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Universal (controllable) deformations of an elastic
solid are those deformations that can be maintained
for all possible strain-energy density functions and
suitable boundary tractions. Universal deformations
have played a central role in nonlinear elasticity and
anelasticity. However, their classification has been
mostly established for homogeneous isotropic solids
following the seminal works of Ericksen. In this
article, we extend Ericksen’s analysis of universal
deformations to inhomogeneous compressible and
incompressible isotropic solids. We show that
a necessary condition for the known universal
deformations of homogeneous isotropic solids to
be universal for inhomogeneous solids is that
inhomogeneities respect the symmetries of the
deformations. Symmetries of a deformation are
encoded in the symmetries of its pulled-back metric
(the right Cauchy-Green strain). We show that this
necessary condition is sufficient as well for all the
known families of universal deformations except for
Family 5.

1. Introduction

For a given class of solids, it turns out that one
cannot deform an elastic body to an arbitrary shape
by only applying boundary tractions; most likely body
forces are needed to maintain the desired deformation.
Those deformations that can be maintained by only
applying boundary tractions are called universal or
controllable [1,2]. The set of universal deformations
explicitly depends on the class of materials. In the
case of (unconstrained) compressible isotropic elastic
solids, Ericksen [3] proved that the only universal
deformations are homogeneous deformations. In the
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case of incompressible isotropic solids, motivated by the earlier works of Rivlin [4-6], Ericksen [7]
found four families of universal deformations. In his analysis, he conjectured that a deformation
whose principal invariants are constant must be homogeneous. This conjecture turned out to be
incorrect [8]. A fifth family of inhomogeneous universal deformations with constant principal
invariants was discovered independently by Singh & Pipkin [9] and Klingbeil & Shield [10]. The
six known families of universal deformations are as follows:

— Family 0: Homogeneous deformations.

— Family 1: Bending, stretching and shearing of a rectangular block.

— Family 2: Straightening, stretching and shearing of a sector of a cylindrical shell.

— Family 3: Inflation, bending, torsion, extension and shearing of a sector of an annular
wedge.

— Family 4: Inflation/inversion of a sector of a spherical shell.

— Family 5: Inflation, bending, extension and azimuthal shearing of an annular wedge.

For incompressible isotropic solids, Ericksen’s problem has not been completely solved to this
date; the case of deformations with constant principal invariants is still open. However, the
conjecture is that there is no other family of inhomogeneous isochoric universal deformations
with constant principal invariants other than Family 5.

Ericksen’s work has recently been generalized to anelasticity. In the case of compressible
anelastic solids, universal deformations are covariantly homogeneous [11]. In the case of
incompressible isotropic solids with finite eigenstrains, Goodbrake ef al. [12] suggested that
universal eigenstrain distributions (that are modelled by a material Riemannian metric) should
follow the same symmetry as the deformations. In particular, they showed that all the six known
families of universal deformations are invariant under the action of certain Lie subgroups of the
special Euclidean group.

Yavari & Goriely [13] extended Ericksen’s analysis to compressible and incompressible
transversely isotropic, orthotropic and monoclinic solids. They showed that the universality
constraints of incompressible anisotropic solids include those of incompressible isotropic solids.
For each known family of universal deformations for isotropic solids they obtained the
corresponding universal material preferred directions. The analogue of universal deformations
in linear elasticity are universal displacements [14-16]. It turns out that universal displacements
explicitly depend on the symmetry class of the material. More specifically, the smaller the material
symmetry group, the smaller the corresponding space of universal displacements [16].

Golgoon & Yavari [17] observed that radial deformations of spherical shells are universal even
for radially inhomogeneous transversely isotropic spherical shells with radial material preferred
direction. This means that, in particular, Family 4 is universal for radially inhomogeneous
incompressible isotropic solids. To this date, the study of universal deformations has been
restricted to homogeneous solids. One may ask if Family 4 can admit other forms of
material inhomogeneity. The more general question is: What are the universal deformations
for inhomogeneous compressible and incompressible isotropic solids? And what forms of
inhomogeneity can accommodate universal deformations? These questions will be answered in
this article.

We will consider both inhomogeneous compressible and incompressible isotropic solids. We
find the universality constraints that are imposed by the equilibrium equations in the absence
of body forces and the arbitrariness of the inhomogeneous energy function. It will be seen that
the set of universality constraints for each material class includes those of the corresponding
homogenous solids. For compressible solids, the universality constraints force the universal
deformations to be homogeneous. The extra universality constraints force the energy function
to be homogeneous. This implies that inhomogeneous compressible isotropic solids do not admit
universal deformations. In the case of incompressible solids for each of the six known families of
universal deformations, we find the corresponding universal material inhomogeneity.

[9S0LZ0LLb ¥ 205§ 2014 edsi/jeuinolBioBuiysijgnd/iaposiefor



Downloaded from https://royal societypublishing.org/ on 29 September 2021

This article is organized as follows. In §2, we briefly review nonlinear elasticity. In §3, we
consider inhomogeneous compressible isotropic solids. In §4, the universal deformations and
universal inhomogeneities of incompressible isotropic solids are analysed for each of the known
six families. Conclusions are given in §5.

2. Nonlinear elasticity

(a) Kinematics

In nonlinear elasticity, a body B is identified with a flat Riemannian manifold (8, G), which is a
submanifold of the Euclidean 3-space (S, g) [18]. G is the material metric, which is induced from
the ambient space metric g. A deformation is a mapping ¢ : B— S. The deformation gradient
is the tangent map (or derivative) of ¢ and is denoted by F = T¢. The deformation gradient at
each material point X € B is a linear map F(X) : TxB — Ty,x)S. With respect to local (curvilinear)
coordinates {x*} and {X“} on S and B, respectively, the deformation gradient has the following
components:

dp”

FaX)=
AX)= =7

X). (2.1)
The transpose of deformation gradient is defined as follows:
F:ToS = TxB, (FV,v)g=(V,Fv)g, VVeTxB veTlysS, (2.2)
which in components reads
(F'X0)"s = gap(OF 5GP (X). (23)

Another measure of strain is the right Cauchy-Green deformation tensor (or strain), which is
defined as C(X) = F(X)'F(X) : TxB — Tx5 and has components CAg = (F")4,F"g. Note that Cap =
(ap © 9)F*AF’p, which implies that the right Cauchy-Green strain is the pulled-back metric,
i.e. C" =¢*(g), where b is the flat operator induced by the metric g and is used for lowering
indices. The left Cauchy-Green strain is defined as B* =¢*(g") and has components BAB =
(F~1HA,(F~1)B,g™. The spatial analogues of C” and B? are denoted by ¢’ and b, respectively,
and are defined as follows:

@ =0.G), cw=F Y FPGas o
and b = 0. (GY), b =F F'pGAB. '

b* is called the Finger deformation tensor. The tensors C and b have the same principal invariants
I1, I and I3, which are defined as follows [18,19]:

I =trb=0b% =b"gy,
1 1 1
=5 (I} —trb%) = S(If ~ b"yb%) = 5 (1] — V"6 gacgya) (2.5)

and I3 =detb.

(b) Balance of linear and angular momenta
The balance of linear and angular momenta in the absence of inertial effects in material form read
DivP+ pgB=0, PF =FP', (2.6)

where B is body force per unit undeformed volume, pg is the material mass density and P is the
first Piola—Kirchhoff stress. P is related to the Cauchy stress o as Jo®™ =PAFb . where | is the
Jacobian of deformation that relates the material (dV') and spatial (dv) Riemannian volume forms
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as dv =JdV and is defined as follows

detg
detG

In terms of the Cauchy stress o, the balance of linear and angular momenta read

J= detF. 2.7)

dive + pb=0, o' =0, (2.8)

where b=B o (p; and p=]"1pp is the spatial mass density. In components, balance of linear
momentum reads ¢ b + pb" =0, where

Uablb — Gub,b + Vabcacb + Vbchac- (2'9)

v are the Christoffel symbols of the ambient space metric g and are defined as follows:

1
Y = Egﬂk(gkb,c + Skeb — &bek)- (2.10)

(c) Constitutive equations

In the case of an inhomogeneous isotropic hyperelastic solid, the energy function (per unit
undeformed volume) is written as W = W(X, C",G). For an isotropic solid, the energy function
can be rewritten as W =W(X, Iy, I, I3), where I, I; and I3 are the principal invariants of the right
Cauchy-Green deformation tensor that are given in (2.5). The Cauchy stress has the following
representation [20]:

2
o™ = = [Wib"™ + (LW, + I3W3)g" — I3 Wac™], (2.11)
Vi3

where
OW(X, I, I, I3)

WfZWi(X/11112113)= ol ’
1

i=1,2,3, (2.12)
and ¢ = (FY)M,,(F-1H)N, Gpinvg™ " . For incompressible isotropic solids (I3 = J*> = 1), the Cauchy
stress has the following representation [20]:

—pg™ + 2W1 b — 2W,pc™, (2.13)

where p is a Lagrange multiplier associated with the incompressibility constraint | = /I = 1.

3. Inhomogeneous compressible isotropic solids

For an inhomogeneous compressible isotropic solid, the Cauchy stress representation is given in
(2.11). The ambient space is Euclidean, and hence one can use a single Cartesian coordinate chart
{x}, so that g, = 8. Thus,

2
o™ = Z_[W1b™ + (LWa + I3W3)8% — I3Woc™]. 3.1)
VI

In the absence of body forces, the equilibrium equations in Cartesian coordinates read o“h,b =0.
Note that

2W  PW 0*W *W
Wi = (F-1)A I I I3,
1p=(F") boxAan, T e 1o+ Sran 20 T o B
aZW BZW aZW 82W
Wo = F_l A I 1 [ 3.2
20 = v oxaen, T anen T R T G2
PW  9PW W ’
d Wan = (F-1yA I I —1
an 3= (F1) bIXADL + oLl 1+ oLl 2p + 012 3
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These can be written more compactly as follows

Wip = (F YA Wi 4 + Wiilyp + Wialpp + Wislsp,

Wop = (F )4 Wau + Winlyp + Wanlp, + Waslz (3.3)
and Wap = (F 1A Wau + Wisly p + Waslpp + Waslsp,
where
2w
1
Wia= <A and W LAl i<j (3.4)

The first term on the right-hand side of each equation in (3.3) vanishes for homogeneous solids
[3,11]. Substituting (3.3) into the equilibrium equations, one obtains

I I
[—%b"b + b“b,b] Wy + [—23—1':(125@ — L3¢ 4 I 8™ — I3 e — 13c“b,b} W,

1
t 538" Wa + BTy Wi + Ly (128" — ™) Waa + 133" Wag

+ 11128 = I3c™) + L pb™TWia + (I + 811 13) Wi

+ [I3,p(128" — I3¢™) + 315,56 W3

+ (A0 W4 + FH (128" — e )Waa + (F) 138" W3 = 0. (3.5)
The aforementioned identity must hold for any choice of W = W(X, I1, I, I3). This means that the
partial derivatives of W can vary independently. Thus, in particular, the coefficients of the partial
derivatives Wy, Wa, W3, W11, Wap, W33z, W12, Was and W31 must vanish independently, and hence,

one obtains Ericksen’s universality constraints for homogeneous compressible isotropic solids
[3,11]:

I
— %bab + bﬂb,b -0, (3.6)
I
_ 2371,;]([25111} _ ISCﬂh) + szb(sﬂb _ IS,bCﬂb _ ISCub,b =0, (37)
I38" =0, (3.8)
VL, =0, (3.9)
Ly (18" — Ic¢") =0, (3.10)
L3138 =0, (3.11)
I p (18" — I3c™) + L pb™ =0, (3.12)
WLy + 8L 13 =0 (3.13)
and I3y (18" — I3¢™) + I315,,8" = 0. (3.14)

In addition to the aforementioned constraints, for inhomogeneous solids from (3.5), one has the
following extra universality constraints

BOETYA WA =0,
(128" — 3™ )(F~ 1)y Wa,a =0 (3.15)
and L8P (F 1A, Wa 4 =0.
From the constraints (3.6)—(3.14), one obtains Erisksen’s conditions:

I1, I, I3 are constants, and b“b,b = c“b,b =0. (3.16)
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By using Ericksen’s conditions and the compatibility equations, one can show that the universal
deformations must be homogeneous [3]. Knowing that the tensors b, 1,89 — 3% and I387 are
invertible,! from (3.15), one concludes that

(FA Wi = (F Y Wou = (F W4 =0, (3.18)
which in turn implies that
Wia=Wya=W34=0. (3.19)
Note that
Ja oW Ja oW
Wi 4 = P77 o, 3.20
VAZSXA 9L~ oL axA (3.20)
Similarly, using W 4 = W3 4 = 0, one obtains
a oW 0o oW
el - —0. 3.21
L, aXA  9l3 9XA ( )
This means that
oW oW W
oxt =h0, G =h00, S =fX), (322)

for some scalar functions f4. In particular, note that 8f;/dX? = 3f>/3X", and 8f;/0X3 = df3/0X".
From (3.22)1, one concludes that

X]
WOGI I 1) = | A8, X)X+ 2, X1 I ), (3.23)
X

0

where 1 is some scalar function and X} is some fixed value of X!. Taking the partial derivative
with respect to X2 of both sides, one obtains

aw a8 (X (X2, X3, 11, I, I3)
- = Xl/xz, X3 Xm ’ 741,42, ,
X2~ axX2 ng)fl( Jax X2
X! afl(Xll X21X3) 1 ah(X21X3111112/I3)
= dx* + ,
Xt ax2 X2
X ap(x!, X3 X%) g 0h(X3, X3, 1,1, )
X} 0X X
(X2, X3,11,Ip, I
=fH(X!, X2, X3) — fo(X3, X2, X°) + ( ax21 213 (3.24)
From (3.24) and (3.22);, one concludes that
(X2, X3, 1, 1p, I5)
o =f2(X, X2, 7). (3.25)
Thus,
X2 2 3 X2
oh(X=,X°,I1,Ip, I
J ( 2 3) ax2 :J (X3, X%, x%) dX?, (3.26)
X3 0x X
!When expressed in the principal directions of ¢, one has
L0 o0
1.0 0 S
6% — I = (222 + 2233+ |0 1 0| —-a2a32| 0 5 O
0 0 1 0 o6
%
2303+ 23) 0 0
= 0 B3 +23) 0 , (3.17)
0 0 2303 +23)

where 23,23 and 23 are the eigenvalues of b*. Clearly, [1,8" — I3¢*] is invertible.
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where X% is some fixed value of X2. Hence,

X2

HOC, X, 1o, 15) = WO, 38, 1, I )+ [ X, 38, X0 4 (627)
0

X
This implies that

WX, X%, 1, 1, 1) = HOC, I, I, 3) + K(X?, X°). (3.28)
By using the aforementioned relation in (3.23), one has

Xl

WX, I, I, I3) = J AL X2, X5 dX + HOC, I, I, 1) + KX, XP). (3.29)
0

X
Taking the partial derivative with respect to X3 of the aforementioned relation, one can show that
HX, I, I, I3) = W(Iy, I, T3) + M(X°). (3.30)

The aforementioned relation and (3.29) imply that W(X, I, I, I3) = W(X) + W(Iy, I, I3). Note that
the inhomogeneous term W(X) is mechanically inconsequential. In summary, we have proved the
following result.

Proposition 3.1. Inhomogeneous compressible nonlinear isotropic solids do not admit universal
deformations.

4. Inhomogeneous incompressible isotropic solids

For an incompressible isotropic solid, the equilibrium equations in the absence of body forces
read

%p,bgﬂb =[Wib™ — Wac™], or %p,a = Sam[W1b™ — Woc™ ] . (4.1)
Hence,
%dp = %pﬂ dx® = gum[W1b™" — Woc™ ], di?, 4.2)
where d is the exterior derivative. This means that?
& = gam [WhD™" — W "], dx® = [W1 b} — Wach ], dx?, 4.3)

is an exact 1-form. Note that d§ =0, or equivalently &, , = &, ,, is a necessary condition for & to be
an exact form [21]. However, from &, =&, , — ¥ &, one concludes that £, , = &, , is equivalent
to &, = &p|,. The latter constraints are more convenient in curvilinear coordinates as the metric of
the ambient space is covariantly constant, i.e. ;. = 0. One can simplify &, as follows:

& = [Whb} — Wacylin = Wabl — Wapucy + Wiby jn — Wacy . (4.4)
Note that W; = W;(X,I1, 1), i=1,2, and hence,

Wi = (F )2 Wi 4 + Wil + Wialo

4.5)
and Wap = (F )4 Wa g + Wialy y + Wanlo .
From (4.4), one can write
Eap = (W1 by, — Wap)wcy + Wipnbly o — Wapnch
+ Wbl 1 — Wopch 1n + Wby jup — Wacy - (4.6)

2Note that b", =b™" Qma, and b," = g, b™", which are equal. Thus, we use the notation b} =b", =b,". Similarly, the same
notation is used for c.
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By using (4.5), we have

Wi)p = Wirlyywe + Wialojp + Wanili plin
+ Wia(opl1,n + I plon) + Winalo plo
+IEDPE Y = v E) W4
+ [F YA, + (F Y2000 Wi a
+E Y alop + ) 2 nlWiza

+IE DY EDE, + EHELETY W 48, (47)
and

Wop)ip = Wialijp + Waalojup + Wri2ly pla n
+ Wil pl1,n + I plon) + Wonalp plo
+IE P E Y s = v E) W24
+IE Y Ly + E W a
+IE D e + E A Wiza

+ [F Y EDE, + FHE L FHA W) 4. (4.8)
Therefore,

Eaip = (U7 1ap) W1 — (cff1np) W2

+ [ 1l p + G311, IWi = [ inlop + (¢ 12,0) ] W22

+ U inlop + (g L)y — [cf in1p + (1) pl} W12

+ (b Iy p)Watt — (¢ 1o, nln ) Wooo

+ [y (I plon + Tl p) — cindt p] W2

+ 3L plo 0 — ¢ (I plon + I1ndo,p) ] Wi22

HAEY b+ ED b+ OIED P E) s — " E W4

—{E D achp + E e+ GIE D E Y s =y ED i W

+ O IE YA 0+ E DL Wi a — CTE DY by + E A5 Waa

+ OFIE Y b + F) Il = GIE Y ulip + Y pIal) Wiz a

+HUIE D E D+ EHEE ) IW a8

= [E Y E P+ EDEET I W 5. (4.9)
The first nine terms appear for homogeneous solids as well. As W is an arbitrary function of its

arguments, for &, = &, to hold, it is necessary that the coefficients of W,, where « is a multi-
index, « €{1,2,11,22,12,111,222,112,122}, be symmetric. Therefore, the following nine terms
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must be symmetric [7]:

Az =Y o,

Ay = Clibns

AR =Ly, + O b,
AZ =l + ()b
Agy = Ol + Vgialap = [T + a1 p], (4.10)
At =Vl
Aglgz =c o ulpp,
AL =03yl + Iunlop) — il

and A2 =0yl — (I plo + T nlo p).

It is known that symmetry of the aforementioned nine terms, in addition to homogenous
deformations, admit five classes of deformations [7,9,10].
For inhomogeneous solids, in addition to Ericksen’s symmetry conditions (4.10), from (4.9),
the following seven groups of terms (for A =1, 2,3, and B > A) must be symmetric as well:
Cap = E~Y by + E1 bl
+UIE P E N s =y E D ],
Capt = EH e+ F el
+ gl E D s — v E) ],
Cap = URIE ) ulnp + E) L], (4.11)
Ct = chl(F Y alop + (F ) pl],
i = OE Y by + ) L] = GIE by + EH ehl,
clAB ORLE Y (D + F P u )]

and CHE =[P (F P + (FHPR(F D).

The aforementioned 27 symmetry constraints restrict the form of the inhomogeneity of the
elastic body. For a family of deformations consistent with (4.10), we call the corresponding
inhomogeneities that respect (4.11) the universal inhomogeneities. In the sequel, for each of
the six known families of universal deformations, we will find the corresponding universal
inhomogeneities. More specifically, for a given family, if a term in (4.11) cannot be symmetric,
then the corresponding derivative of W must vanish. This will then restrict the form of the
inhomogeneity, i.e. the explicit dependence of W on X4.

(a) Family 0: homogeneous deformations

For homogeneous deformations, the deformation mapping has the component form x*(X)=
Fi 4 XA 4+ %, where [F?4] is a constant matrix and ¢® are components of a constant vector. The
incompressibility constraint in Cartesian coordinates reads det[F? 4] = 1. The right Cauchy—Green
strain in Cartesian coordinates has components Cqp = F? AF58,p,, which are constants. [b%] and
[¢®] are constant matrices and I; and I, are constant as well. For isochoric homogeneous
deformations, the universality constraints (4.10) are trivially satisfied. The first five sets of
constraints in (4.11) are trivially satisfied as well, and only the last two need to be checked, i.e.
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claB C[za’gf =0, where we use the standard notation (.)[zp] = %[(-)ab — ()pal- Thus,

[ab] =

LIE D E P+ EDPRE Y 1=0

nrr—1\A (p—1\B —1\B (p—1\A (4.12)
and CalE™) nE) p + (F7) n(E™7) 5] =0.

[6"] and [¢"’] have the same principal directions. With respect to the principal directions of b,
F~! has the representation

1
fi f2 fi3 o0 0 E 0 0
Fl=|fn o B3|, D=0 23 o, [@=|0 5 0], @1
fa1 f f33 0 0 3 0o 0 &
3
where A%A%A% =1 and detF~! = 1. The constraints (4.12); for (4, B) = (1,1) read
fiifio0f =23 =0, fofis(3 —23)=0, fufi3(3 -1} =0. (4.14)

Clearly, one solution is A% = A% = A% =1, which corresponds to the identity deformation, which
satisfies all the other constraints. We show that this is the only solution. If not, as all isochoric
homogeneous deformations satisfy the symmetry of all the terms in (4.10), we can assume that
the eigenvalues of b? are distinct. Thus,

fi1fiz = fiofi3 = f11fi3 =0. (4.15)
Similarly, the constraints (4.12); for (A, B) = (2,2) and (A, B) = (3, 3) give

fa1fox = foofas =f21f23 =0
(4.16)
and f31f32 = faofz3 =f31f33 = 0.

It is straightforward to show that (4.15) and (4.16), and the constraint det Fl=1 imply that fj =
fo1 =f13 = f31 = fo3 = f3p = 0. The remaining constraints cannot be satisfied unless A% = A% = A% =1
Thus, we have proved the following result.

Proposition 4.1. Homogeneous deformations are not universal for inhomogeneous incompressible
nonlinear isotropic solids.

Remark 4.2. Note that symmetry of a family of deformations ¢: B — ¢(B) C S is encoded
in the symmetry of its pulled-back metric C* = ¢*g. Goodbrake et al. [12] observed that for
homogeneous deformations C is invariant under the action of T(3) C SE(3)—the group of
translations. Proposition 4.1 tells us that the inhomogeneous energy function must respect the
same symmetry, ie. W(X+a,I1,I)=W(X,I;,Ib), YV ac R3. In other words, the energy function
must be homogeneous.

(b) Family 1: bending, stretching and shearing of a rectangular block

This family of deformations, with respect to the Cartesian (X,Y,Z) and cylindrical (r,0,z)
coordinates in the reference and current configurations, respectively, has the following
representation:

XY, 2)=yCi(2X +Cy), 0(X,Y,Z)=Co(Y +Cs),

V4
2(X,Y,Z)= =— — CC3Y + Cg, (4.17)
C1C
where the Cartesian coordinate planes are parallel to the faces of the undeformed rectangular
block.?

3Note that any connected subset of a rectangular block can undergo these deformations as long as appropriate surface
tractions are applied. This is also the case for subsets of cylindrical shells, spherical shells and annular wedges for Families
2-5.
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C", b¥ and ¢ have the following representations.

praton 0 0
2X+Cy C
[Capl=| O C%[C1<2X+Cc4)+C§] —1(;—3 , (4.18)
0 -G aa
C
C4+12X 0 0
w*1=| o0 C3 —C3Cs3 (4.19)
2 1 22
0 -GG &g+G4G
and
C4£2X 0 0
(1= 0 dAad+g ddG|. (4.20)
22 22
0 233G, c3c3

Note that C” is independent of Y and Z, i.e. it is invariant under the action of T(2) C SE(3).
The universality constraint C[ll;z] =0, for A=2, and (a,b) = (1,2) requires* C%[l + 3C%(C4 +
2X)] =0, which is not possible. This implies that

oW1 9 OW

=227 . 4.21
Y oL aY *21)

C[lﬂ/;] =0, for A=3, and (a,b)=(1,2) requires Ci’Cng,[l + C%(C4 +2X)] =0, which cannot be
satisfied. This implies that
oW, a oW
_OIW 422
9Z oL 9Z (422)
C[ZH/Z] =0, for A=2, and (a,b) = (1, 2) requires (C%C%C% + C% — C%)‘/C1(C4 + 2X) =0, which is not
possible, and hence,
W, a oW
_ 0w 423
Y alp Y ( )
C[ZﬂAb] =0, for A=3, and (a,b) = (1, 3) requires (C‘%C‘%Cg + C% — 3C§)‘/C1(C4 + 2X) =0, which does
not hold, and thus,
oW, a oW
T2_ 277 ). (4.24)
0z ol 0Z
Equations (4.21)—-(4.24) imply that up to a mechanically inconsequential function of (X, Y, Z), the
energy function must have the form W = W(X, Iy, I). For this form of the energy function in (4.11),
only the symmetry of the terms with A=1 and A =B =1 needs to be checked. It turns out that
those terms are all symmetric.

Proposition 4.3. For inhomogeneous incompressible nonlinear isotropic solids, Family 1 deformations
are universal for any energy function of the form W= W(X, I1, I).

Remark 4.4. Note that for Family 1 deformations, C is independent of Y and Z, i.e. it is
invariant under the action of the transformations Y — Y +ay, and Z — Z + a3, V ap,a3 € R. We
have shown that for Family 1 deformations to be universal for inhomogeneous solids, the energy
function must be invariant under the same group of transformations.

(c) Family 2: straightening, stretching and shearing of a sector of a cylindrical shell

This family of deformations, with respect to the cylindrical (R, ®,Z) and Cartesian (x,y,z)
coordinates in the reference and current configurations, respectively, have the following

*All the symbolic computations in this article were performed using Mathematica Version 12.3.0.0, Wolfram Research,
Champaign, IL.
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representation

1 e
xR, ©,Z)= 7C1C§R2 +Cy Y(R,0,7)= G + Cs,
C3

1
2R, 0,7Z) = cGOtgZtCe (4.25)

where the Z-coordinate line is the axis of the cylindrical shell sector. Thus,

CiIGR* 0 0

C3+1 C
[CaBl= 0 C%C% clé , (4.26)
Cs 1
0 C1C§ C%
2412
C2CiR 0 0
1 C
wt=| 9 cor  cor (4.27)
C 1 G
0 C%C%RZ a*t c2c2R2
and
1
Cers 0 :
1= 0 CAR+CE -G |- (4.28)
0 ~C2C, 2

Note that C” is independent of @ and Z, i.e. it is invariant under the action of SO(2) x T(1) C SE(3).
The universality constraint C[lﬂ‘?,] =0, for A=2, and (a,b) = (1, 3) requires C%Cg +(1/RYH =0,
which cannot be satisfied. This implies that

oW 9 aW

= = 4.29
30 9l 90 (4.29)
Similarly
c[ub] =0, for(A,ab)=(31,2)=CC3=0,
1
_ 2 _
C[[Zb] —0 for (A,a,b)—(Z, 1,2):>C1C2 + @ =0 (4.30)
1
and 24 =0, for (A,a,b)=(3,1,3) = —— =
lab] = 35
! C3C3R
None of the aforementioned constraints can be satisfied, and hence,
oW a IW oW, 0 oW oW d BW
AL Y =0 2 _ -0, 2= (4.31)

9Z ol 9Z ' 90 8l 9@ ' 3Z 8l aZ

Equations (4.29) and (4.31) imply that up to a mechanically inconsequential function of (R, ®, Z),
the energy function must have the form W = W(R, I, I7). For this form of the energy in (4.11), only
the symmetry of the terms with A =1, and A =B =1 needs to be checked. One can check that all
those terms are symmetric.

Proposition 4.5. For inhomogeneous incompressible nonlinear isotropic solids, Family 2 deformations
are universal for any energy function of the form W =W(R, Iy, I»).

Remark 4.6. Note that for Family 2 deformations, C is independent of ® and Z, i.e. it is
invariant under the action of the transformations ® — @ + ©g and Z — Z + Zy, V Oy, Zy € R. We
have shown that for Family 2 deformations to be universal for inhomogeneous solids, the energy
function must be invariant under the same group of transformations.
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(d) Family 3: inflation, bending, torsion, extension and shearing of a sector
of an annular wedge

With respect to the cylindrical coordinates (R, ®,Z) and (r,0,z) in the reference and current
configurations, respectively, this family of deformations has the following representation

R2
R,0,2)= | =———F—=+Cs5, 0(RO,Z2)=C10 +C2Z+Cs,
r( ) \/C1C4—C2C3 +Cs,  6( )=C10 +C2Z+Cs

2(R,0,Z) = C30 + C4Z + C7, (4.32)

where the Z-coordinate line is the axis of the annular wedge. Thus,

RZ
K(KCs+R?) 0 0
2 2
Casl=| 0 G+ +0]  aG[f+c|+aa|, @)
2 2
0 CG[K+G|+ae G+ % +0)
RZ
(@eney 0 0
2
= o S+ S9Sioc (4.34)
2
0 SENCYIIN-= N
and "
[] = 0 c§+Kc2§R2 _ Clc%gzcmz , (4.35)
0 _ GG+ GCaR? C+CR
K2 K2

where K = C;C4 — CoCs. Note that C° only depends on R.
The universality constraint C[ll;g] =0, for A=2, and (a,b) = (1, 2) requires that

C4R8(C3 4 2C3CsK — 1) + C5KR*[C4(C3CsK + 2) — 2C1C2C3]

+ C1CEK?R*(4CC3 — 3C1Cy) — 2C1 CIK* + C3C4R® =0, (4.36)
which is not possible, and hence,
oW a oW
L 297 . (4.37)
RIC ol 0©
C[lulg] =0, for A=3, and (a,b) = (1, 3) requires
C1{C3(C5K + R?)* + C5KR?[C3(C5K + 2R?) — 2] + C3R® — R*} =0, (4.38)
which cannot be satisfied. This implies that
AW, 8 AW
= —— =0(. 4.39
aZ ol oZ (439)

Similarly, C[Za’g] =0,for A=2,and (a,b) =(1,2), and C[Za’é] =0, for A=3, and (a,b) = (1, 3) cannot be
satisfied, and hence,
oWy 9 8w

W Wy 9 W
00 9L 00

d = 2% .
e 7 T 0z

(4.40)

Therefore, up to a mechanically inconsequential function of (R, ®,Z), the energy function must
have the form W= W(R, I, 7). For this form of the energy in (4.11), only the symmetry of the
terms with A =1 and A = B =1 needs to be checked. All those terms are symmetric. In summary,
in proposition 4.5, ‘Family 2’ can be replaced by ‘Family 3’. Similar to Family 2, for Family 3
deformations to be universal, the energy function must respect the symmetry of C.
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(e) Family 4:inflation/inversion of a sector of a spherical shell

With respect to the spherical coordinates (R, ®,®) and (r,0,¢) in the reference and current
configurations, respectively, this family of deformations has the following representation:

"R,0,0)= R+ CHB3, 4R, 0,0)=+0, ¢R,0O,0)=02, (4.41)

where the spherical coordinates are centred at the centre of the spherical shell sector. Thus,

R4
(C?:l:R3)4/3 0 0

[Casl = 0 (C3 + R3)/3 0 , (4.42)

0 0 (C £R3)?Bsin’ O

4

o 0 0 (R 0
R4
1=| o L0 and []=| 0 R2 o |. @43
0 0 1 0 0 RZ’sin’®
R2sin’ ®
C" can be written as follows [12]:
b R . o (3R}
C (X)=WR®R+T(1—R®R), (4.44)

where 1 is the identity tensor and R = X/|X|. This means that at a point X, C” is invariant under
all those rotations that fix X.

The universality constraint C[la‘zl =0, for A=2, and (a,b) = (1, 3) requires that ZLC?R6 + ?»C?R3 +
ZC? =0, which cannot be satisfied. This implies that

IWy 9 W
90 9 90

(4.45)

C[lﬂ’?,] =0, for A=3, and (a,b) =(1,2) requires (Cg’ + R3)2/3 cot ® =0, which is not possible, and
thus,

LAALE = 0 oW =0. (4.46)
ad  al 9P
C[Za‘g] =0, for A=2, and (a,b) = (1, 2) requires
(5R? £ 2C3R®)(C3 + R%)M3 £ RO + 3C3R3 +4C8 =0, (4.47)
which is not possible. Thus,
W 9 oW (4.48)

90 L 90

C[ZH/Z] =0, for A=3, and (a,b)=(2,3) requires RZ(C‘;‘ + R3)2/3 cos @ sin® ©® =0, which is not
possible. This implies that
Wy _ oW _

=227 . 4.49
ad  alp 9D (449)

Equations (4.45), (4.46), (4.48) and (4.49) imply that up to a mechanically inconsequential function
of (R, ®, @), the energy function must have the form W= W(R, I, I). For this form of the energy
in (4.11), only the symmetry of the terms with A=1 and A =B =1 needs to be checked. One
can check that all those terms are symmetric. In summary, in proposition 4.5, ‘Family 2’ can be
replaced by ‘Family 4’. Similar to Families 2 and 3, for Family 4 deformations to be universal, the
energy function must respect the symmetry of C°.
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(f) Family 5:inflation, bending, extension and azimuthal shearing of an annular wedge

With respect to the cylindrical coordinates (R, ®,Z) and (r,0,z) in the reference and current
configurations, respectively, this family of deformations has the following representation:

1
"R,©,2)=CiR, 6(R 6,Z)=CologR+C30 +Cy, 2(R,0,2)=5-Z+C5,  (450)

1-3
where the Z-coordinate line is the axis of the annular wedge. Thus,
C3HCi+1) CiCC3R 0
[Capl=| CIC2CR  CIGRR* 0 (451)
0 0 _1_
Gle:
and
2 CG S .1 _GR
G R 0 aq + ca CiC 0
aby_ | ¢iC C3+C3 aby 2
=] S (1) G = (4.52)
0 0 &g 0 0 cic

Note that C° only depends on R. For homogeneous incompressible isotropic solids, this is the only
known family of inhomogeneous universal deformations for which I; and I, are constant. Let us
consider the following universality constraints:

Cifyy=0, for (A,0,0)=(1,1,2)=> C1C2 =0,

C[1£] =0, for(A,ab)=2,1,2)=Ci(1+ C% - C%) =0,
Cliy =0, for (4,0,6)=(3,2,3) = C1C2C3 =0, (453)
C[Za‘z] =0, for(Aa,b)=(1,1,2)=R*C, =0,

Cly =0, for(A,a,b)=(2,1,2)= Cj(1 - 6CiR?) — 5C{R* + C3=0

and cﬁ;‘;l =0, for(A,a,b)=(3,23)=R*CIC;=0.

None of the above six universality constraints can be satisfied. This means that the energy function
must be homogeneous.

Proposition 4.7. For inhomogeneous incompressible nonlinear isotropic solids, Family 5 deformations
are not universal.

Remark 4.8. This family of deformations is peculiar in the sense that it is inhomogeneous yet
it does not accommodate universal inhomogeneity. This result is consistent with what Yavari &
Goriely [13] observed for transversely isotropic solids. For Family 1, one of the universal solutions
is a uniform distribution of fibres for fixed X. For Families 2 and 3 and Family 5, they showed that
the integral curves of the material preferred directions are circular helices. For Families 2 and
3, the helices can be R dependent but not for Family 5. Goodbrake et al. [12] observed another
peculiarity of this family: C* corresponding to other inhomogeneous families (i.e. Families 1-4)
has an eigenvector parallel to the inhomogeneity direction, but not for this family.

5. Concluding remarks

In this article, we extended Ericksen’s analysis of universal deformations in homogeneous
isotropic solids to inhomogeneous isotropic solids. The set of universality constraints of
inhomogeneous solids include those of the corresponding homogeneous solids. We showed
that inhomogeneous compressible isotropic solids do not admit universal deformations. For
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incompressible solids, we considered each of the six known families of universal deformations
for homogeneous isotropic solids and showed that:

— Family 0 is not universal for inhomogeneous solids.

— Family 1 is universal for inhomogeneous solids as long as the energy function respects
the symmetry of these deformations, i.e. when W = W(X, I3, I) with respect to the natural
Cartesian coordinates (X, Y, Z) in the reference configuration of a rectangular block.

— Families 2, 3 and 4 are universal for those inhomogeneous solids for which W=
W(R, I1,I) with respect to the natural referential cylindrical coordinates (R, ®,Z) for
Families 2 and 3, and with respect to the natural referential spherical coordinates (R, ®, @)
for Family 4.

— Family 5 is not universal for inhomogeneous solids.

Table 1 summarizes our results for inhomogeneous incompressible isotropic solids.
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