ber)z]

where p is the product of the two free eigenvalues of b, and m is the mean of the two free
eigenvalues. The inverse of this, c,;, is the push forward of the material metric, and has
components

2 — bl (prb”)z +pl (r2b12)2 pl (b13)2 + (prb12)2
‘n=——"" (n= > o7 0 B 3 27
’ pleron) + ()’] p[(r52)"+ (b0)]
(219)
F2p12 pli3 p12p13 (bll _ pz) 2
Cl2=— , CB=———, (3= 2 o
p P [(rbIZ) + (b13) ]
The generic branch of this family likewise has a standard expression:
bp'(r) 0 0
[b“” (r)] = 0 b2@r) bB() |, (220)

0 b3 b3

with the incompressibility condition detb = 1 taking the form r2b''(r)[b?*(r)b*3(r) —
(b*3(r))*] = 1. The inverse of this form then takes the form

C]l(r) 0 0
[ca]=] 0  cn) cn@)], (221)
0 c3(r)  c33(r)

with the incompressibility condition being ¢y () [022 (r)esz(r) — (co3 (r))z] = r2. The pos-
itive definiteness condition is equivalent to ¢y (r) > 0, ¢»n(r) > 0, and c33(r) > 0 in
addition to the incompressibility condition (221), or in the anomalous solution, requir-
ing m > 0, and 0 < p < m?. An example of one of these generic solutions was investi-
gated by Yavari and Goriely [39], with the parameter choices c;; () = A2, ¢x (r) = A%r2,

2.2 2
€23 (r) =r2 (Y (hr) — 7), and ¢33 (r) = HEWEDZD"

Similarly, the left Cauchy-Green tensor field for the anomalous branch of the family i/,
takes the standard form

o = m :i:\/mz _ [p + (b12)2 + (b13)2],
(b13)2 —p (b12)2 (b“ _ 2m)
p[(67) + (69)’]
(b12)2 —p (b13)2 (b” _ 2m)
p[(67) + (7))
_b12b13 (1 1 pb't — 2pm)

p[(67) + (b9)’]

b22 _

(222)
b33 —

b2 =ax +ay, bP = b" =yix + s,
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with p and m defined as previously. Inverting this to obtain c,;, one obtains

o — bl pll (b12)2 + (pb13)2 pll (b13)2 + (pb12)2
Cll=— ", Cn= , C33= s
p[@2) + 0] p[@2) + 0]
(223)
pi2 pi3 p12p13 (p11 _ pz)
Ci2 = —7, C3=——", (3=

The left Cauchy-Green tensor for the generic branch of this family also has a standard form

b (x) 0 0
[p*x)]=| 0 b2 (x) bP(x) |, (224)
0 P bW

with the incompressibility condition becoming b'' (x) [1122()c)l)33 (x) — (% (x))z] = 1. The
inverse of this then takes the standard form

C11 (X) 0 0
[cav@)]=| 0 en(x)  cax) |, (225)
0 cnix) c3x)
with the incompressibility condition
c11(x) [en(®)ess(x) = (c3(x)’] = 1. (226)

The positive-definiteness condition is equivalent to requiring cj;(x) > 0, ¢ (x) > 0, and
c33(x) > 0, in addition to the incompressibility condition (226), or in the anomalous case,
requiring m > 0, and 0 < p < m>.

Finally, the spherically-symmetric family ¢ can be expressed in the standard form

through its left Cauchy-Green tensor

g(r)? 0 0
1
1= O weem O (227)
g2
which has the inverse
g 0 0
[car]=| O  g@)r’sinf¢p 0 |. (228)
0 0 g(r)r?

The incompressibility condition and positive definiteness is automatically satisfied for arbi-
trary functions g(r) satisfying g(r) > 0. In terms of parameters defined by Goriely [14] in
Chapter 15.1.1, this function is g(r) = a, = o~ it is the radial stretch.

These standard forms make it clear that universal solutions in anelasticity can be catego-
rized by computing the tensor ¢”, and comparing the result with the standard forms here. As
a consequence of this, the symmetry of the elastic strain in the current configuration deter-
mines which family any particular universal solution belongs to, as it is this symmetry that
is reflected in ¢’.
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We have examined particular symmetry groups, namely T(2), T(1) xSO(2), and SO(3).
All of these are Lie subgroups of SE(3), and specifically they are generated by two inde-
pendent generators; choosing two translational generators yields T(2), choosing a rotation
and a translation about the axis of that rotation yields T(1) xSO(2), and choosing two rota-
tions fixing a common point yields SO(3). We show in Appendix C that any Lie subgroup
of SE(3) generated by two arbitrary independent generators contains at least one of these
groups by necessity, hence we have the following theorem:

Theorem 8.1 (Classification of symmetric universal solutions) Any universal solution that
is equivariant under the action of two independent 1-dimensional Lie subgroups of SE(3) is
contained in one of the three universal families U,, Us, or Uy.

This allows us to precisely state our conjecture regarding the completeness of our classi-
fication in terms of symmetry:

Conjecture 8.1 (Symmetry necessity) A deformation must be equivariant with respect to
the action of two independent one-dimensional Lie subgroups of SE(3) in order to be uni-
versal, hence our classification is complete.

9 Graphic Representation

Because the material manifolds are generally non-Euclidean, visualizing them is difficult.
A way to overcome this difficulty is to approximate their geometry as “piecewise Eu-
clidean” and examine the deformation of each piece. This approach is similar to the three-
dimensional version of approximating a curved surface with a polyhedron, and then repre-
senting that polyhedron in the plane by its net. The original surface can then be build up by
connecting appropriate edges, but because of the curved nature of the surface, these edges
cannot all be connected without distorting the pieces, or lifting them out of the plane. To
demonstrate this technique, we will first start with a two-dimensional example, and then
move on to a Euclidean three-dimensional example, and then finally apply the techniques to
examples of material manifolds obtained from our analysis.

9.1 A Two-Dimensional Example

We know that representing spherical geometry in the plane isometrically is an egregiously
impossible task [11]. To get around this, we only do this approximately, and allow for in-
compatibility by partitioning and separating our domain in multiple pieces. We can then
stretch each piece in such a way that the deformed pieces can be approximately recombined
in three-dimensional space to form an upper hemisphere. The deformed pieces are individu-
ally flat, so they can all be placed in the plane, but not in a way such that they can be pieced
together without gaps (see Fig. 12).

Explicitly, we want to take the region r € [0, 1], 8 € [0, 27), where r and 6 are polar co-
ordinates in the plane, and map it to the surface z = +/1 — r2 in three-dimensional space. The
stretch induced by this map is described by the metric tensor with cylindrical components

L0
[Ma5]=[‘*’ 2], (229)
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Fig. 12 We start with a disk,
partition it, and separate the
resulting pieces to allow for room
for each piece to strain without
overlapping its neighbors. We
then strain each piece, and
recombine the deformed cells to
create an approximation of an
upper hemisphere. Here each cell
[Ri—1,Ri]1x[®;_1,0;]is
positioned so both the position of
the point

(.6) = (Ri—1 + R)/2,
(®_1+©;)/2), and the
orientation of its tangent plane
match that of the exact map from
the disk to the hemisphere

which we can approximate as constant on each piece, while keeping each piece in the plane,
by evaluating the metric at r* = (r,;qx — min)/2. The deformed pieces can then be rigidly
translated and rotated in three-dimensional space to approximate the desired spherical sur-
face, with the approximation becoming better as the partition becomes finer (see Fig. 13).

This two-dimensional example allows one to see the correspondence between the de-
formed partitioned approximation and the recombined non-Euclidean configuration, which
is important because once we move up to three-dimensional examples, we are no longer
able to recombine the strained pieces; we must deduce properties of its geometry from the
deformed partitioned approximation alone. Additionally, while we assembled the resulting
deformed pieces into a hemisphere by lifting them into a higher dimensional Euclidean
space, we could have assembled them into any number of other surfaces that are isomet-
ric to the hemisphere. Because we only determine the intrinsic geometry of the material
manifold, there is no preferred isometric embedding in some higher dimensional Euclidean
space, unless as above, we explicitly specify the embedding.

9.2 A Three-Dimensional Euclidean Example

Just as in the two-dimensional example, we can partition a flat three-dimensional body, ex-
plode it, and approximate strains on each piece to represent the non-Euclidean geometry of
our deformations. The only difference is that, in general, we cannot recombine the distorted
pieces into a cohesive whole, because the resulting shape is not globally flat. However, if
the strain that we impose is actually induced by a map between Euclidean spaces, we can
apply this procedure to the partitioned pieces, and observe the local strain, while separately
observing the global deformation. We can then compare the two results to see which features
are preserved by this local partitioning approach to better interpret the results of applying
this procedure to our derived material metrics.
Consider the following map given in cylindrical polar coordinates

r=R, 0=v0, z=Z+4 uvO. (230)

This map produces azimuthal shear and angular stretching. Choosing © =2 and v = %, and
mapping the domain R € [2,3], ® € [0, 27”] Z € [0, 1], we obtain a transformation shown
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Fig. 13 As the partitioning gets
finer, the resulting approximation
of the anelastic strain becomes
more and more accurate

Fig. 14 Angular stretching and
azimuthal shear of an annular
wedge. Elements of this body
have been artificially separated to
better show the deformation of
the internal elements

Fig. 15 With just knowledge of the strain at each point, we cannot recover the local rotation necessary to
piece the elements together, nor the global rotation present in the overall deformation

in Fig. 14. If we instead compute the strain tensor, and use it as a material metric for the
current configuration, we obtain

1 0 0
[Mapl={0 V2(r2+pu?) pnv|. (231)
0 j7aY; 1

Applying this stretch to our partitioned domain, we obtain the depiction shown in Fig. 15.
This side-by-side comparison shows what is happening when we do this piecewise transfor-
mation, namely we capture the strain of each piece, but we do not capture any local rotation
that is present in the global deformation. This is because local rotations produce no strain, so
they do not contribute to the strain tensor, and hence, we cannot expect to be able to capture
them through this reconstruction.
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9.3 Anomalous Anelastic Strains

For the anomalous families, we will use the partitioning technique to attempt to visualize the
deformations. We note that not all choices of parameters are valid over arbitrary domains.
In particular, the parameters must be chosen such that the metric is positive definite over
the chosen domain, in addition to making sure that the strain tensor b is positive definite,
a much simpler task as this requires e; and e, to be positive with e? > 4e,. We also depict
the total overall deformation, coloring the current configuration by the trace of the Cauchy
stress required to maintain it for a Mooney-Rivlin solid with strain energy of the form

W=%<11—3)+%(12—3), (232)

both in the presence and absence of anelastic strain. Because the invariants of the left
Cauchy-Green tensor are constant for the anomalous universal eigenstrains, any choice of
strain energy is indistinguishable from a Mooney-Rivlin energy, and the only invariant of
the Cauchy stress that can potentially vary spatially is the pressure generated due to the con-
straint stress. Here we choose the two material parameters in the Mooney-Rivlin energy to
each be equal to 1, though different choices of parameters would yield qualitatively similar
results.

Family 1 For this family we choose the reference domain X € [0, 1], Y € [0, 6], and Z €
[0, 4], and take the deformation parameters A = %, B=1,C= %, D=2, FE=0,F=0.To
examine the effects of anomalous universal eigenstrain on the equilibrium stress distribution,
we consider the same overall deformation, and contrast the stress generated in the presence
of eigenstrain with that generated in the absence of eigenstrain. For the anelastic strain
parameters, we use

(233)

a=—1, ==, yi=—2, Y=—,

1 1 6 =3 A=

8 8 %
One can verify that this ensures that M is positive definite over the chosen domain. To visu-
alize the anelastic strain, we subdivide the domain, separate the pieces, and approximate the
anelastic strain on each (see Fig. 16). This anelastic strain is generally not compatible, i.e.,
the deformed pieces cannot be reassembled in Euclidean space without further deformation.
We map the body into the current configuration, and color it to denote the spherical part of
the Cauchy stress generated by a Mooney-Rivlin solid. This requires us to integrate the inde-
terminate constraint pressure field, both with and without eigenstrain. Without eigenstrain,
we have the following differential equations for the constraint pressure

op @ TA(BCP-1)— (B> +5)r* ap dp
o _ Lo, Zoo, @3
or r3 00 0z
which can be easily integrated to obtain
1 2 (p22 2, 3
— 4+ A (B°C*—1 B+ =
pX)=p(R)=—L° ( )_ A2, (235)

2r2 2

Notice in particular that p does not vary with z or 6. Additionally, only the gradient of p
affects the motion, which allowed us to ignore the integration constant when integrating the
above equations.
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Fig. 16 A depiction of the anomalous anelastic strain for one element of Family 1

When there is eigenstrain, we obtain a different set of differential equations determining
pX):

OPei OPei 2AB (1 OPei 2(1
pg:k(R), pg: ( +62)O(, Pg: ( +92)y
ar a0 e 0z e

where k(R) is an algebraic function of r alone. We can in principle integrate these to obtain

1s (236)

2AB (1 +e) 2(1+e)
o0 + Yiz.
() és

Peig(X) = peig (1,0, 2) = f k (F)dF + (237)

o

In contrast with the ordinary case, when we have eigenstrain, we can generate pressure gra-
dients that vary with 6 and z. Interestingly enough, even the generic universal eigenstrain
cannot generate pressure gradients in these directions; the anomalous universal eigenstrain
is the only universal eigenstrain that can create pressure gradients in these directions. This
suggests that the measurement of these pressure gradients can be used to partially measure
the eigenstrain, and conversely these anomalous solutions can be used to generate pressure
gradients in these directions to, for example, counteract the pressure generated by body
forces. We then compute the first stress invariant, the trace of the Cauchy stress, or equiva-
lently its spherical part, for the material both in the absence and presence of eigenstrain, and
plot the resulting stress invariant in Fig. 17.

Family 2 For this family, we choose the reference domain R € [2, 3], ® € [0, 5], and
Z €[0,4], and take the deformation parameters A =1, B = %, C = i, D=0,E=0,
F = 0. These parameters define the total deformation, allowing us to examine the effects
of eigenstrain on the Cauchy stress. In particular, we take the parameters appearing in the

anelastic strain to be
(238)

This ensures that the metric is positive definite over the chosen domain. We subdivide and
explode the domain, and apply our anelastic strain to each piece, as shown in Fig. 18. We are
then left with a set of differential equations determining the constraint stress. In the absence
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Fig. 17 Without eigenstrain
(top), only radial pressure
gradients can be sustained. With
the imposition of the anomalous
eigenstrain (bottom), linear
pressure gradients with z and 6
can also be sustained

Fig. 18 A depiction of the anomalous anelastic strain for Family 2

of eigenstrain, we have

a 1 a a
Prapry—— - Lo Py (239)
0x 2AB? (x — D) dy 0z
Upon integration, we obtain
1
X) = =2AB*(x—D)— —————. 240
pX)=px) (x — D) IAB (x — D) (240)

In contrast, when we consider eigenstrain, we have the equations

e Ipei 231 Ipei 231
e _yiyy, o _N2Uted) 0y VIAF) o0y gy

dx dy JAe, REFY: JAe,

where as before k(x) is an algebraic function of x. We can integrate these equations to obtain

Yoo V21 +e) V2(1+e)
ei X) = ei s Y = k d C A .
Peig(X) = peig (x,7,2) /xo (])ds + VAe, ar VAe, (Con yl();z)

As before, the presence of this anomalous universal eigenstrain generates pressure gradients
in directions that are not possible in their absence, in this case, the y and z directions.
Again, even the generic branch of universal eigenstrains cannot generate pressure gradients
in these directions, further highlighting the unique nature of the anomalous solutions. We
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Fig. 19 Without eigenstrain
(top), the pressure generated by
this deformation only varies with
x. When we impose the
anomalous eigenstrain (bottom),
the pressure generated can also
vary with both y and z

then compute the trace of the Cauchy stress, and plot the resultant distributions both in the
absence and presence of eigenstrain (see Fig. 19).

Family 3 For this family, we choose the domain R € [2, 3], ® € [0, 5], and Z € [0, 4], and
the deformation parameters A=1, B=0,C=2, D=1 E=1F=32G==",H=0.
This completely defines the total deformation, allowing us to examine the stress generated

with eigenstrain in contrast with that generated without eigenstrain. We take

1 2 1 3 ea=%. M=

_8 = 3 7/1=§, sz—ﬁ, =2 =

3

(243)

W W

as our anelastic parameters. Over the defined domain, these choices ensure that the anelastic
metric tensor is positive definite. We then partition and explode the domain, approximating
the eigenstrain on each piece, depicting the result in Fig. 20. As before, we obtain differential
equations for p, yielding in the elastic case

BF? 2 F2r?
o _ B D+ B— e Tt G
dr  (DE —CF)*r? A
A[BB+C?)r—(1+C)r’] (244)
(r2— B)2
el d
=0, L=o,
a0 0z
which can be integrated to obtain
1| 2[(DE — CF)* + F*]log(R 2AB E2
p %) = p(ry = 1| 2L¢ S Pllog(®) el B
2 A(DE - CF) r2—B (DE — CF)2r2
B[(DE — CF)* - F?] ) .
~Aami_crre AU+ C)lg(B=r) |, (245)
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Fig. 20 A depiction of the anomalous anelastic strain for Family 3

Fig. 21 Without eigenstrain
(top), the pressure only varies
radially. With the anomalous
eigenstrain (bottom), the pressure
can vary linearly with z and 6
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In contrast, in the presence of eigenstrain, we have the differential equations

9Peig dpeig  2(A’+e) (DE —CF)
—_— = k(R), = )/1 s
ar 06 /Ae2
(246)
Ipie  2(A>+e)(DE—CF)
= o,
9z VAe,

with k(R) an algebraic expression in r as in other families. This pressure can be integrated
to obtain

"o\ .. 2(A’+e)(DE-CF)
X) = (,9,)=/k &+ o
P =pr0.2)= | k(7)dF NP v
2(A*+e) (DE —CF)
) 247
\/Zez o1z ( )

We compute the first invariant of the Cauchy stress and color the deformation according to
it in Fig. 21. As in other families, the presence of this anomalous branch of universal eigen-
strain can generate pressure gradients in directions that do not occur otherwise, specifically
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Fig. 22 A depiction of the anomalous anelastic strain for Family 5

pressure that varies with 6 and z. This property would allow one to indirectly measure the
eigenstrain by measuring the pressure variation required to sustain this deformation. Like-
wise, if we can specify the eigenstrain, we can create specific pressure gradients that would
otherwise be impossible for the generic branch.

Family 5 For this final family, we choose the same domain as in Family 3, i.e., R € [2, 3],
® € [0, 5], and Z € [0, 4], and we take the deformation parameters to be A = %, B =1,

C=1,D=-%,E= 45_1’ F = 0. Choosing the anomalous eigenstrain parameters as
1 1 1 1 elzﬁ,c}k]:%, 248)
a=—z, o0=r, =——, =-,
Ty Ty T BT =0 V=

we subdivide and explode our domain, then approximate the eigenstrain on each piece. The
result of this is depicted in Fig. 22. As with the other families, we are left with a set of
differential equations determining the constraint stress. When eigenstrain is absent, we have
the equations

ap (B2 C 1) (14 A%CY) a_p_23<A4+é) »

=— , =~ = 0, 249
or A2C?r 00 A? 9z (249)
which can be integrated to obtain
44 1
(B> + C? = 1)(1 + A*C?) 2B (A +a)
pX)=p(r.0,2) = — e log(R) + ———5—>6.  (250)
When we consider the anomalous solution, we have the equations
d a 2A(1 a 2AE (1
—p=k(R), _PZM% _pzﬁal, (251)
or 209 e 9z e
in terms of an algebraic function k(R) which can be integrated to obtain
"o . 2A(1+e 2AE(1+e
p(X):p(r,G,z):/ k (F)dF + (e 2)y16'+ (e 2 gz, (252)
2 2

o

When we compute the pressure gradient in the case of the generic universal solution, we ob-
tain a pressure that only varies with . We see that the anomalous branch generates pressure
gradients that vary with 6 and z, unlike the generic solutions. We can compute the trace of
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Fig. 23 Without eigenstrain
(top), this family allows for
pressure gradients in both the
radial and azimuthal directions.
With eigenstrain (bottom), an
axial pressure gradient can also
be sustained

the Cauchy stress, both with eigenstrain and without eigenstrain, and use this to color the
deformed configurations in Fig. 23. Notice that unlike other families, the constraint pressure
in the absence of eigenstrains can vary in a direction different than in the generic anelastic
situation, specifically, for an eigenstrain in the generic solution branch, we have dp/d6 =0,
but in the absence of eigenstrain, we have dp/d6 = 2B (A4 + é)/Az. This is due to the
fact that the standard Euclidean metric in terms of cylindrical polar coordinates lies on the
anomalous solution branch, and not within the generic branch. In the elastic case, when the
azimuthal shearing term does not vanish, corresponding to B # 0, we have a pressure vari-
ation in @ that is necessarily nonzero. In the anomalous case, we can determine the pressure
variation in both 6 and z by adjusting our choices for y; and «;, allowing us to determine
the pressure variation in these directions independently of the overall total deformation by
choosing the anelastic strain appropriately. Specifically, we can have arbitrarily large az-
imuthal shearing, while also causing the azimuthal pressure variation to vanish. While the
other families also allow us to select the ordinarily absent components of the pressure gra-
dient in a similarly arbitrary way, this family is unique in having one of these pressure
gradients present without eigenstrain, so the anomalous universal eigenstrain allows us to
both create pressure variations in these directions, but also remove pressure variations that
are ordinarily necessary to maintain the overall deformation.

Additionally, with the anomalous anelastic solution branch, the azimuthal pressure vari-
ation dp/060 =2A (1 + e;)y1 /e, does not depend on the degree of azimuthal shearing, i.e.,
it is independent of B. While the anomalous eigenstrain itself does depend explicitly on B,
if the eigenstrain and the total deformation are simultaneously varied by changing B, the
azimuthal pressure gradient should not change. Doing this in practice would be difficult,
because fundamentally the parameter B partially determines the overall deformation, hence
both the overall deformation and the eigenstrain would have to be simultaneously controlled
in precise ways to realize this thought-experiment. Thankfully, this does not have to be done
dynamically; a new value of B could be selected, the overall deformation could be con-
trolled, and once it is established, it is fixed. Then the eigenstrain could be controlled until
the universal eigenstrain corresponding to the chosen value of B is obtained. After this is
done, the pressure variation could be measured, and this process can be repeated to establish
the independence of the azimuthal pressure gradient.
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10 Conclusions

We have generalized the universal solutions of Ericksen’s problem to the case of anelasticity.
The main idea was to first identify the symmetry group associated with each solution of
the classical Euclidean problem and use this symmetry group in a non-Euclidean setting by
finding the possible metrics that guarantee each symmetry group. We used both the structure
of existing universal solutions for a given M and their symmetries to find possible material
metrics M. This was done by interpreting the classical universal deformations passively as
coordinate changes. Then all local changes in geometry can be captured by changing the
metrics. In this way, once we moved away from M to the general M, we recognized that
any homeomorphism can be expressed by the particular coordinate maps for each family,
since the coordinates themselves no longer hold any specific interpretation. By identifying
an appropriate symmetry to impose on M for each family a priori, we accomplished the
following:

e First, we constrained this problem to a point where it is still nontrivial, but solvable in a
systematic algorithmic way.

e Second, because this symmetry depends on the classical family of universal solutions, our
construction provided a direct extension and classification of the new anelastic solutions
consistent with the elastic ones.

e Third, it is likely that these symmetries play a fundamental role in constraining the classi-
cal problem; the known classes of universal deformations all have particular symmetries.
Identifying the relevant symmetries to impose on M highlights this explicitly and we
conjecture that all possible cases of anelastic universal solutions possess such symme-
try. Specifically, all known universal solutions are preserved under the induced action of
subgroups of the special Euclidean group. These subgroups are precisely those having
two-dimensional invariant sets, which are either parallel planes, concentric cylinders, or
concentric spheres.

It should also be noted that the generic solution branches and the anomalous solution
branches differ largely in character. The generic solution branches contain arbitrary func-
tions, and as such are infinite dimensional, while the anomalous solution branches are en-
tirely determined up to a handful (~ 10) of arbitrary constants, 6 of which are not redundant,
and have a highly nontrivial structure. In all cases, the different branches of the analysis
ultimately yield the same family of anomalous solutions. These anomalous branches also
allow for the pressure required to sustain these deformations to vary in directions that would
otherwise not be supported, even on the generic anelastic branch. This suggests possible
applications of these anomalous branches in manipulating the surface tractions required to
sustain these deformations, as well as a way to indirectly measure some of the eigenstrain
parameters.

Additionally, symmetry appears to play an important role in these universal solutions.
The right Cauchy-Green stretch tensor field for every family is invariant under some sub-
group of SE(3), the group of orientation preserving isometries of 3D Euclidean space. The
dimension of the Lie symmetry seems to play an important role as well; equilibrium con-
ditions for families with three-dimensional Lie symmetries (Families O and 4) are trivially
satisfied by imposing that symmetry on the material manifold, while families containing
two-dimensional Lie symmetries require further restrictions.

While we have framed this problem in the context of an anelastic deformation from Eu-
clidean space with the usual metric in the chosen coordinates to some Riemannian manifold,
and a further elastic deformation back to Euclidean space, we do not make use of the ini-
tial Euclidean space in our analysis, nor do we detail any specific mechanism driving the
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anelastic deformation. The Euclidean reference configuration appears in the initial presen-
tation of these universal solutions in nonlinear elasticity, therefore we use it as a comparison
when displaying the elastic stress generated by these deformations, but there is no need for
it to be the initial state of our undefined anelastic process. Provided our anelastic evolution
arrives at the material manifolds derived here, the remainder of the deformation can be ac-
complished elastically. Therefore, the anelastic deformation can in principle map from any
configuration; there is no need for a Euclidean reference. Even if the reference is Euclidean
(as we tend to model physical space as Euclidean), there is no need for the coordinates used
to be the typical Cartesian, cylindrical polar, or spherical polar coordinates used in the elas-
tic case; they can be curvilinear coordinates, dramatically broadening the range of anelastic
deformations to which our results are applicable.

Finally, we remark that neither the classical Ericksen’s problem, nor the anelastic Er-
icksen’s problem presented here has been proved to be fully solved and there may still be
universal solutions unaccounted for. However, our conjecture, based on the correspondence
between solution families and their symmetry groups, is that both classifications are actually
complete. An additional work demonstrating that the strain fields of these universal solu-
tions must by necessity be symmetric with respect to two one-dimensional Lie subgroups of
SE(3) would prove that this classification is complete.
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Appendix A: Methods and Tools

In the course of our analysis, we shall use a few tools that are infrequently used in nonlinear
elasticity. Here we present a brief summary of these tools, and provide references to further
sources for interested readers.

A.1 Algebraic Tools

Some techniques from elimination theory [4] will be used in our analysis of universal solu-
tions. Chiefly among these is the method of resultants. We will not use resultants in their full
generality, but rather will only need to compute the resultant of two quadratic polynomials,
and as such will only provide the details necessary to substantiate our usage. Consider two
polynomials

k r
pr@) =Y ax', and py(x)=Y bx'. (253)
i=0

=0
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The resultant of p; and p, is a multivariate polynomial in {ay, ..., a, bo, ..., b,} that
vanishes if and only if there exists a common solution to the equations p;(x) = 0, and
p2(x) = 0. This will be useful to us because we will consider multivariate polynomials re-
cursively as single variable polynomials, with coefficients in some extended field, and the
method of resultants gives us a way of reducing the number of necessary equations that must
be satisfied, while reducing the number of variables we must consider.

As an example, consider two quadratic polynomials p;(x) = a;x> + b;x + ¢;, and
P2(x) = arx* 4+ byx + ¢,. We seek a condition on {a,, by, 1, as, by, c,} such that there exists
£ satisfying p; (£) = p (£) = 0. Taking the linear combination a,p; (£) — a;p> (£) =0
gives us a linear condition on X, namely

(a2b1 — albz))? =da|cy —axcy. (254)

Then taking the combination b; p, ()?) —bypi ()2) = 0 gives the condition (a,b; — a;by) £>+
bicy — bycy =0, which under the above linear restriction becomes

(ajc; — ayc1) X = byey — bros. (255)

Cross multiplying and subtracting the two linear equations (254) and (255) gives a necessary
condition on the coefficients of p; and p, for there to be a common solution, namely

(@10, — ayc1)” — (byey — bica) (azby — arbhy) =0. (256)
The left hand side is precisely the resultant of two quadratic polynomials, and so we denote

Res, (ll1X2 + blx +cy, a2x2 + ng + Cz) = (a1C2 - leCl)z - (bZCl - blcz) (a2b1 - albz) .
(257)
The vanishing of the resultant is a necessary condition for the existence of a common root
of the two quadratic equations in x.
Additionally, we will repeatedly use the fact that if a polynomial p(x) vanishes on an
open set U, i.e., p(x) =0, Vx € U, then, by the fundamental theorem of algebra, all its
coefficients vanish identically, i.e., p(x) is the zero polynomial.

A.2 Group Action on Manifolds

Symmetry will play an important role in our construction. As group theory lies at the heart
of any discussion of symmetry, we present some definitions from the theory of Lie groups,
and reference the reader to Gorbatsevich et al. [13] for a full treatment. We recall that a semi-
direct product is a generalization of a direct product, where only one factor must be a normal
subgroup of the result. For instance, T(n), the group of translations of Euclidean space,
is a normal subgroup of the special Euclidean group SE(n), while the group of rotations,
SO(n) is not, hence SE(n) # SO(n) x T(n), but rather SE(n) = SO(n) x T(n). The special
Euclidean group, denoted SE(n), consists of all orientation preserving global isometries of
Euclidean space, and is a semi-direct product of SO(n), and T(n). Therefore, an element
of SE(n) can be identified with a tuple (Q|c) consisting of an element Q of SO(n), and an
element ¢ of T(n). The defining feature of SE(n) being how it acts on E”, we must now
express this action, and hence the natural group operation of SE(n) on E" in terms of (Q|c).
The action of a group (G,*) on a manifold M, informally, is a map p: G x M —
M that preserves the group structure of G. Denoting this action for g € G and x € M as
p (g,X) = g eX, this demands (m, xm,) ex=m, e (m; ex) forallm;, m, € G,and all x €
M. Additionally, denoting the identity of G as e, we demand p (¢,X) = e ex =X, Vx € M.
Concisely, a group G acts on an object M via a homomorphism p : G — Aut(M).
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Example A.1 Treating E" as a vector space, i.e., fixing an origin, the action of SE(n) on E”
in terms of the tuple (Q|c) sends the point x € E” to the point Qx + ¢. One can easily verify
that this is an isometry. The action of the element (Q;|c;) followed by the action of the
element (Q:|c,) is then x — Q,Q;x + Q,¢; + ¢;, hence, in this representation, the product
of the special Euclidean group, *, takes the form (Q;|c;) * (Qq]c;) = (Q2Q1|Qa¢; + ¢2).
We will eventually see that the right Cauchy-Green stretch tensor for each of the known
families of universal solutions is preserved under the prolonged action of some Lie subgroup
of SE(3).

The action of a group on a manifold can then be prolonged to its tangent bundle. This
prolonged action can be determined by fixing an arbitrary group element g, and considering
the action of this element as a map p(g) : M — M. The existence of inverse elements in
G guarantees that this map is invertible, since p(g)~! = p(g~"). Provided M has a smooth
structure, and p(g) is a smooth function of x, this map can then be differentiated to obtain
the corresponding induced tangent map, i.e., the push forward map, which then determines
the action of g on the tangent bundle of M. The invertibility of p(g) then provides a group
action on the cotangent bundle via the pull-back induced by the inverse map. Notice that,
generally, we consider the prolonged action of a group on bundles over M, not merely on
individual tangent spaces, because underlying points in the base space are not generally
fixed, i.e., the base space and the total space are transformed together. Additionally, even if
certain points in the base space are fixed points under the action of a group element, this does
not guarantee that the tangent spaces at these points are similarly preserved. For example,
in [E3, a rigid rotation preserves the position of the points on its axis, but rotates the tangent
spaces at those points.

Appendix B: Explicit Calculations of the Anomalous Solutions

For families containing anomalous solution branches, we have the necessary (but not suf-
ficient) condition that the invariants of b are constant, with detb = 1 for incompressibility.
For each of these families, we have four linear differential equations, one linear algebraic
equation, and two nonlinear algebraic equations for the six unknown functions comprising
the components of M4, We will use the linear equations to solve for five of these unknown
functions in terms of the sixth, and then characterize the common solutions to the remaining
two equations to determine the final component.

Family 1

For this family, we consider the case where the invariants of b are constant. This gives the
equation

Mo Vig Vo =0, (258)
which, when applying the constant invariant condition and forcing this to hold for all energy
functions requires

MV Veb® =0, mup Vi Vyc® =0. (259)
The first of these has two nonzero components after substituting the form of M*8. One of

these components yields the differential equation 3M'2(r)’ + r M '?(r)” = 0. This equation
is readily integrated to obtain

M2y =2 g (260)
=%t
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Applying this to the second nonzero component of the condition on the divergence of b
yields the differential equation r*M"3(r)” — r3M"3(r) — 8AB?>Ca; = 0, which again can
be integrated to obtain

AB*Ca
M13(r)=Tl+y1r2+y2. 61)

After this, we must compute the condition on ¢, which we can simplify first by noting that
detb = 1, so we can utilize ¢ = (detb) ¢, which gives

b22b33 _ (b23)2 b13b23 _ b12b33 b12b23 _ bl3b22
[Cab] — b13b23 _ b12b33 b11b33 _ (b13)2 b12b13 _ b23b11 , (262)
b12b23 _ b13b22 b12b13 _ b23b11 b11b22 _ (b12)2

i.e., the cofactor tensor of b equals the inverse of b. When we use this, we obtain two
differential equations, which can be expressed as

(raq + r3012) MB@r) - (o1 — 3r2a'2) M3@r) — (ABZCral + 7+ r3y2) ME@r)”
+ (AB*Cay — Trty; = 3ry,) MP(r) — 8P’y MP(r) =0, (263)

and

(A’B*C?ray + AB*Cry; + AB*Criy,) MP(r)" + 8AB>Criy, M*(r)
+ (—2ABZCroc1 — AB*Cria, — Py — r3y2) MBE) =83y M>(r)
+ (—A?B*C?a; + TAB*Cr'y, + 3AB*Criy,) M2 (r) + (roy + ) M (r)"

+ (2ABzCoz1 —3AB*Crla, — Try, — 3r2)/2) MB@) + (—on + 3r2a2) M3 @) =0.
(264)

These equations can be integrated to obtain the conditions
(a1 +rPa) M (r) — (AB*Cay +ryy 4+ rya) MP(r) = i + 12 Ba, (265)
(ABZCotl + ity + r2y2) M2 — (ozl + rzaz) M?(r) =, +r’us. (266)
‘We also have the constant trace condition on b, which becomes

A*B*M" (r) + A’B*? (C* +r°) MP(r) —2AB’Cr’M> (r) + r*M*(r) = A*B*r*I.
(267)
We can express this system of equations, linear in M??(r), M?3(r), and M*(r), as the matrix
equation

0 —rPMB@)  rPMY2(r) M?(r)
r2M13(r) —r2pm12 0 M23(r)
A’BYr?(r* 4+ C*) —2AB*Cr? r? M3(r)
Bi+rB
= i+, , (268)

A’BX2L — AYBM' ()
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which is invertible, because the determinant of the matrix on the left hand side is
r [(M13(r) — AB2CM™(r) + (ABerlz(r))z] >0, (269)

since M'2(r) and M"*(r) cannot simultaneously vanish. We invert these equations to obtain
expressions for these components of the inverse metric in terms of M (), r, and various
constants.

M

»_ A'B*(Lir? - A’MM) (Mlz)2 + (u1 +r2u2) M3 — (B +2AB>Cpy +r? (B2 + 2AB*Cun)) M2
B r2[(M13 — AB2CM"2)? 4 (ABZrM12)2] ’
(270)
oo (Bt r2By) M3 + A2B2M"2 B2 (C* + %) (w1 + r2ua) + (A2M" — 1r?) M3
r2[(M5 - aB2CM™2)” + (aB2M12)7]

: 271)

A?B?
= X

33
M
72

(BL+7282) [B2(C2+r2) M2 =25 MB] — M3 [B2(C?+12) (1 +rPua) + (A2M' — 1;72) M13)
(M3 — AB2CM12)” + (AB2rM'2)? '

(272)

We then have the other two restrictions, the constancy of the second invariant of b and the
incompressibility constraint. After substituting the above expressions into these conditions,
they become

p1 = ASB?[A2B* (@) + r2as)” + 2 (P + 2 — AB*Ca) M (r)?
+ A*B* [ B (o1 + r20a) (B +72B2) + P2 (rPy1 + 12 — AB*Ca) (i1 + 7 j12) )
+ABC () + ) (i1 + r2ua) — A2BH L (o0 + )’
— 1Py 42 — AB*Ca)’ M (r)
+ ASB (o + ) + B (B +r7Ba)°
+ A*BY () + ) [BP L +2(r2y + v — AB*Ca)’]
— A*BOCLr*(ay + o) (s + P a) + 2AB*Cr (B + 12 ) (1 + 17 1)
+ AP B L (Fy + v — AB*Can)’ + ()
+ ¥ — AB*Can)* + BS(C? +r?) (1 + r’ua)’

— B*L (a1 +r?a) (B1 +7°B2) + 1 (FPv1 + v2 — AB*Ca) (1 + r112)) | =0,
(273)

and

D2 A4Bz((0t1 + r20[2)(131 + r2,32) + (r4)’1 +rfy + ABzCotl)(,u] + r2“2))M11(r)2
+ rz[(ﬁl + rzﬁz)z + AZB“(C2 + r2) (11 + 72M2)2

— A’B’L/(AB*Cay + r*y + 77y (1 + 7 12)

@ Springer



350 C. Goodbrake et al.

+ABY (B +1762) (2C (1 + 17 2) — Al (a1 + ) [M ' (r)
+[A2B* (a1 +rPe)’ + 2 (ry + 72 — AB*Ca)’]

X [r4 + (,51 +r2,32)(a1 +72052) + (1 +r2M2)(r4y1 +rfy + ABZCOH)] =0.
(274)

We then compute® the resultant of these two equations in M ' (r), yielding a polynomial
in r that must identically be equal to zero. In order for this to be satisfied, each of its coeffi-
cients must vanish independently. This can be shown by repeatedly taking derivatives of the
equation in r, which will ultimately require each of the coefficients to vanish independently.
Computing this resultant we obtain

Resyii¢y (P15, p2) = A®B?r8 [AZB4 (011 + r2a2)2 +r2 (r2y1 + v — ABZCaz)Z] (...).

(275)
The factors explicitly shown are identically nonzero, since A and B are nonzero for the
deformation to be invertible, » > 0, and the other factor only vanishes if both M'?(r) and
M"3(r) vanish, in which case we are no longer on the anomalous solution branch. There-
fore, we take (...) = 0. This factor is massive, being approximately 8000 terms, so it is far
too large to list here, but enough information has been provided to compute it explicitly
if the reader desires. We next take its coefficients to vanish independently, and factor each
coefficient. The shortest of these factors is

ASB? (B3 — B*Liyiid + B2 Lytus — v7)’ =0, (276)
which can be satisfied in one of two ways. Either both u, and y; are zero, or v = Lflz is

an eigenvalue of b. In the first case, after simplification of the other coefficients, we obtain
another equation

B> (B3 — | B2 A’ B>y + LB A*B*a? — A°B%a3)’ =0, (277)
which implies either o = 8, =0, 0or v = ﬁéaz is an eigenvalue of b.

Taking o, = B, = 0, we obtain another similar eigenvalue equation that implies y, =

ur=0o0rv= % is an eigenvalue of b.

Taking y» = u; = 0, we obtain another eigenvalue equation, but this equation demands
v = leal’ because we already have o, = y; = ¥, = 0; «; = 0 would result in both
M"(r) =0 and M"3(r) =0, a contradiction. This condition is sufficient for solving all
of the necessary conditions.

. 2 .
Backing up a branch, we can take v = % as an eigenvalue of b. We then perform

the substitutions /1 =¢e; + é and I, = i—; + e, with v = el, which expresses the invariants

of b in terms of the elementary symmetric polynomials in the other two eigenvalues. This
. . 2B2, - . . .

reveals an equation with 8; — ””‘6172“” as a factor. If this factor is zero, we satisfy all

of the necessary equations. If this factor is not zero, we have either e% —ee;+1=0, or
ay (e281 + ACy,) = 0. In the later case, plugging in o; = 0 we obtain ) = — efyz , which
corresponds to the vanishing of the other factor. Likewise, if we take e;8; + ACy, =0, we

f’Symbolic computations were done with Mathematica Version 12.0.0.0, Wolfram Research, Champaign, IL.
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. _ .. . A?Ba —ACy, __
obtain o; = 0 as a condition. Both of these together however imply that §; — ——2 =

. . .. €2
0, which is a contradiction.

If eg —eje; + 1 =0, this implies that A; = ALZ or Ay = )\% In either case we can express
2 1
the remaining equation in terms of only one remaining eigenvalue This equation has one
2
factor that we know is nonzero because it corresponds to ff; = w , which would
yield a contradiction. So we take the remaining factor to vanish. This factor is quadratic in

o . Taking the discriminant of this equation in «;, we obtain
Ay, = —4ASBSy) AL, (278)

where A, is the repeated eigenvalue. This discriminant must be non-negative in order for
the factor to vanish with real values of «;. However, this discriminant is identically non-
positive, which means it must be zero. However, the only way for this to happen would be
for y, = 0, which is a contradiction.

Having exhausted the options corresponding to o, = B, = 0, we consider v = as

B2
A2B2q,
an eigenvalue of b, and perform the substitutions on the invariants to express the invariants
in terms of elementary symmetric polynomials in A; and A,. Doing this gives five remaining
polynomial equations, which are still rather long and complicated. Ordering these equations
by their length, and taking the second shortest one, we note that this equation is quadratic
in e;. Taking the discriminant of this equation in e;, and demanding it be non-negative, we

obtain
— —4A°B%3a? (B + AB*C )’ (A*B2ay — e2y — AB*Cerpuy)’
x (AB*Cary — Prys + A’ By + A2B*C2aaity — AB*Cyyr)' = 0. (279)

This quantity is identically non-positive, and so the only way we can have solutions with
real values for e is if this quantity is zero. There are four factors that can possibly be zero:
ar, B + AB*Cuy, A’B*a; — 281 — AB*Cerpuy, and AB*Caz By — Brys + A*Bloyuy +
A’B*C?ar1 — AB*Cyouy.

First consider «; = 0. Inserting this, many of the remaining equations have a factor §; +
AB?C ;. If this factor vanishes, the remaining equations both contain the factor AB>Ca; —
v»+ B%eyu1. The vanishing of this factor satisfies all of the equations. If this factor does not
vanish, we can take the resultant of the remaining factors in e;, and obtain

A2B%a2 (AB*Ca — o)’ 13 (AB*Ca — y2 + BPeajy)” =0. (280)

Only two factors here can vanish, namely p; and AB>Cay — y. If we take ; = 0 and
insert it into the remaining two equations, one simplifies to imply AB%Ca, — y» =0. Like-
wise, if we instead take AB?>Ca, — y» to vanish, we obtain z; = 0, hence both must vanish.
However, if both of these vanish, the original term AB2Ca;, — y, + B?ey 11 vanishes, a con-
tradiction.

We can then consider the case when 8; # —AB?C ;. Taking the remaining factor of the
shortest equation, we have

A% (AB*Cas — )" + B? (B1 + AB*Cpu)” = 0. 281)

This requires AB>Ca, — y» =0 and 8, + AB>Cu, = 0, but the second of these is a con-
tradiction. This exhausts the case where o; = 0, so we take «; # 0, and consider the next
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factor B; + AB>Cu, = 0. Inserting this into the equations, we obtain
AYB"%af (A%a] + B*ui) =0. (282)

This cannot vanish for «; # 0, so we come to a contradiction.

Next, we consider o # 0 and B; + AB>Cpu; # 0, and take A’B%a; — ey —
AB?Ceyp; = 0. Solving this for f;, and inserting this into the equations, we obtain the
condition

AB*Cay — ys + B*eyu; =0, (283)

which can be solved for w; and is sufficient to satisfy the remaining equations. Finally,
we consider the remaining option with a; # 0, ) + AB>Cu; # 0, and A2B%a; — e, 8 —
AB?Ceypu; # 0 with AB?Cay8) — Biys + A2B*ayjuy + A’B*C?auy — AB*Cyruy = 0.
This equation can be solved for either 8; or u;. If y, # AB*Cas, we can solve this for 8,
and obtain

_AB>Cyy — A’B* (a1 + C’y)

= . 284
1 AB>Cary — ” 231 ( )
If we insert this, we obtain
s — AB?Cas
== —_ 285
M1 Be, (285)

as a necessary and sufficient condition for the remaining equations to be satisfied. This yields

—AB*Cy, 4+ A*B* (@) 4 Ca;)

1=
3262

. (286)

However, with these, the equation A>B%a; — e,8, — AB>Ceypuy = 0 is satisfied, a contra-
diction. Hence, we consider y, = AB*Ca,, which requires () = 0. With this, we have the
conditions B; # 0, a; # 0, and A2B%a; — e, # 0. With these, the remaining equations
demand

eg —eep+1=0, (287)

which in turn demands either A; = ;—2 or A, = ALZ Denoting the repeated eigenvalue as A,
2 1

we obtain the necessary condition A, = 1. However, with this we have g; = A>B%a,, which
contradicts the above inequality conditions, i.e., this case is already accounted for in the

previous cases.
B2uy
Y1

This exhausts the options with u; = y; =0, so we consider v = as an eigenvalue of

b. Inserting this into our equations yields

AZBZOIZ - AC)/]
R (288)
2
. . 3 . —AB2C
This requires e3 — eje; + 1 =0, or if not, g = ”232—82"‘2.
A2p? Clay)—AC . . .
In the later case, we have ; =0 or 8, = (1 +C%02) =4y i second option satisfies

e
the remaining equation, so we then consider o, = 0. With this, we obtain 8, =
which is a special case of the previous option.

A2B2a|—ACy,

(%) ’
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We then consider eg — eje; + 1 =0, which demands a repeated eigenvalue. This then
demands that this repeated eigenvalue A, = 1, which means that all eigenvalues are the
same. This allows us to solve for 8 and w; as

_ 7~ ABCa

7 , Bi=AB* () + C’oz) — ACy». (289)

23!
This satisfies the remaining conditions, and so our analysis is complete, having exhausted
all possible branches of solutions.

In order to depict this branching set of conditions, we can express the steps of the analysis
in a tree. Each node on these trees represents a system of equations, and each edge represents
one partial solution to these equations. Terminal nodes are color coded corresponding to
whether they are consistent (green) or not (red). Nodes and edges are then labelled below the
tree with the relevant equation/solutions utilized at each step of the analysis. The following
is the tree for this family:

+—+

Nodes
0: BSu3 — 11 B* 13y + LB oy} — i =0
o —: B3 —L1A’B*Blay + LA*B*Bra3 — A°BSa3 =0
+: B = %{AC”, and (B e — yo + ABZCag)(eg —ee;1+1)=0
——: Bou} — 1 B* 13y, + LB i3 —y3 =0
—t: o (ﬂl + ABZC;Ll) (A2BZ(J{1 — 62/31 — ABZCEZ,LLl)
(AB*Cox By — Biyr + A*B*a + AB*C*yay) =0
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o +—:0ap (A?B? () 4+ C’ax) — ACy, — Brez) =0

o iy = BEABCD and B — A2B (o) + CPs) — ACYs

o —— —: B — LA’B*B?a; + LA*B*Bia? — A°B%x3 =0

o — —+: % is an eigenvalue of b

e —+—:(Bi+AB*Cuy)(.)=0

e —++:(B1+AB*Cuy) (A2B*a; — 281 — AB*Cey )
(AB*Cox By — Biyr + A*B*aj + AB*C*yay) =0

. A2B2q;—ACy, A2B2a;—ACy,

L] —|———.,31:T,and,317éf
—AB2C« A2B? a1+C2012 —ACy,
° +_+:Ml=u’andﬁl=¥

B2ey
B = A2B2q|—ACy,
. 1 — e

e

.
I
I
i

o ——++:iai (e —erey + 1) (281 + ACy2) =0
o —+ ——: (yz—ABZCocz—BZez,ul) (..)=0
o —+—+:y»=AB>Ca, = B =—AB>Cpy,and B; # —AB>Cp,
e —++—1a;=0,and o; #0
o —+++: (A*B’a; — 28y — AB*Cerpty)
(AB*Coz By — Biyr + A*B*ayy + AB*C*yapuy) =0

e ——++—1y=0,and y, #0
o ——+++: Brex — A2Bza'1 — ACy, =0, and Be; — AZBZOll —ACyy #0

. _ »—AB’Ca
¢ — =T

2 2
o — b — b =P and py B
_ 2
o — b =B
2p2 20\

o — + ++ 4+ = 7”2’252&2, and g = ZEtarCe)7ACn (al+fza2) A2 o ABa; — exfpi —

AB?Ceyju; =0, and A2B%a; — ex 81 — AB>Cerjuy #0
Edges (labelled by child node):

—:y1=0,and up, =0
+: BZHZ

, is an eigenvalue of b
:B2=0,and a; =0

—+: ﬁéaz is an eigenvalue of b
:eg—elez—l—l;ﬁO
++:eg—elez+1:0=>ka:1
o ———:y=0,and u; =0

[ ]
i

——+: % is an eigenvalue of b
—+—ra;=0
— 4+ +: o 750

A2B? (a1 +C%a))—AC
b gy B ()4l

e
foti = Asz(apo:zaz)fACyz

- — 44— ,8162 — AZBZOll — AC)/Z =0
— — 4+ ﬁlez - AZBZOQ - AC)/2 #O
-4 ——: ,81 = —ABQC,LL]

—+ -+ f#-ABCy

-4+ 4+—: ,81 +A32CM] =0
—4+++: B+ AB*Cpy #0

,and o, =0

@ Springer



The Anelastic Ericksen Problem. .. 355

——++—:e§—ezel+1:0

— — 4+ +: (¥1:0<:>€2}31+AC)/2:0
—4+———1»=AB*Cay + B*er1

iy £ AB?Cay + B?eyiy = 1 =0, and y, = AB’Ca,
-4+ 4+ —: AZBZOll — e — A32C€2M1 =0

— 4+ 4+ +4: A’B%0; — 81 — AB?Ceypt #0

o o 0 0 0 o
|
+
|
|
+

The reader should note that this tree is not unique; there are potentially numerous ways
we could have performed these algebraic eliminations, but ultimately, we have derived these
conditions as necessary, and we have shown they are sufficient as well, and so any other
sequence of algebraic reductions would yield equivalent results. The branches of this tree
are all special cases of the conditions

m1 = %ﬁj(!az’ (290)

g A Bu—ACy 291)
€

o = B%z (292)

8 — A2RB? (al + Cejdz) - AC)’z. (293)

Note that these values are always well defined, since B # 0, and e, = A1, > 0, even though
in their derivation we considered branching cases that are mutually exclusive. After these
substitutions, both of the constant invariant conditions become

A*B’M" (r)? — A2B%eir*M" (r) + A’B* (oq + r2a2)2
+72 (v + 2 — AB*Ca)’ + Blerr* =0, (294)

which let us solve for M'!(r) as

- r\/BZefﬂ — 4B (e A2B2MR()2) + (AB2CM() — M)’ |
1

MY(r)=—=+
"=5u 2A2B 95)
and hence, completely determine the anomalous inverse metric tensor field for this family.
M) = oa!
r)y= 2 + oy, (296)
AB*Ca
MP) === 4yt (297)
err? r\/B2efr2 —4 [Bzrz (e2+A2B2M(r)?) + (AB2CM'2(r) — M13(r))2]
M) =—+=+ ,
=24 2A%B
(298)
A2BYe; (err? — A*M " () M2(r)2 + [AB*CM"(r) — MP ()]

By [(AB2CM™(r) = MI())’ +r2M ()]
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AC[AB2CM™(r) — M ("]

M*®(r) = >
exr? [(AB2CM™(r) = MD()* 4+ 2 M2 ()]
N A’B? (ejeyr* —r? — AzezM“(r)2) Mlz(r)MB(r)’ (300)
err? [(A32CM12(r) — MB)) + r2M12(r)2]
M () = A2B2 [AB? (C2+ ) M"(r) — CM ()]’ + e (err? — A2M" () MP(r)?

exr? [AB2CM™2(r) — MB ()] +r2M12(r)?
(301)

One can check that in all cases, the equilibrium conditions are satisfied, and that the
invariants of b are

1
L=ei+—, L="14e L=l (302)
€ €

as expected.
Family 2
As above, we compute the equations
MgV Vpb™ =0,  map ViV = 0. (303)
The first of these contains a component

4E2M(E) +4EM2E) — ME)
24261 A% -

0, (304)

where here we have made the substitution x = & + D. The denominator is nonzero, so we
can simply take the numerator to be zero, and integrate it. This yields

a1 +ay
—F

Substituting this into the other component of this equation, we obtain a differential equation
for M3 (£):

M"E) = (305)

VA[4E2MB &) +4EMBE) — MB ()]
2263

which has the same general solution as the equation for M'?(£), and hence

=0, (306)

ré+y
MBE) = ———. (307)
VE
The first of the remaining differential equations is
V(@16 o) MPE) = (1 +72) MPE)" + 20 MPE) =2 MPE©)) _ - o

A3 B2
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which equivalently reads [(a1& + @) M?(£) — (1 +12) M?(§)]" =0, and integrates to

(1€ + o) MP (§) — (V& + y2) MP(E) = 11 + po. (309)
The second equation is
V2(2CMBEY +2(Ay) — Cay) MB(E) — 240, MB(§))
A3 B2
+«/Z(C NE+ ) MPE) + (A& +12) — C (1§ +02) MP(E) — A (1€ +a2) MB(©)")
A3 B2

(310)
or equivalently
[(1E +12) (AMPE) + CMP(©)) — (0§ + @) (AMPE) +CMP ()] =0. 311)
We can add C times the previous differential equation, and divide by A to obtain
[ + 1) MP () = (1§ + o) MP©)]" =0, (312)
which integrates to
1E + 7)) MP(E) — (1§ + @) MP(€) = Bi§ + Bo. (313)
Finally, we have the constant trace condition on b, which reads

(1+C*) M>(E) +2ACMP (§) + A’MP (&) = —2A°B*sM' (&) + A’B°L,.  (314)

These equations can be solved for M?2(£), M3 (&), and M3 (), as the determinant of these
equations is

— (@€ +@)* = (C (& + ) + A(yi§ +12))° <0, (315)

which only vanishes if both M'?(£) and M'3(£) vanish.

We then have the solution in terms of the yet-to-be determined component M (£), and
numerous undetermined constants. Denoting & = a1& + an, ¥ = 1€ + v2, 0 = 1€ + U,
B=PBiE+ B, and h = A’B>I, —2A3B*M' (£), we have

M* (&) ! ha® 4+ A (Aaf — 2(Com —)AW)
MBPE) | =——— hay + A*By + (14 C?)apn
M3@) | @ HCatAY | (14 CY)ap+y (—24CH +hy + (1 +C?) )

(316)
Under these substitutions, the constant second invariant condition is written as
QA8 [BI) [0 + (Ca + Ay)? ]+ af + v u]
oa? 4 (Ca + Ay)?
2A5B*y* 4+ A*B*y? (I, + 8Cay) + 2A%B*ay (CL + 2ay 4+ 6C%ya) + (1 + C?) u?
A2B*[a? + (Ca + Ay)?]

4AZB452M11($)2 _ Mll(g)

2 [34 (14C2) o — Cﬂu] +A[B+ B (1+ C?) a? (I, + 8Cay) + B*I, (@B + yw)]
AB*[a? + (Ca + Ay)?]

)

(317)
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and the incompressibility condition reads

2p2g2 2 2 _ 2
4AZB £ (ocﬂ+y;;)M1,(§)2_ 261’ + B 112(aﬂ+m)+(zcu AB) ]M”(S)
a?+ (Ca+ Ay) a4+ (Ca+ Ay)
2 _ _
_ AB” —2ap 2)//¢L. 318)

AB?

Clearing denominators and computing the resultant of these equations in M ' (£), we obtain
Resy i) (p1. p2) = 16A*B¥* (o 4+ (Ca + Ay)?) (). (319)

This must vanish for solutions to exist, so we take (...) = 0, since the remaining factors are
nonzero.

We then take the coefficients of this polynomial in £ to vanish independently, factor these
coefficients, and order them by length. The first of these demands

A(Cai+ Ay) fi = (ACyi + (1 + C?) ar) . (320)

If this equation can be solved for §;, we can perform this substitution and obtain the condi-
tion

2 3
i — L (AB* (Cay + Ap)) + Lt (AB? (Cay + Ayn))” — (AB? (Cay + Apy))” =0,
(321)

which requires that v = — be an eigenvalue of b. We perform the usual substi-

1y
AB2(Cay+Ayy)
tutions with the invariants to express equations in terms of e; and e;, then take discriminants

of the resulting equations in e;, and demand non-negativity. This yields the condition

_ A’B? (a1y2 — aay1) + (1 4+ CHeraipr + ACeryi aa
Aey (Cay + Ayy) '

B2 (322)

or
e fo=—(B* (Ay1 (Caz + Ay)) + o) (e + CPon + ACy,)) + e2y1102) - (323)
In the first case, substitution yields either

_AB*(Cay + Ayy)
[} ’

Mo = (324)

or not, in which case eg —eje; + 1 =0. In the first case, we satisfy the equations and obtain

. Bz(()lz + CZOlz + ACy»)
€

Br= (325)
Otherwise, we take €3 — ese + 1 =0.

Substituting this yields A; = X, = 1, which reduces the equations to only one. After
removing nonzero factors of this equation, we obtain something quadratic in u,, which after
taking the discriminant and demanding non-negativity yields ayy; = «y,. With this, if o) #
0, we obtain the final necessary result u, = —AB? (Cay + Ay,), which is a contradiction,
since it is the case considered earlier with A; = A, = 1. If &y = 0, we require o, = 0, since
Cay 4+ Ay, # 0. With this, we require 1, = —A%B?y,, again, a contradiction.
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Next, we consider the case where
001y =—(B* (Ay1 (Cap + Ayy) +a; (02 + CPay + ACya)) + e2y102) . (326)

If «; # 0, we solve this expression for 8, and obtain the necessary and sufficient condition

AB?>(Cay+ A
pp= —AE Cntdp) (327)
€
with
B? (1+ Cz)Olz + ACy,
Br=— ( ). (328)
€
If @ =0, we can solve for u, to obtain
—AB*>(Cay + A
sy = (Car+ Ay,) ' (329)
€
This requires
—B2((14+C¥ay + ACy,
Br= ( ) . (330)
€
Alternatively, if Cay + Ay; = 0, we obtain y; = 5%, which implies a1y = 0. If we

assume «; = 0, and insert this relation into the equations, we obtain u% +(AB; — Cuy )2 =0,

so we can freely take p; = 0. With this, we obtain an eigenvalue equation that demands that

either v = — B’;—(‘Xl is an eigenvalue of b, or that 8; = oy = 0. In the first case, we perform the

usual substitutions and take discriminants in e; and demand non-negativity, which yields

_AB*(Caz+ Ayy)

o = (331)
€
or not, in which case
C — AB?
By = —ez“zA * (332)
€
In the first case, we have the sufficient condition
B2[(14+CHar + ACy,
Br=— [ ] ) (333)

€

or not, in which case eg — e1es + 1 = 0. With this, we then obtain the condition A; = A, =1,
and then requiring discriminants in 8, to be non-negative, Co, + Ay, = 0. With this, we take

V) = —%az, which requires 8, = —B2a», which is a special case of the previous solution.
. —AB? . . . .-
Next, we consider 8, = CQMAie:‘B“Z. This requires the necessary and sufficient condition
AB? (Ay, + Cay)
p=——"""—, (334)

€

which is the same as before.
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The previously examined cases are all particular instances of the following anomalous
solution:

M2 _ o +052’ 335
6 =" (335)
B = VE -H’z’ 336
©="7" (336)
Ve, £ \/Ae% —a[Aes +26 (AM1@) + CM2©) +M2)2)]
M'(&) = » 337)
3
4A2 B2
AB[(CHPE) + AMB©) +er (e — 2486 M ) MP(€)?]
MZ@§) = 2 » (338
e [M2©)? + (AMD©) + CM 1)’
) AB[C(CMPE) + AMP©) + CMP ()]
M3 (@) = -
e [M2(E) + (AMV(E) + CM ()]
| AB[(A - cie2 + 2AB0: M (§)) MM ©)] 339)
e [M2©)? + (AMB©) + M)’
e < B+ MO + ACMB(©)) + A%e; (e1 — 2AB2% M (£)) M7 (£)?

e M) + (AM(E) + CM12(E))°
(340)

Finally, when 8; = «; = 0, we are left with only one equation. In principle it can be
solved for I,, but because I, does not appear in any of the other equations, we can simply
use the remaining constants as a transcendence basis in lieu of actually solving it. When
we do this, we recognize that with y; = «; = 8 = u; = 0, we obtain beb being constant.
Hence, we can take any constant positive-definite tensor with detb = 1, and obtain M AB via
MAB = (F~1H4 b (F~1)E,, which one can easily see generates a positive-definite sym-
metric metric tensor, since b is positive-definite and symmetric. This, however, implies that
the material manifold is Euclidean, since ¢ is the push forward of the material metric ten-
sor, and it is constant in Cartesian coordinates. Therefore, the curvature tensor based on ¢
vanishes, and the anelastic deformation is stress free, i.e., Euclidean.

In general, a metric M 4p(R) arising from this case has the form

M\ R*> MpR MiR
[Map(R)]=| MR  Mp My |, (341)
Mi3R My M3

where the constants {M11 . M12, M13, M22, M23, M33} satisfy M11M22M33 + 2M12M13M23 —
MELMy — M3, My — M3, Mss = 1. Any choice of these constants that yields a positive-
definite metric generates an admissible constant tensor b. Though not immediately obvious,
all of the above solutions are part of the same branch, apart from a global rigid rotation,
which can be freely removed. The analysis tree for this family is:
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+++

/////’ =

=)

Nodes:
0: A(Cay + Ayy) B1 = (ACyr + (1 + Cz)al)ﬂl

o —: B} +11B*x; B} + LB*aip + B

o +: (ABrer (Cay + Ayy) — A2B* (201 — anyy) — (14 C?) exay jty — ACeryijur)
(620(1/32 + 32 (A)/l (COl2 + A)/z) + o (O(z + C2a2 + AC]/Q)) + 6‘2)/1M2) =0

e ——: b is constant

o —+: (uaer + AB* (Car + Ayn)) (Arer + AB?ay — Cerpiy) =0

o +—: (ures + AB*(Cay + Ayr) eg —ejex + 1) =0

o ++: ey + B? (Ayl (Cay + Ayz) + (az + C%y + AC)/Z)) + ey =0

o —+ —: (,32(32 + B? ((1 + Cz) oy + ACyz)) (eg —ejer + 1) =0

o — iy = TAECotAn)

o oy = SAPCtAD

o + —+: A1Y2 =02

ot —ipy= w

o +++4:p= —32((1+c:2)a2+ACy2)

o b ——py= fABZ(CeleJrAVz) and f, = _32((1+Cze)2az+ACV2)

o —+—+: A =1=2Cur+Ap,=0= B = —Bzotz&ﬁz #* —BZOQ

o +—+—:puy=—AB*(Car+ Ay,) # —AB* (Cay + Ay»)
o +—++:iuy=—AB*y, #—A’B*y,

Edges (labelled by child node):

i —3V1=—%051=>ll1=0
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. C _ "
¢ FNA RN =V = et
o ——! ﬂ] = =0
o —+v=— Bg;]

. A2B2(ay ya—ony1)+(1+C2)exay o +ACer 1 11y

o +—: = Aer(Cay+Ay))
o ++: €20l|,32 = — (32 (A)/| (CO[Q =+ A)/z) + o (Olz —+ Cz()lz + AC)/Q)) + EQY]MQ)
o — = w
o — 4 +: ﬂ2= Cezuz—ABzaz

Aey

o +— —: e+ AB? (Cas+ Ayy) =0

+ — 4 ey + AB? (Cay + Ayy) #0 and eg —e1e+1=0
—(Bz(Ayl(Ca2+AV2)+ot| (a2+C2a2+ACy2))+e2y1;L2)

Tt—h= e
_AR2 2) o
+4+ 4o = 0 and Mo = AB ((l+i2) 2+ACV2)
2 2) g
By = _ B ((1+C*)ar+ACyr)

e
2 201
—+—+:,827é—B ((1+ce)22+Acyz)&e;_eleZ+1:0

o t—F—rp=20

o]

o +_++ZO[1=O[2=O

Family 3

For this family, we can write the remaining equations corresponding to the coefficients of
terms involving W, and W,, and solve them before recasting the results in terms of the
components of M. First, we take the equation m,; Vi V,b® = 0, which has two nonzero
components yielding

r*b"' (r) + 5rb"¥ (r) +3b"(r) = 0, (342)
r2b"(r) + b (r) = b (r) = 0. (343)
Solving these yields
A(r?—B)
WPy =arr ' +ay=+——=(CM?+DM"), (344)
r
A(r2—B)
bP(r)=bir + by~ = ~————= (EM"” + FM"). (345)
r

Reparameterizing these equations to simplify constants yields the equation

12 -21 DE-CF
f AR
1<+ ap 2 _ B

which gives

[SE

A E A (s oo
With this, we have the W, equations involving ¢, which are
8raib™ (r) + Trtaib™ (r) + 3r’aab™ (r) = 3r’yi 6™ (r) + y2b™ (r)
+ 720,67 (r) + rPaab™" (r) = Py b7 (r) — ryab™ () =0, (348)
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and
8ra b (r) + Trtaib™ (r) + 3r*aab™ (r) = 3r’yib™ (r) + y2b>'(r)
+ 30, b (r) + rPaxb™ (r) — PPy (r) — rypb®" (r) =0, (349)
which have the common solution
(ry1+12) D7) = 12 (FPen + ) b () = + por?, (350)
(rPy1 +12) B2 (r) — 12 (rPon 4+ o) B2 (r) = B1 + Bor”. 351)

We also have the constant trace condition that amounts to »'' () + r?6%(r) + b3 () = I,
which lets us solve for b?*(r), b**(r), and b33 (r), as these equations are linear in these com-
ponents, and the determinant of the linear system is —[(r (r>y; + »))? + (r2(r?a; + a2))?],
which is nonzero. Additionally, we have the following relations between the components of
b and the components of M

C? 2CD D M%) b2 (r)
CE DE+CF DF||M?0)|=|b20)], (352)
E? 2EF F2 || M) b3 (r)

which can be inverted, as the determinant of this system is (CF — DE )3 # 0. Doing this,
we define

PO=n+5. g =ar+a, (353)
and obtain
M20) = w (354)
r<—B
M13(r)= EP(V)Z— CQ(")’ (355)
r-—B
22y = PO = q () (B +2B2) = p(0) (1 + r*1a))
(CF — DE)2 r2 (p(r)zr2 + q(r)z)
D2 (Lig(r)* +q(r) (B1 +r*B2) + p(r) (w1 + rPp2))
(CF = DE)’r2 (p(r)*r? +q(r)?)
_2DF (ip()r? (B +77B2) — g (1) (w1 +r*m2)) + A (2 = B) (Fp(r) — Dg(r))* M'' (r)
(CF — DE)?r2(p(r)2r? + q(r)?) '
(356)
My = EF (11p(")*r* = q(r) (B1 +7*B2) = p(r) (w1 + P p2))

(CF—DE)*r2 (p(r)*r2 +q(r)?)

N CDr? (Lig(r)* +q() (B1 +r2B2) + p(r) (1 +r2p2))
(CF—DE)*r2 (p(r)*r2 +q(r)?)

L DE(ip®)r?q(r) + pe)r? (B +r22) = () (w1 +1°w2))
(CF—DE)*r2 (p(r)*r2 +q(r)?)

CF (Lip(r)r? (B1 +72B2) — q(r) (w1 + r*u2))
(CF — DE)?r2(p(r)2r? + q(r)?)
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A(r?* = B) (Fp(r) = Dq(r)) (Ep(r) = Cq(r)) M (r)
+ 2
(CF—DEr2(p(r)2r2 +q(r)?)

E? (IlP(i’)2V2 —q(r) (B + Vzﬂz) —p(r) (w1 + rzuz))
(CF — DE)?r2(p(r)2r? + q(r)?)

N C%r2 (Lig(r)* +q(r) (B1 +1r2B2) + p(r) (11 + r*u2))
(CF —DE)?r2(p(r)2r? + q(r)?)

_2EC(hp)r? (BL+r72) — () (w1 +r712)) + A = B) (Ep(r) = Cq(r))* M ()
(CF = DE)?r2(p(r)2r? + q(r)?) '

(357)

M3@) =

(358)

We are then left with the constant invariant condition for /; and the incompressibility con-
dition. We simplify notation by writing ut = | +r%u, and g = B; + r?,. These equations
are
2
A? (r? = B) (q(n)B — p(r)p) M"' (r)?
4 (q(r)2 + p(r)2r?)

A(r> = B) (hg)r?B +r2f> = hp(ryru + u?) M ()

(g0 + p(r)2r)
J— 2 —_—

LAREZCO GOp o _ 550

A2 = B) MM()? A2 = B) (1 (40 + p()r?) +q()B — p(r)) M (1)

= (g2 + p(r)r?)
4 ACF=DEX (g0 +p)'r) | L @)= pym + P64 _

’ ” (g2 + p(r)*r?) B

(360)

We take the discriminant of these equations in M'!(r), and demand this vanish. We remove
nonzero factors, and then demand each coefficient in r vanish independently. The first con-
dition we obtain is ozf + Izafﬂz + Ilalﬂzz + ,Bg = 0, which implies that either v = _% is
an eigenvalue of b, or o; = B, = 0. In the first case, we obtain u, = ’:—; This yields two
subcases:

2%

Br=——, (361)
€

or alternatively
e3 —ejey+1=0. (362)

In this first subcase, we obtain the sufficient condition u; = g—;, or eg —eje; +1=0. How-
ever, when we take eg — e1ep + 1 =0, we obtain the same value for w, and hence, this
second condition is redundant. If we take the subcase, eg —ejep+1=0and g # —‘:—;, we
obtain Ay = A, = 1.

‘We then obtain the sufficient condition

ary, — yi (ax + By)
M1 = ,
(23]

(363)
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which further yields B, = —a,, which is again a special case of the already discov-
ered solutions. Next, we consider o; = B, = 0. Inserting this, we obtain the equation
,u% - Ilugyl + Izuzylz — )/13 =0, which implies v = % is an eigenvalue of b, or u, =y, =0.
In the first case, we take discriminants in e; and demand non-negativity, which yields the
condition

vamey (e2itr — v2) (Biy2 +azuy) =0. (364)

Beginning with y, =0, we obtain
1 [A(CF — DE) a3 +ui] =0, (365)

which requires that @y = 0. With this, we then obtain equations with the common factor
oy + exB1. Hence, it is sufficient if this factor vanishes. If it does not, we can take the
resultant of the remaining two equations in 8 to obtain (eg —eier+ Do, =0.If ay =0, we
obtain that 8; = 0 as well, which is a case of the previously solved condition. If we instead
take eg — e1e; + 1 =0, we obtain the condition 8; = —a,A;, which is a special case of the
previously solved condition, so we can always take 8; = — 2.

(]

Next, we assume ), # 0 and take @y = 0. Doing this yields
vy [vi +A(CF — DE)’ B{] =0, (366)

which demands y, = 0, a contradiction. We then assume y, # 0, u; # 0, and take u; =
Z—;. This requires B; = —‘;‘—;, which is also sufficient. Finally, we assume pje; — 2 # 0 in
addition to y, # 0 and w; # 0, and take 8; = —“?j‘ L. This demands

2

(1 — A1y2) (1 — A7) =0. (367)

Making the first factor vanish reveals ; = A, or A, = ,\L? The first case ultimately requires
1
Ay =1, but this also means e, = 1, and hence @ e, — y» = 0, a contradiction. In the case

where A, = %2, this contradiction is immediate. The steps are identical for the case where

1
U1 = A2y», and so we have exhausted this branch of solutions.
Next, we take p, = y; = 0. This returns

&3 + La3p + Lo + B =0, (368)

which requires v = — % be an eigenvalue of b, or o, = 8; = 0. In the first case, we obtain
a sufficient condition u; = Z—; If this condition is not met, we can take the resultant of the
remaining two equations in y, and obtain the necessary condition

(e —erer+ 1) g =0. (369)

Taking p; = 0 yields y, = 0. Taking eg —eiep+1=0,ie, A = /\lz yields u; = i, = Z—;,
2 :

again obtaining the previous sufficient condition. Finally, if o, = 8; = 0, we obtain

1w = Lyl + Ly?u, —y3 =0, (370)

which demands that 1, = 22, since y, cannot vanish without leaving the anomalous solution
branch. This exhausts all solution branches of this family and reveals all solutions to be cases
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of the anomalous solution

o
Br=——
€2
o
Br=——
€2
Y2
M1 =—
€2
14!
M2 = —.
()

This lets us solve for M'!(r), and finally obtain the anomalous solution

V2
rr)=yri+-=3,
r

q(r) =ar* +ay,
Dq(r) — Fp(r)

M12 —

(r) —

Ep(r) — CCI(r)

M3 =

W=

e+ \/e 4 62 +A(CF — DEY? (p(r)2 + #)]
M”(r) =r? ’
2A (r2 — B)

M2y — (Dr2p(r) + Fq(r))’ + erear® (Dq(r) — Fp(r))?

B e, (CF — DE)*r? (q(r)2 + p(r)zrz)
_ Aex (Fp(r) = Dq(r))* (> = B)M" (r)
e, (CF — DE)*r2 (q(r)2 + p(r)zrz) ’

MP () = Aey (Ep(r) — Cq(r)) (Fp(r) — Dq(r)) (r> — B) M"(r)
B 2 (CF — DE)*r2(q(r)? + p(r)*r?)
_e1(Cq(r) — Ep(r)) (Dq(r) — Fp(r))

(CF — DE)* (q(r)* + p(r)*r?)
_ (Cp)r* + Eq(r)) (Dp(n)r? + Fq(r)
e, (CF — DE)*r2 (q(r)2 + p(r)2r2) ’
MP () = (Crzp(r) + Eq(r))2 +eer’ (Cq(r) — Ep(r))2

s (CF — DE)r2 (q(r)? + p(r)*r?)

Aez(EP(r)—CCI(V))Z(V2 B)M"(r)
© e2(CF—=DEYr*(qtr) + p(n*?)

The analysis tree for this family is
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Nodes:

0: O[?+IQ(X%/32+11(11/322+/33=0
—: (,316‘2 +O[2) (e% —e1e + 1) =0
+: 9 = byfus + Ly — 3 =0
——:m:Z—j
—+:Bi=—m F -

+=:yaur (a1 — ¥2) (Bry2 +aau) =0

++: B + Lty + L3 + a3 =0
+——:,u1:0and,3|:—‘:—§

+ =+ pi (e —y2) (B1y2 +a2u1) =0

++ —: (u1e2 —y2) (..)y =0and (nie2 — ) (...), =0
=2

+—+—11»=0#0

+— ++: (21 — ¥2) (Biyva + o) =0
++——1M1=Z—§

++ —+: (e%—elez—i—l),ulzo

o+t p=—2

+ =+ 4+ (= Ay) (k1 —A202) =0
++—+—u=y»=0

ot =2

tot =R AL

ottt =R#£R
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Edges (labelled by child node):

* _IV:_%:N/«z:Z—;
+ia=pH=0
__3,31=—i—§
—+ B FE-F ande; —ejer+1=0= 1, =1
+—iv=12

++:i 2=y =0

+——1»=0

+—+:m#0

++—v="0
tH+pr=m=0=pi — iyt + Lyju —y; =0
+—+—:u;=0

+—+4:u #0

t++-——me—y=0

+ 4+ —F:Resy, ()1, (1)) =0

+_++—Z,LL1:Z—§

+-F++tim#F R i #0,and y, #0
++—+—1p=0

F+—++pu £0

+—t+++—m=an

=t =0

Family 5
First addressing the equilibrium equations involving b, we obtain the equations
MY () +rM" (r) — MP(r) =0, (380)
3CM(r)+3ABM"Y (r) + 5CrM" (r) + ABrM"V (r) + CrPM"™'(r)=0,  (381)
which simplify upon defining the auxiliary function f = CrM"?(r) + ABM''(r), which
makes the second equilibrium equation rf”(r) 4+ 3 f'(r) = 0. These equations can be inte-

grated to obtain

n+%—ABM"(r)

FO=n+2 =M= , (382)
r Cr
MBG) =ayr + 2. (383)
r
Next, we have the equilibrium equations derived from ¢, which are
8ABraf +8CraiM» (r) + Cr* (Triey +3a) M (r) + (=31 + o) M* (r)
+ Cr3 (rZal 4 052) M23//(r) —r (r2y1 4 VZ) M33//(r) — 0’ (384)

— 8ABayy, —8C?rba; MP (r) + A*B*r® (3r’ay — ) MV (1)
— C (Tr’ay+3a2) M* (r) + Cr (3r’y1—y2) MP' (r) + A*B*r* (rPay + o) M (r)

= CrO (rPay + o) M (r) + Cr* (rPy1 + 1) M* (r) = 0. (385)
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These equations can be integrated to obtain
(rz)/l + yz) M*3(@r) — Cr? (rzal + az) MPr) =r2u + o + ABr4oz]2, (386)
cHt (r2a1 + az) M%) = Cr? (r2y1 + ]/2) MB(r) = A*B%4? (rzal + Olg) MY @)
+rBi 41’ By — ABarys, (387)
which coupled with the constant trace condition
E M (r) +*r*MP(r) = —A* (1 = B ) M"' (r) = 2AB (r*yi + v2) + Iir*,  (388)

lets us solve for M?2(r), M*(r), and M33(r) in terms of undetermined constants, and
M''(r). The determinant of this system is —C3r¢ [Ezr2 (r2a1 + a2)2 + (r2y1 + yz)z] #0,
so we can always invert these equations. Denoting y = nrr+ v, a=air’ +ay, p=
pr® 4 wa, and B = Bir? + B, we obtain

y2(Iir* =2ABy) + E*r* (r*af — AB (0y + o3y +aoy (2 —2y)) — y i)

M%) =
) C2p4 (Ez,,zaz + yz)
2
Az(Bz_m)Mn(r)
+ S , (389)
M3 —AB (E2r2a (@ —a)* +y Qay — Olz]/z)) +r? (Ilozy — By — Ez()lpb)
r)=
Cr2 (E2r2a2 + yz)
A2 Mll
_ AayM () (390)
CE?r2q? + Cy?
MB() Iir*a? — r’af — ABa’y —2ABaayy + ABa%y 4+ ABaoy, +yu
r) =
E2r2q? + p2
A2 2 2M11
reoa (r) (391)

COE%202 492

This leaves us with the incompressibility condition, and the constant second invariant of b to

satisfy. As in the other cases, these equations are quadratic in M'!(r), and we compute their

resultant in M'!(r), factor each coefficient in » and demand they all vanish independently.
The first of these is the equation

2
E°[(B1+ABayy)’ — I (Bi + ABayy))’ ar + L (B + ABayy) o —ef ] =0, (392)

which implies that either v = ﬂ‘“{‘xﬂ is an eigenvalue of b, or a; = 0 and B; = 0. In the

first case, we immediately obtain | =2ABojay + EZ—LZ, which upon substitution yields

(63 —ere2 + 1) (282 — a + ABey (aay1 + 172)) =0, (393)

which requires , = ‘Z—; — AB (a1 +a1y»),orifnot, A} = %2 Tackling this latter case first,

after substitution we demand A, = 1 to avoid a contradiction and obtain

—aoy + Byt + arya + AB[E*a03 + vy (c2y1 +172)]
Mo = Ea, . (394)
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. .. . .. _w
This, however, reduces the remaining equations to requiring 8, = P AB (o1 + a1 y»),

so we can immediately consider this case. One of the remaining equations then implies

Vi (ABEexa5 +y» — E*erpa0) (€3 — eea + 1) =0. (395)
. ABE2ero3+y) . . . ABEZeya3+y)
Taking p, = B & sufficient, so then we consider the case where pu, # e

With this, we first take y; = 0, but this leads immediately to a contradiction, so we then
consider eg —eje; + 1 =0. However, this case also immediately leads to a contradiction, so
we next consider §; = «; = 0. This yields the equation

ESu) — T E*n} + Lyl E*uy — v =0, (396)

Lo 2 .
which implies that v = % is an eigenvalue of b, or y; = | = 0. In the first case, we take
discriminants in e; and demand non-negativity to obtain

V2 (ABOtg — 1) (ABE2€2(¥§ +1v.— E2€2M2)
x (ABEZezaS + Bays + ABayy 1y — Ezazﬂz) =0. (397)

Examining these factors one at a time, we first consider y», = 0. With this, we get the equation
(ABo2 — o) [A2a§ +(ABa — M)z] —0, (398)
hence, we take u, = ABa%. Inserting this yields either the sufficient condition

(2%
B= o ABasyi, (399)
2

or B, # ‘Z—; — ABwyyy, in which case we can take the resultant of the remaining nonzero
factors in S, to require

a (e3 —eres+1)=0. (400)

If we take o, = 0 we obtain B8, = 0, which is a special case of the sufficient condition
above. If we take eg — eje; + 1 =0, we ultimately see that the sufficient condition is also
necessary. Considering y, # 0, we then take p, = ABoz%. However, substituting this yields
an expression that is positive-definite in y, being equal to 0, so we have a contradiction.

Next, considering y, # 0 and pu, # ABot%, we take ABEzezoz% +y,—E%eu =0. Doing
this reveals the necessary and sufficient condition 8, = ‘Z—; — ABa,y,. In the last case, we
have

—ABE*a3 — ABayy1yr + E*a iy

Br= ; (401)
V2

which implies the sufficient condition

_ABE’eaj+ v,

= 402
J75; Ee, (402)

or if not we can take resultants in w, with the remaining nonzero factors to obtain the
necessary condition

(e —4e2) (3 —erer +1) =0, (403)
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which requires either A, =X, or A = A% i.e., b has a repeated eigenvalue. If we take 1| =

M2, and look for different values of ,, we obtain

ABE?a2 + )y
po=———7—— (404)
Substituting this into the remaining equations, we see that either A, = 1 or oy = 0, both
of which reduce this value of w, to the previous sufficient condition. Taking A; = ALZ and

2

looking for different solutions immediately requires o, = 0, which then further implies u, =
#. This, however, demands A, = 1, and we realize that the previous sufficient condition
2

was also necessary.
Next, considering p; = y; = 0, we obtain the eigenvalue equation ,823 — Ilazﬂzz +
Iﬂ%ﬂz — ozg = (0, which demands b have the eigenvalue v = B or B> =a, =0. In the

. . .. o
first case, we obtain the sufficient condition
ABE 2620[% +

= 405
2 Ee, (405)

Taking the resultant of the remaining factors yields y» (eg —ej1ep + 1) = 0, which has solu-
tions y, =0or Ay = ;—2 Taking y, = 0 shows that in this case the sufficient condition is also
2

necessary, and taking A; = %2 reveals that the sufficient condition is necessary in all cases.
2
Finally, we take o, = B, = 0. This reveals only one remaining equation Eﬁuzg -
Ly E*3 + Ly?E* s — y3 = 0, which, since y; # 0, requires the eigenvalue v = %,

and hence pu, = Eﬁ—zez The analysis tree is then

——+

i
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Nodes:

0: (B1 + ABayy1)’ — I (B1 + ABayy) o + L (B + ABayy) o —af =0
—: (3 —erea+ 1) (e282 — a2 + ABes (ay1 +12)) =0
+ (E2n) = L (B2 + b (E2) v — v =0
* ——: (Ezez,uz — ABE?¢ya3 — yz) (eg —ees+ 1) =0
o —+:fo=3—AB(myn o) # 2 — AB (v +arys)
o +—: 2 (ABa3 — ) (ABE?e203 + y2 — E?ex 1)
(ABE?e203 + Boys + ABazy1yr — E2aaj13) =0
o ++: 85 — lnBs + hasfy —a3 =0

ABE2era2+y,
. — 2
¢S T T T lE T,
4 _ ABE%edd+y £ ABE%e;a3+y,
L4 CM2 = e, e,

o+ ——: ABa% — up=0and (Bre; — @y + ABeryaryy) (...), =0
o +—+:y=0#0

ABE%eya2
. -l——i——:,uz=;272:;"”2
o 4=
° +———Z,32:[;—§—ABO[2)/1

+——Fia(e3 —eea+1)=0
+—+-1»=0#0
+ —++: (ABEzez(X% + 2 — Ezez,uz) (ABEzezag + Boya + ABany iy — Ezazﬂz) =0
+—t++—fo=3 —ABary
e
+—++ 4+ (e%—4ez)(eg—elez+l):0
o +—+++—1 ABE*e,05 +y, — E*espty =0#0
o +— 444+ ABE?*e05 +y — Eerjt; =0#0

Edges (labelled by child node):

. —:v:%ﬁmm

° +10l1:ﬂ1:0

o ——i1fp=3—AB(w2y1 + 1))

[ ] —+2)\1=é

. +—:v:%

o ++iyi=u1=0

B L e

° ——+:u2¢%zf+nande§—elez+lzo
o +——: =0

o +—+:y»m#0

. —|—+—:v:5—;

° —|—++Z,32=0l2=0

° +—__:M2:ABC(% al’ldﬂzzj—z—AB(ij/]
o +— —+:Resg, ((...),,(...),) =0

° +—+—:/L2:ABOJ§

o + —++: /Lz;ﬁABO[%

° +—++—5ABEZezol%-i—)/z—EzeyLz:O
o +—+++: ABE%e05 + y» — E?eapt #0
. —|——+++—:e%=4ez

. +—++++:e§—elez+1=0
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These are all special cases of the solution

Y1
u1 =2ABajas + Ezez’ (406)
ABEzezoz% +
= -2 ‘7 407
M2 Ee, (407)
(441
,31 = — — ABO{])/], (408)
€
[0%)
B2= i AB (wy1 +a1y2), (409)
2
which lets us solve for M''(r) and obtain the anomalous solution
fry=n+ % (410)
13 @
M>:(r)=or + —, 411)
r
er £ /el —4 (e + A2F ()2 + A2E2MY(r)?)
M"(r) = . (412)
2A2
— ABM!
M2 = M (413)
Cr
M2 exf(r)* (er + A* (B> = 1) M ()
r)—=
C?r2e, (f(r)* + E2M"(r)?)
N E? (14 A?B2e; M (r)) MB3(r) —2ABey f (r) (f (r)* + E2M"3(r)?) “14)
C?r2e; (f(r)> + E2M"(r)?) ’
MB ) = — ABM"B(r) B M) f(r) (1 — erer + A2, M (r)) 415
Cr Cexr (f(r)2+ E2M"3(r)?)
2 +E2 _ AZMII M13 2
Py = L+ e (e (r) MP(r) @16

E2e, (f(r)> + E2M(r)?)

Appendix C: The Role of Symmetry

We note that the left Cauchy-Green stretch tensor fields present in all the known universal
solutions, both classical and anelastic, are equivariant under the defining action of a Lie
subgroup of the special Euclidean group. In particular, these subgroups all have at least two
independent generators, with the three anelastic families separated by the nature of these
generators; taking two purely translational generators yields U4, taking one translational and
one rotational yields U, and taking two rotational yields Uy. Of course, these families are
not simply symmetric with respect to an arbitrary choice of generators of these natures;
the translational generator in U3 is orthogonal to the plane of rotation determined by the
rotational generator of U3, and both of the rotational generators for ¢4, fix a common point.
It is then natural to ask if there are other universal solutions that are likewise equivariant
with respect to a similar subgroup, but without these specific generator choices.

@ Springer



374 C. Goodbrake et al.

C.3 The Lie Algebra se(n)

To examine the subgroup structure in terms of generators, we turn our attention to se(3),
the Lie algebra associated to the Lie group SE(3). We can represent the group SE(n) as a
subgroup of GL(n 4 1) in the following way: The element (Q|c) € SE(n) is identified with

the (n 4+ 1) x (n + 1) matrix
Q ¢
|:0 1], 417)

where 0 is a 1 x n block of 0’s. It is clear that the standard matrix multiplication in GL(n + 1)
agrees with the group action determined by the defining action of SE(n) on E”. As a re-
minder of Example A.1, the defining action of the special Euclidean group induces the
group action

(Qz2le2) * (Qiler) = (Q2Q1[Qact +¢2) - (418)
Translating this into the representation (417), we have
Q a||Q al|_[QQ Qi+
[ o 1]lo 1]7| 0 Ak (419)

which clearly captures the induced group structure in terms of standard matrix multiplica-
tion. Taking the derivative of this representation around the identity yields a representation

of the Lie algebra se(n):
Q u
[ 0 0:| , (420)

where  is a skew symmetric matrix, # is an n x 1 column vector, and 0 is a 1 x n block of
0’s. We seek to examine the subalgebra structure of se(n), and in particular, se(3), since sub-
algebras with two generators will directly correspond to Lie subgroups with two generators
by way of the exponential map.

The defining feature of SE(n) being its action on E”, we expect there to be an analogous
representation for E” such that this action is reflected by the standard action of GL(n + 1)
on R"*!, Indeed the analogous representation takes the point with position vector X € R”

X . . . . .
to the vector [ 1 :| € R"*1. Under this representation, the special Euclidean group acts via

matrix multiplication as follows:

Q c||X|_|QX+c
[ 0 Lf|1]™ 1 ’ “@21)
which clearly agrees with the action as defined previously.

C.4 Subalgebras of se(3)

Under the above representation, an arbitrary element of se(3) takes the form

0 —-¢ € «o
¢ 0 =6 B

—€ 4 0 y’ (422)
0o 0 0 0
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and the Lie bracket becomes the matrix commutator. Clearly elements of this form span
a 6-dimensional subspace of R***. We are interested in Lie subalgebras generated by the
two generators, hence we consider two arbitrary elements of se(3), examine their product,
and check for linear dependence. Doing this successively will identify proper subalgebras
generated by two elements.

We first want to choose our coordinates in such a way to simplify our calculations. We
seek to align our coordinate frame with the axial vector of the skew symmetric submatrix €.
The axial vector of € lies in the null space of €, which is spanned by the vector [4, €, {]T,
unless £ = 0, in which case we do not have to do anything at this step. These two options
are exhaustive, since the eigenvalues of € are {0, £/ —82 — €2 — ¢2}.

Provided € # 0, we can choose a Cartesian coordinate system such that e; is the normal-
ized axial vector:

1 8

Q3= — | €
/82+€2+{2 {

We do this by considering any rotation mapping the normalized axial vector to e;. Denoting
such a rotation R, we change coordinates by computing

(423)

0 —¢ € «

R 0] ¢ 0 -8 B|[RT 0

|:0 1] —€ 6 0 vy [0 1]' (“24)
0 0 0 0

When we apply this coordinate transformation, our chosen element of the Lie algebra takes
the form

0 - 0 «
o 0 0 B
0o 0 0 y| (425)
0O 0 0 O

where w = /82 + €2 + ¢2, and the «, B, and y here have been relabeled, being independent
linear combinations depending on R of the old «, 8, and y, which were arbitrary to begin
with.

Next, we seek to apply a coordinate translation to simplify the translation portion of our
chosen element. To do this, we seek to identify the fixed points of this action. The velocity of
points under the action of the one-parameter subalgebra generated by this element is given
by

0 —o 0 affx o — wy

o 0 0 B|y|_ |ox+8

0 0 0 y||z| y ' (426)
0 0 0 Of]1 0

Hence, if w # 0, we can choose a coordinate translation that sets the point [—8/w a/w 0]
to be the origin. Under this transformation, our chosen element takes the form

1 0 0 B/ 0 —w 0 «affl 0 0 —-B/w 0 —w 0 O

010 —ad/o||lwe 0 0 B||0 1 0 a/w| | 0 0 0

0 0 1 0 0 0 0 y|[|[0o 0 1 0 10 0 0 u

0 0 0 1 0O 0 O 0|0 O O 1 0O 0 0 O
427)
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Here, u = y, but we shall explicitly use # and w to emphasize that we have expressed this
element of se(3) in a coaxial coordinate system. In the case where £ = 0, we simply choose
our coordinate rotation so that our translation vector is aligned with ez, which sets our chosen
Lie algebra element to the form above with w = 0.

C.4.1 2-Dimensional Subalgebras

Obviously, provided that the generators we select are linearly independent, they span a
two-dimensional vector space, hence all subalgebras containing them are at least two-
dimensional. In order for us to identify two-dimensional subalgebras, we simply need to
establish necessary and sufficient conditions for the two generators and their bracket to be
linearly dependent. We select a coordinate system that is coaxial with one of our generators,
and hence have

0 —w 0 0
o 0 0 0
=1y 0 0 ul (428)
o 0 0 0
and select another arbitrary generator,
0 —-¢ € «
_|¢ 0 =5 B
=\ s o vyl (429)
0 0 0 0
Taking the Lie bracket of these two elements, we obtain
0 0 dw —ue —Bw
0 0 €ew  uUd+ow
ovl=| _s " _ ., o 0 (430)
0 0 0 0

We then require the Lie bracket of our generators to be within their span, i.e., we seek all
solutions to the equations

avy; + axvy + [v, 1] =0, (431)
which explicitly become

aa —ue — Bw =0,

af+ud+oaw=0,

aju+ayy =0,

ad —ew =0,

are + 8w =0,

¢ +aw=0.

Taking the combination § (a,€ + dw = 0) — € (4,6 — ew = 0) yields the equation

€+ 8w =0, (432)
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which implies that either v = 0, or both § =0 and € = 0. If w =0, we consider the combi-
nations

€ (a0t — ue =0) — o (ape = 0) = —ue? =0, (433)
S(axB+ud=0)— B (a8 =0) =us*>=0. (434)

Since v; # 0, u # 0, hence we require § = € = 0. With these substitutions, [v, v,] vanishes,
and we have

0 0 0 O
0 0 0 O

'S0 0 0wl (435
0 0 0 O

and

0 —¢ 0 «
¢ 0 0 B

=10 o0 o Y (436)
0O 0 0 O

If ¢ # 0, we can always reselect our origin to eliminate « and 8, while leaving v; unchanged.
Hence we obtain the symmetry of family U4. If ¢ = 0, we have two independent translational
symmetries, which yields the symmetry found in family 4.

Now we turn our attention to the case where w # 0, and consider the combination

a(@p+aw=0)—B(ame—po=0)=(a’+p*)o=0. (437)

Since w # 0, we require « = § = 0. This leaves us with v; as initially specified and

V) =

, (438)

c oo

|
c ool
cocoo
oxR oo

which means that v; and v, generate independent screw motions about the same axis, cor-
responding to the symmetry of family U43.

C.4.2 3-Dimensional Subalgebras

Defining v3 = [vy, v2], and provided vs # 0, vy, v,, and v3 span a three-dimensional vector
space. The span of these three vectors must be closed under the Lie bracket, hence we require

ayv; + axvy + azvs + [vy, v3] =0, (439)
and

byv; + byvy + b3vz + [v2, v3] = 0. (440)

We know that if v3 = 0 then v; and v, generate a two-dimensional subalgebra, hence we can
freely assume v3 # 0.

First, we recognize that if @ = 0, both v; and v3 are pure translations. They are linearly
independent provided § # 0 and € # 0, in which case v; = 0. Hence, the bracket of a pure
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translation with a non-coaxial rotation yields another translation that is linearly independent
of the original translation. Hence, t(2) is contained in such a Lie subalgebra, and hence
all universal solutions that are symmetric with respect to the subgroups corresponding to
these subalgebras are contained in . If the rotation is coaxial with the translation, then
the bracket vanishes and we are reduced to the already solved two-dimensional case; hence
from now on, we can safely assume w # 0.
The equations we must tackle are explicitly
aju +ayy =0,
al +aw=0,
biu+byy +u (8% + €*) + 20 (a8 + Be) =0,
byt +biw+w (8> +€°) =0,
b8 — bsew — 8w =0,
sz +b380) - e{w:O,
@8 — azew — Sw® =0,
are + az8w — €w® =0,
byB + bzud — uet + bsaw — yew — Btw =0,
aa — azue — azfw — 2udw — aw? =0,
bya — byue —udt — b3Bw — ySw —alw =0,
W p + azud + azow — 2uew — Bw* =0.
Taking the linear combination

8 (are + azdow — €w® =0) — € (@28 — azew — 80* =0) = a3 (8> + ) w =0,  (441)

coupled with the condition w # 0 yields either a3 =0 orbothd§ =0ande =0.If § =€ =0,
v3 is a pure translation that is orthogonal to the axis of v, hence, taking [v, v3] generates
another pure translation orthogonal to the axis of v; and that of v3;, hence we capture the
symmetry t(2) as a subgroup of our symmetry group, and hence this case is captured in
family U,.

If either € # 0 or § # 0, we have a3 = 0, which upon substitution yields §(a; — w?) =0
and € (a2 — a)z) = 0. These equations together imply a, = w?. Substituting this new relation
into our equations, two of our equations reduce to

—2ubw =0, —2uew=0~0, (442)

which together imply that u = 0, since § and € cannot simultaneously vanish and w # 0;
hence v; must be a pure rotation, not simply a screw motion. With this, our first equation
becomes yw? = 0, hence y = 0 as well. When we insert this relation into our equations, we
obtain

2(ad + e) w =0, (443)
which implies that the inner product of the axial vector of v, with its translation vector is

zero. This implies that v, is also a pure rotation, since this inner product is unchanged under
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coordinate transformations. This can be seen by noting that the velocity field u induced by
the action of an element of se(3) is given by

u 0 —¢ € oaffx €e2—¢y+a

u | | ¢ 0 -8 Bf|y {x —6z+ B

u3 | |- 8§ 0 yl||z Sy —ex+y (444)
0 0 0 0 0 1 0

Taking the inner product of this with the embedding of the axial vector [§ € ¢ 1]T
yields

od + Be + vy, (445)

which, not depending on position, is an invariant of the velocity field. Since the velocity field
is coordinate independent, we know that this invariant will be preserved under coordinate
changes. When we express our generator in a coordinate system aligned with its axis, this
invariant becomes wu, which vanishes if either our generator is a pure translation or a pure
rotation. In our analysis, we have for vy, ad + Be = 0 together with y = 0, hence we know
v, is either a pure translation or a pure rotation. We know that v, is not a pure translation
since either § or € is nonzero. Additionally, we know that the axial vectors of v; and v, are
linearly independent, since either § or € is nonzero.

Summing up our progress thus far, we have shown that both v; and v, must be pure
rotations. In fact, their axes of rotation intersect, hence they generate so(3), the symmetry
present in Uy, indicating that our classification captures all three-dimensional cases. To see
this, note that we have aligned our coordinates so that the axis of rotation for v; is the z axis.
‘We seek to show that the axis of rotation for v, intersects the z axis.

First notice that for rotations about the origin, the velocity field generated is of the form

v=wAX, (446)

where w is the axial vector of €, and A is the standard cross product. This implies that
the velocity vector at a point is orthogonal to the plane spanned by the axial vector of the
rotation, and the position vector X. Since (446) assumes we have chosen our origin such that
the axis of rotation passes through the origin, this plane is equivalently the plane containing
the axis of rotation and the point X. Therefore, for the generator v,, we can examine the
velocity generated at the origin, and recognize that it lies entirely in the x, y plane. If this
velocity is nonzero, we know that the plane passing through the origin that is orthogonal
to this translation contains the axis of rotation of v,. This plane also contains the z axis,
since all planes passing through the origin that are orthogonal to a nonzero vector in the x, y
plane contain the z axis. Therefore the axes of rotation for v; and v, are coplanar. We have
already established that they are not parallel, since the axial vectors for v; and v, are linearly
independent, hence they must intersect at some point. If the velocity generated by v, at the
origin is zero, then the axis of rotation of v, passes through the origin, and hence not only
intersects the z axis, but intersects it at the origin.

We have therefore shown that all three-dimensional Lie subalgebras of se(3) that are
generated by two linearly independent generators either contain t(2) as a subalgebra, or are
50(3), the algebra associated with the set of rotations about a fixed point, and hence universal
solutions that are equivariant with respect to the associated Lie groups are contained in one
of our discovered families.
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C.4.3 4+ Dimensional Subalgebras

Without loss of generality, we assume vy, v;, v3, and v4 = [v, v3] are linearly independent,
since the other choice would be v4 = [vy, v3], which would be equivalent. Specifically, we
denote V, = Span (v, v3), and V3 = Span (vy, vy, [v1, v2]). Provided that vy, v, and [vy, v;]
are linearly independent, we can write V3 = V, @ Span ([v;, v;]). It suffices to take the fourth
linearly independent element to be of the form

vy =[u,w], u€Vy, weSpan([vy,2]), (447)
since for all u, w € V5, [u, w] € V3, and for all u, w € Span ([vy, v,]), [u, w] = 0. Since v,

and v, are arbitrary, we can choose this fourth linearly independent element to be [vy, vs].
Doing this, we have

0 0 —ew? —wQud+aw)
0 0 80’  —wQue + Bw)

Ul ew? —sw® 0 0 (448)
0 0 0 0

Notice that the axial vectors of v;, vs, and vy are [0,0,w]", [—€w,w,0]", and
[—8w?, —ew?,0]" respectively. These vectors are mutually orthogonal, hence provided
w # 0 and that € # 0 or § # 0, these span R?, and hence the rotational components of
these three generators can be used to reduce any fourth linearly independent generator to a
pure translation. As shown earlier, taking the bracket of a pure translation with any other
linearly independent element of se(3) generates a two-dimensional subalgebra: either t(2)
or s50(2) x t(1). Therefore, all subalgebras of dimension four or higher contain one of these
two-dimensional subalgebras, hence universal solutions that are symmetric with respect to
such a four-dimensional subalgebra will be contained in either U4, or Uj.
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