Journal of the Mechanics and Physics of Solids 135 (2020) 103782

Journal of the Mechanics and Physics of Solids

journal homepage: www.elsevier.com/locate/jmps

Contents lists available at ScienceDirect ouma ol
Mechanics
and Physics
of Solids

O e

Universal displacements in linear elasticity )

Arash Yavari®*, Christian Goodbrake®, Alain Goriely"

Check for
updates

aSchool of Civil and Environmental Engineering & The George W. Woodruff School of Mechanical Engineering,
Georgia Institute of Technology, Atlanta, GA 30332, USA
b Mathematical Institute, University of Oxford, Oxford 0X2 6GG, UK

ARTICLE INFO

ABSTRACT

Article history:

Received 30 July 2019

Revised 26 October 2019

Accepted 8 November 2019
Available online 11 November 2019

Keywords:

Universal deformation
Universal displacement
Linear elasticity

In nonlinear elasticity, universal deformations are the deformations that exist for arbitrary
energy functions and suitable tractions at the boundaries. Here, we discuss the equivalent
problem for linear elasticity. We characterize the universal displacements of linear elas-
ticity: those displacement fields that can be maintained by applying boundary tractions
in the absence of body forces for any linear elastic solid in a given anisotropy class. We
show that the universal displacements for compressible isotropic linear elastic solids are
constant-divergence harmonic vector fields. We note that any divergence-free displacement
field is a universal displacement for incompressible linear elastic solids. Further, we char-
acterize the universal displacement fields for all the anisotropy classes, namely triclinic,

Anisotropy classes monoclinic, tetragonal, trigonal, orthotropic, transversely isotropic, and cubic solids. As ex-
pected, universal displacements explicitly depend on the anisotropy class: the smaller the
symmetry group, the smaller the space of universal displacements. In the extreme case of
triclinic material where the symmetry group only contains the identity and minus identity,
the only possible universal displacements are linear homogeneous functions.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

A universal deformation in elasticity is one which is possible in every member of a class of materials in the absence of
body forces (Saccomandi, 2001). In other words, given a class of materials, a universal deformation of a body made of any
material in the class is possible by applying only surface tractions.

In the case of (unconstrained) compressible isotropic elastic solids, Ericksen (1955) showed that the only universal de-
formations are homogeneous deformations.! In Yavari and Goriely (2016), we showed that Ericksen’s result can be extended
to compressible solids with finite eigenstrains that in the absence of eigenstrains are isotropic. In this case, universal defor-
mations in such solids must be covariantly homogeneous. This implies that the material manifold must be flat (assuming a
simply-connected body). In other words, universal eigenstrains in compressible isotropic solids are impotent, i.e., are zero-
stress.

In the case of incompressible isotropic solids, in addition to homogeneous deformations, Ericksen (1954), Fosdick (1966),
Singh and Pipkin (1965) and Klingbeil and Shield (1966) identified the following five families of universal deformations (see
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1 One should note that Ericksen’s 1954 and 1955 papers on universal deformations were largely motivated by the earlier works of Rivlin between 1948
and 1954 (Rivlin, 1948; 1949a; 1949b) (see also Truesdell (1952)).
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Truesdell and Noll (2004), Tadmor et al. (2012, p.265), and Goriely (2017, p.305) for a visualization and discussion): (1)
Bending, stretching, and shearing of a rectangular block; (2) Straightening, stretching, and shearing of a sector of a cylin-
drical shell; (3) Inflation, bending, torsion, extension, and shearing of a sector of an annular wedge; (4) Inflation/inversion
of a sector of a spherical shell; (5) Inflation, bending, extension, and azimuthal shearing of an annular wedge. The possi-
ble existence of other families is an open problem in elasticity. These families are limited due to the condition that the
deformations must exist for arbitrary isotropic constitutive relationships.

In linear elasticity of simple bodies, the situation is slightly different. For homogeneous solids the constitutive rela-
tionships between the stresses and the linear strains is linear with constant coefficients. Hence, we must characterize the
displacements that exist for arbitrary values of the constant elastic moduli rather than for arbitrary functions. Therefore,
we expect a much larger family of solutions and the problem is not to enumerate different possible families of solutions
but to characterize fully the set of possible displacements. The question is then: In the absence of body forces, what are the
possible universal displacement fields for a homogeneous linear elastic solid? The answer to this question strongly depends on
the symmetry group of the material. For instance, we show that for isotropic linear elastic solids any constant-divergence
harmonic vector field is a universal displacement field. When the condition of isotropy is relaxed and one considers mate-
rials with smaller symmetry groups, we show that the space of universal displacements is further restricted depending on
the anisotropy class. We start with a full discussion of the isotropic case and then consider systematically, all the symmetry
classes.

2. Universal displacements in isotropic linear elasticity

The static equilibrium configuration of a homogeneous and isotropic linear elastic simple body in the absence of body
forces is governed by Navier’s equation for the displacement vector u € R3:

(A +p)gradodivu + uAu =0, (2.1)

where A and p are the Lamé constants, and Au = divogradu is the Laplacian operator. A deformation or displacement
field is universal if it can be maintained for all isotropic linear elastic solids by applying only boundary tractions. Navier’s
equations (2.1) in the absence of body forces can be written as

(1-2v)Au+gradodivu =0, (2.2)

where v is Poisson’s ratio. Note that 0 <1 —2v < 3 for compressible solids. Noting that Au = grad odivu — curlocurlu,
Eq. (2.2) can be rewritten as

2(1 —v)gradodivu — (1 —2v) curlocurlu = 0. (2.3)

Using (2.2) and (2.3), it follows that AAu =0, i.e., u is a biharmonic vector field.
From (2.2) u is a universal displacement field if (2.2) holds for any v € (-1, %). As v is a continuous variable, taking the
derivative with respect to v of both sides of (2.2) one concludes that —2 grad o divu = 0. Therefore?2

gradodivu=0, and Au=0. (2.4)

The first relation implies that divu = ¢, where c is a constant, while the second relation shows that u is a harmonic vector
field. Hence, this means that any universal displacement field is a constant-divergence harmonic vector field. Of course, not
all (smooth) displacement fields are universal.

On R3 any constant-divergence vector field has the following representation (McLachlan and Quispel, 2002)

c
Uqg(X) = Sap,p(X) + §Xa + kq, (2.5)
where S, (x) = —Sp,(x), and k, are constants. In Cartesian coordinates (x, y, z)
0 ax.y.z)  Pxy.2)
S(x,y.2) = | —a(x,y,2) 0 y(x,y,2) |, (2.6)
-Bx,y.2) -y(*y.2) 0
where «, 8, and y are arbitrary functions. Hence
ay+ B
divS(x,y,2) = | —ax+ vz |- (2.7)
—Bx—Vy
Thus
Aay+ AB,
Au=| Ay,—Aayx |, (2.8)
—ABx—Ayy

2 These PDEs were derived in Truesdell (1966). See also Gurtin (1972).
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where Aoy = & yxx + @ yyy + & yzz, and similarly for other terms. Therefore, for a universal displacement field the functions
«, B, and y must satisfy the following system of PDEs

Aay+ AB, =0,
Ay,— Aoy =0, (2.9)
ABx+ Ayy=0.

Finding the universal displacements amounts to solving for the functions ¢, 8, y. Note that Ax y = (Ax) y, etc. Let f = A,
g=Apf, and h = Ay. Therefore, we have the following system of linear PDEs for the three functions f,g, and h:

f.y +g2.=0,
fx—hz=0, (2.10)
g_x + th = 0

This system of PDEs is degenerate. Note that (fx —hz)y+ (gx +hy)z= (fy +8&2) x- Obviously, f =g=h=0 is a solution.
In this case, «, B, and y are arbitrary harmonic functions. However, there are many more solutions. Choosing an arbitrary
C! function h(x, y, z), from (2.10), and (2.10)s, f and g are calculated as

fxy.2) = [h.(x,y,2)dx+ & (y,2),
gx.y.2) = [ —hy(x,y,2)dx + n(y,2), (2.11)
Ey(1,2) +n:0.2) =0,

where £ and 7 are arbitrary C! functions of y and z that satisfy the constraint (2.11)s. Therefore, in the representation of the
universal displacements the functions (&, §, y) are the solutions of Poisson’s equations (Ac«, A8, Ay) = (f, g h), where h
is an arbitrary C' function of (x, y, z), and &, and 5 are C' functions of (y, z) satisfying the constraint (2.11);. Defining the
stream function ¥ (y, z), and taking & = a{,—'ﬁ and n = f%, (2.11)3 is satisfied, and one obtains

f(x.y.2) = [h,(x.y. z)dx + 2L@2

0z
g(x,y,2) = [ —hy(x,y,2)dx — 242,

Proposition 2.1. For isotropic linear elastic solids all universal displacement fields can be expressed as the superposition of a ho-
mogeneous displacement field and a non-homogeneous one, which is the divergence of an anti-symmetric matrix with components
that are the solution of Poisson’s equation.

(212)

Remark 2.2. There have been studies in the literature on the independence of the displacement field in isotropic linear
elasticity of either the Poisson’s ratio (Carlson, 1971), or the shear modulus (Carlson, 1972). Universal displacements are
different in the sense that they can be maintained in any isotropic linear elastic body in the absence of body forces. However,
they may depend on both Poisson’s ratio and the shear modulus. In other words, given a universal displacement field in two
bodies of the same shape but made of two different isotropic linear elastic solids the boundary tractions needed to maintain
the displacement field are different, in general.

Remark 2.3. In the near-incompressible limit, A is a large number, or equivalently v = % Hence, from (2.2) Navier’s equation
for incompressible elasticity reads

gradodivu = 0. (2.13)

This implies that divu = ¢, where c is a constant. Linearization of ] = 1 is divu = 0, and hence ¢ = 0. It is observed that any
divergence-free displacement field is a universal displacement field. In other words, all displacement fields that preserve the
volume form to the first-order are universal.

3. Universal displacements in anisotropic linear elasticity

Next, we consider the eight anisotropy classes (seven classes other than the isotropic class) and find their corresponding
universal displacements. In linear elasticity the relation between the Cauchy stress and the linearized strain reads oy, =
Cabcd€cd» Where cgpq are the coefficients of the elasticity tensor with major cypq = Cogqp, @and minor symmetries Cgpeq = Cpaed
(with Roman indices running from 1 to 3, and summation assumed on repeated indices).

Using the bijection (11, 22, 33, 23, 31, 12)—(1, 2, 3, 4, 5, 6) the constitutive equations in Voigt notation are written
as oy = Cug€g (With Greek indices running from 1 to 6), where the elasticity tensor is represented by a symmetric 6 x 6
stiffness matrix c:

Cn Ci2 €3 Cg Cs5 Ci
Ci2 € €3 Ca Cs5 O
Ci3 (€3 (33 (34 (35 C36 ] (31)
Cia Cqa C34 C4a Cyg5  Cg6
Cis € (35 (45 Cs5 Cs6
Cie Cwo C3 Ca6 Cs6 Cop
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Fig. 1. The eight material symmetries of linear elasticity. The lower symmetry is the triclinic case and the greater symmetry is the isotropic case. Interme-
diary cases depend on the number of symmetry planes. With permission from Chadwick et al. (2001).

We can further constrain the material class by assuming that the material has some symmetry. These constraints range from
the most drastic case of isotropy (with only 2 free constants), to the triclinic case where there is no constraint (with 21 free
constants). A useful classification of all possible symmetry group spans these two extreme cases by defining eight sym-
metry classes depending on the number of symmetry planes, namely: triclinic, monoclinic, tetragonal, trigonal, orthotropic,
transversely isotropic, cubic, and isotropic (Chadwick et al., 2001; Cowin and Doty, 2007; Cowin and Mehrabadi, 1995; Ting,
2003), see Fig. 1.

3.1. Universal displacements in triclinic linear elastic solids

For triclinic solids the identity and minus identity are the only symmetry transformations. For such solids there are no
restrictions (other than positive-definiteness) on the elastic constants in (3.1), i.e., there are twenty one independent elastic
constants. For a body made of a homogeneous anisotropic linear elastic solid, the balance of linear momentum in Cartesian
coordinates (xq, Xz, X3) is written as oy, = (Capeg€cd) b = Caped€cd.p = 0. Using the matrix representation (3.1) this can be
rewritten as

— uy —_
tm C2 €3 Cua C5 Ce 3;‘;
9 bl 9 c C C c c c Iy
2 0 0 0 v 12 Cxn (€3 C4 Cs5 Cp T 0
3 9 ) €13 (€3 (€33 (€34 C35 (36 ax3 _
0 35 0 35 0 5 o, ") owy | = | O (3.2)
0 02 3 3 3 01 Cla Co4 C3q Ca4 Ca5 Cg6 w Tt 37; 0
s WX 0 Ci5 €25 C35 C45 Cs55 Csg gﬂ + %
Cie C (36 Ca6 Cs6 Co6 ﬁ T Lﬁ;
L 0x, dx;

We note that if we expand these equations explicitly, only fifteen out of twenty one elastic constants enter the equi-
librium conditions. The remaining elastic constants enter the tractions. The same issue appears in other symmetry classes.
Nevertheless, the above three equilibrium equations in the absence of body forces should hold for arbitrary values of the
independent elastic constants that appear explicitly. This means that in each equilibrium equation the coefficient of each
elastic constant should vanish. This gives a set of fifteen PDEs for the displacement field. The first set of PDEs is

u;  *uy  Puy
ox2  0x10x;  0x10x3
?uy  Puy  Pup
0x3  0X0x;  0Xp0x3
02%u3 0%u3 02%u3

9x2 ~ Ox30x;  0xp0%3
From these equations, one concludes that

U1 (X1, X2, X3) = C1X1 + U1 (X2, X3),
Uz (X1, X2, X3) = CoXp + U (X1, X3), (34)
U3 (X1, X2, X3) = C3X3 + U3 (X1, X2).
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The next set of PDEs is

d%u,
5> =0, a#b, a,be{l,23} (3.5)
ox;
The last three PDEs are
Bzul 82u2 32U3
8X28X3 =0, 3X1 8X3 =0, 8X] 8X2 =0. (36)

Substituting (3.4) into the above PDEs, one obtains

11 (%2, x3) = f1(x2) + 81 (x3),
(%1, x3) = fL(x1) + &2 (x3), (3.7)
U3(x1,%2) = f3(x1) + &3(x2).

Substituting the above representations into (3.5) one obtains f =0 and g/ =0, a =1, 2, 3, and hence, the displacement
field must be homogeneous.

Proposition 3.1. The only universal displacements in triclinic linear elastic solids are homogeneous displacement fields.

3.2. Universal displacements in monoclinic linear elastic solids

In a monoclinic solid there is one plane of material symmetry (a reflection symmetry). Without loss of generality, let us
assume that e3 is normal to the plane of material symmetry. A monoclinic solid has thirteen independent elastic constants,
and in the Cartesian coordinates (xq, X5, X3) the elasticity matrix has the following form:

tm ¢ ¢3 O 0 ¢
Cz €2 €3 0 0
c c c 0 0 c
c— |3 €3 C3 36 | (3.8)

0 0 0 Cq4 C45 0
0 0 0 C45 Cs5 0
Cis Cp €36 O 0 ce6

The first set of PDEs governing the displacements is identical to (3.3), and hence, the universal displacements have the form
(3.4). The second set of PDEs in terms of i, reads

%, 92

= = O .
x3  0x3 ' (3:9)
9%, 0%,

= = .1
I R (3.10)
24 24
0%y _ 9%3 _ (3.11)

9v2 T 9y2
0x3 0x3
The last set of PDEs in terms of ii, reads

9%l 0%,

0% T axnax O (3.12)
92
X10%y (3.13)

From (3.13) one concludes that

U3(x1,%2) = B(X1) + G3(x2), (3.14)

and from (3.11) we have F/(x;) = G}(x) =0. This means that u3 is a homogeneous displacement component. From
(3.9) and (3.10) one obtains u; (X1, X3, X3) = U7 (X1, X2, X3)M°M + ayx2%3, and Uy (X1, X2, X3) = Us (X1, X2, X3)°M ++ a,x; 3. Finally,
(3.12) dictates that a; + a; = 0. Thus, we have the following characterization of the universal displacements.

Proposition 3.2. The universal displacements in a monoclinic linear elastic solid with planes of symmetry parallel to the
X1Xy-plane are the superposition of homogeneous displacement fields and the one-parameter inhomogeneous displacement field
(cxpx3, —Cx1X3,0).
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3.3. Universal displacements in tetragonal linear elastic solids

A tetragonal solid has five planes of symmetry, normals of four of which are coplanar while the fifth one is normal to
the other four. Without loss of generality, we assume that in the Cartesian coordinate system (xq, X, X3) the fifth normal is
along the x3 axis (with its corresponding plane of symmetry parallel to the x;x,-plane). The first two planes of symmetry
are parallel to the x;x3 and x,x3-planes. The other two planes of symmetry are related to the ones parallel to the x;x3-plane
by 7 /4 and 37 /4 rotations about the x3 axis. A tetragonal solid has six independent elastic constants, and in the Cartesian
coordinates (xq, x5, X3) the symmetric elasticity matrix has the following form:

n ¢z ¢3 0 0

2 ¢ ¢33 0 0

3 ¢3 ¢33 0 0
0 0 0 C44 0
0 0 0 0 C44
0 0 0 0 0 Ce6

Using this representation in the Navier’s equations and assuming the arbitrariness of the six elastic constants result in the
following PDEs for the universal displacements.

82u1 _ 32U1 - azul . 32111

(3.15)

0
0
c— 0
- 0
0

0~ omon, o2 o (3.16)
aijgiz N a;}:%z - 882)22 - 832:%2 =0 (3.17)
Bijg;g aiig; =0, (3.18)
aijg; = aijgia = 332%3 =0, (3.19)
83223 8;;%3 =0 (3.20)

We note that since general homogeneous displacements exist for the triclinic case, they exist for all linear elastic solids.

Hence, we focus on finding the inhomogeneous solutions. From (3.19) and (3.20) one concludes that

0%l 0%z
2 2

0x4 0x5

From (3.16)-(3.18) one concludes that the inhomogeneous part of u; is of the form c;x,x3 + c;X1x3, and that of u, is of the

form —cyxx3 + c3x1X3. Therefore, we have the following characterization of universal displacements.

Uz (X1, X2, X3) = C3x3 + U3(X1, %), V2i3 = =0. (3.21)

Proposition 3.3. The universal displacements in a tetragonal linear elastic solid with the tetragonal axes parallel to the x3-
axis in a Cartesian coordinate system (Xq, Xo, X3) are the superposition of homogeneous displacement fields and the following
inhomogeneous displacement field:

Ul (X1, Xz, X3) = C1XoX3 + C2X1X3,
uénh(xlsXZa X3) = —C2X1X3 + C3X1X3, (3.22)
Ul (X1, X2, X3) = (X1, X2),

where ¢ and c, are constants, and g = g(xy, Xy) is a harmonic function.
3.4. Universal displacements in trigonal linear elastic solids

A trigonal solid has three planes of symmetry with normals that lie in the same plane and are related by 7r/3 rotations.
In other words, two of the planes of symmetry are related to the third one by rotations about a fixed axis by /3 and
—m/3. In a Cartesian coordinate system (xq, Xo, X3) let us assume that the trigonal axis is the x3-axis. A trigonal solid
has six independent elastic constants, and in the Cartesian coordinates (X1, X, x3) its elasticity matrix has the following
representation:

tn  Ci2  C3 0 0

2 Cnn €3 0 —C15 0

co |3 a3 o 0 0
0 0 0 Ca4 0 —C

s —¢5 O 0 C44 0

0 0 0 -5 0 $(c1 —c12)

(3.23)
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Again, Navier’s equations and the arbitrariness of the six elastic constants give the following PDEs for the universal displace-
ments.

82U3 . 82u3 . BZU3 _
IO T P A R (3.24)

82U1 82u1 . 82UZ 82UZ . 82U3 82U3

ox2 * dxa  0x2 * dx3a  0x2 * dx2 =0 (3.25)
382%1 _ 882):%2 _o. (326)
aijgiz B 8;;:%2’ a?:giz - aaz;él’ (327)
aijg;@, - Zaijgfg + 8;:%3 - 332%3 =0, (3.28)
aijglg aijg; a?:giz =0 (3.29)
e 330)
832;? =3 a;?g ' (3:31)

From (3.24) and (3.25)3 one concludes that

0%i; 0%

Us(X1, X2, X3) = C3x3 + 3 (%1, %), V3= —— + —— =0. (3.32)
0x 0x3
From (3.31) and (3.25); we have
d%u 0%u
21 _ 21 -0 (3.33)
0xs 0x5
From (3.33) and (3.26); one concludes that
Uq (X1, X2, X3) = A123X1X2X3 + A12X1 X2 + A13X1X3 + A23X2X3 + A1X1 + (2Xp + A3X3 + dg. (3.34)

From (3.26); one concludes that u;(xq,X3,X3) =Xx3f(X1,X2) +8(X1,%2). Using (3.33) and (3.27), we have aifgiz =0,
2 a2
and hence, 57 = 518 = 0. Thus, uy (%1.%.3) = x3fy (1) + ()] + 81 (1) + &2 (x). From (3.25), f1/(x1) + f3 (x2) =

g (x1) + &5 (x2) =0. Thus, fi'(x1) =—f)/(xo) =a, and g{(x1) = —g} (x) = a. Therefore

1, .
Uy (X] , X2, X3) = E(a + (1X3)(X% — X%) + b13X1X3 + b23X2X3 + b]X] + bzXz + b3X3 + bo. (335)

Substituting (3.34) and (3.35) into (3.30): aq3 + by3 + (a3 — a)xy = 0, which gives a = a3, and by3 = —ay3. Also, from
(3.27)1, @ = app. Thus

1
Uy (X1, X2, X3) = 5(012 + 0123X3)(X% - X%) + b13X1X3 — a13X2X3 + b1X1 + baXy + b3X3 + bo. (3.36)
B 2»\ ~
From (3.29): adxlig;z = —2a123%1 — (a3 + by3), and hence, d3(x1,Xy) = —a123X3%; — (Az3 + b13)X1Xy + f(X1) + &(X2). From
(3.32),, one obtains f”(x1) +&”(x2) = 2a;23%. Thus
1 1
U3 (X1, X2, X3) = —A123%3Xy — (A3 + b13)X1%2 + §a123x§ + Ec(xf —X3) 4 c1%1 + CaXp + C3X3 + Co. (3.37)

Finally, substituting (3.34), (3.36), and (3.37) into (3.28), one gets ¢ = —2ay3. Therefore, we have the following characteriza-
tion of the universal displacements.

Proposition 3.4. The universal displacements in a trigonal linear elastic solid are the superposition of homogeneous displacements
and the following inhomogeneous displacement fields:

Ullnh (X1, X2, X3) = A123X1X2X3 + A12X1X2 + (13X1X3 + A23X2X3,

i 1
U (x1, X2, X3) = 5 (@12 + A123%3) (X3 — X3) + b13X1X3 — A13XpX3, (3.38)
Ulgnh(Xth, X3) = —0123X%X2 — (@23 + bi3)x1%2 + %01239@ — a3 (X% - x%).
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3.5. Universal displacements in orthotropic linear elastic solids

An orthotropic solid has three mutually orthogonal symmetry planes. Let us assume that these are the coordinate planes
in the Cartesian coordinates (xq, X, X3). An orthotropic solid has nine independent elastic constants, and in the Cartesian
coordinates (xq, X3, X3) its elasticity matrix has the following representation:

C11 C12 C13 0 0 0
C12 Cy Cy3 0 0 0
C13 C23 C33 0 0 0
0 0 0 Ca4 0 0
0 0 0 0 Cs5 0
0 0 0 0 0 Ce6

Navier’s equations and arbitrariness of the nine elastic constants result in the following PDEs for the universal displacements.

c— (3.39)

82111 821,[1 82111
0x2  Ox10xy  0X10x3 (3.40)
82u2 . 82u2 . 8ZU2 -0 (3 41)
0x3  Ox0x1  Oxp0x3 .
82u3 82113 82u3

= = = .42
9x2  0x30%;  0xy0x3 0, (3.42)
82u1 82u1

_ —0, (3.43)
0x2 0x2
82u2 82u2
5 = a3 =0 3.44
X2 9x} ' (3.44)
82113 82u3

= =0. 345
0x? 0x2 (3.45)

From (3.40)-(3.42) one concludes that

U1 (x1, X2, X3) = C1X1 + U1 (x2, X3), (3.46)
Up (X1, X2, X3) = CaXp + U2 (X1, X3), (3.47)
us (X1, X2, X3) = C3X3 + 3 (X1, X2). (3.48)

Substituting (3.46) into (3.43);, one obtains i = X, f (x3) + g(x3). Substituting this into (3.43),, one gets x5 f"(x3) +g"(x3) =
0, which implies that f”(x3) = g”(x3) = 0. This means that u; is the superposition of a homogeneous displacement field and
the 1-parameter family of inhomogeneous displacements a;x,x3. One finds similar expressions for the other two displace-
ment components using (3.44) and (3.45). Therefore, we have the following characterization of the universal displacements.

Proposition 3.5. The universal displacements in an orthotropic linear elastic solid with planes of symmetry normal to the coordi-
nate axes in a Cartesian coordinate system (xq, X5, X3) are the superposition of homogeneous displacement fields and the following
3-parameter inhomogeneous displacement field: (a;xX3, AyX1X3, d3X1X2).

3.6. Universal displacements in transversely isotropic linear elastic solids

A transversely isotropic solid has an axis of symmetry such that planes normal to it are isotropy planes. Let us assume
that the axis of transverse isotropy is the x3-axis in the Cartesian coordinates (xq, Xp, x3). A transversely isotropic solid
has five independent elastic constants, and in the Cartesian coordinates (x;, X, X3) the elasticity matrix has the following
representation:

tm ¢ ¢33 O 0 0
C2 €1 C13 0 0 0
|z a3 3 O 0 0
10 0 0 cu O 0 (3.49)
0 0 0 0 C4q4 0
0 0 0 0 0 Iln-cn)
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Navier’s equations and arbitrariness of the five elastic constants result in the following PDEs for the universal displacements.

- -
%;?"+%;§7:0’ (3.51)
igzigza (3.52)
iz? izg _ i:?'kﬁg? _o. (3.53)
igzgg;, (3.54)
882;? _ aijg;@ , (3.55)
0%u, 8%2:0 (3.56)

8x1 3X3 aXZ 8X3

Note that the system of PDEs governing u; are decoupled from those governing u; and u,. From (3.50) and (3.51) one
concludes that

9%i; 0%

U3(X1, X2, X3) = C3X3 + U3(X1, %), V3= Ry 2 0. (3.57)
xq x5
From (3.52) one obtains
Ui (X1, X2, X3) = X3 f1(X1, X2) + 81 (X1, X2),  Ua(X1,X2,X3) =X3f2(X1,X2) + 82 (X1, X2). (3.58)
(3.53) implies that
V2fi = V?fy =V?g = Vg =0. (3.59)
From (3.54)-(3.56) we have
2 2 2 2
°h f; _0h h_ 0°hH (3.60)
0x2  0x10x; 0x2  0x10x;
2 2 2 2
E: 8g2’ 8g2: 8gl’ (361)
0x2  0x10x; 0x2  0x10x;
fi 8fz _
o o, (3.62)
Note that (3.60) can be rewritten as &(% - %) = %(% - %) =0, and hence, we have the following system of linear
PDEs for f; and f5:
afi 3fz
+ 452 =0,
W, (3.63)
s 3x1 =1

The above are inhomogeneous Cauchy-Riemann equations, and hence, f;(x1,x;) = 261X2 +hi(x1,%2), fL(X1,%) = —%clxl +
hy(x1,xp), where & (xy +ix1) = hy(x1, X3) +ihy (X1, %) is holomorphic. This implies that (3.59); and (3.59), are satisfied.

From (3.61), we get de1 98 _ ¢y, and from (3.59); and (3.59),, we find 9g1 4 98 _ c3. Therefore, g (x1, %) = Y31 +
Xy X1 Xy sz 2

%czxz + k1 (x1,%2), 82(X1,%2) = —7c2x1 + jc3x2 + ky(x1,%2), where n(xy +ixq) = kq (X1, X3) + iky (X1, X2) is holomorphic. Re-
naming the constants above we have the following characterization for the universal displacements.

Proposition 3.6. The universal displacements in a transversely isotropic linear elastic solid with the isotropy plane parallel to the
X1xp-plane have the following form:

U1 (X1, X2, X3) = C1X1 + C2X2 + CX2X3 + X3hy1 (X1, X2) + k1 (X1, X2),
Uz (X1, X2, X3) = —CoX1 + C1X2 — CX1X3 + X3hp (X1, X2) + ka (X1, X2), (3.64)
U3 (X1, X2, X3) = C3X3 + U3 (X1, X2),
where & (xy +ix1) = hy (X1, X2) +ihy (X1, x3) and n(xy + ixq) = kq (X1, X2) + iky (X1, Xp) are holomorphic, and {i3(x{,x,) is har-
monic.
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3.7. Universal displacements in cubic linear elastic solids

In a cubic solid at any point there are nine planes of symmetry with normals parallel to the edges and face diagonals
of a cube. Consider a Cartesian coordinate system (X1, X, x3) with coordinate lines parallel to the edges of the cube. In this

coordinate system the matrix of elastic constants reads

11 C12 C12 0 0 0
C12 C11 C12 0 0 0
2 ¢z ¢n O 0 0
0 0 0 Cq4 0 0
0 0 0 0 C44 0
0 0 0 0 0 Cq4

C =

(3.65)

Navier’s equations and arbitrariness of the three elastic constants result in the following PDEs for the universal displace-

ments.
82u1 _ 82u2 _ 82u3 -0
2 = 2 2 —
0xs 0x3 0x5

82u1 82u1 -0
ox2  0x3
0%u, 0%u
S+ = =0,
x5 0x3
0%u3;  9%u
e T o
0x3  0x3
821,11 BZUZ

)

8x1 8X3 8X2 3X3 -

821.12 BZU3

0Xx10Xy  0Xx10x3

)

82u1 BZU3 _
0X10Xy  0Xp0Xx3

From (3.66) we have

U1 (X1, X2, X3) = X1 f1(X2. X3) + g1 (X2, X3),
Uy (X1, X2, X3) = X2 (X1, X3) + 2(X1, X3),
uz(x1, X2, X3) = X3 f3(x1, X2) + g3 (X1, X2).
(3.67)-(3.69) imply that V2f, = V2g, =0, a =1, 2, 3. From (3.67)-(3.69) one obtains

dfi of

(x2,%3) + T)(i(x1’x3) =0,

0x3

0/ 0f3 _
TM(XLXB) + TM(XLXZ) =0,
af1 0f3 _
37)(2()(2’)(3) + TXZ(XLXZ) =0.

From (3.74) one concludes that g% and S—Z are only functions of x3, and hence
fi(xa,x3) = Fi (%) + G1(x3),  fa(x1,X3) = B (%1) — G1(x3).
Substituting this into (3.75), we have
f3(x1,%2) = =B (x1) + G3(x2).

Finally, substituting into (3.76) we get F/(x,) + G} (x;) = 0, and hence, G3(x;) = —F (x3) + c. In summary

fi(x2,x3) = B(x2) + v (x3),
fox1,x3) = a(x1) — v (x3),
f3:(x1.%2) = —a(x1) — B(x2) +c.

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)
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Knowing that V2f; = V2f, = V2f; = 0, one concludes that o’ (x;) = —B8”(xp) = ¥” (x3) = a. Hence

fi(x2.X3) = §(x3 = X3) + ¢1X3 + bix; + dy,
fa(%1.%3) = § (X7 — x3) + ar1x1 — C1X3 + da, (3.80)
f3(x1,%2) = §(x5 —x7) — @11 — byxy + ds.

Therefore, the universal displacements have the representation (3.73) with f; given above and g, being harmonic functions.
Proposition 3.7. The universal displacements in a cubic linear elastic solid have the following form:

up (X1, X2,X3) = $Xy (X§ —X%) + C1X1X3 + bix1 X2 + d1X + g1 (X2, X3),
Uz (X1,X2,X3) = %Xz(xf —Xg) + a1X1Xy — C1X2X3 + daXz + 82 (X1, X3), (3.81)
Uz (X1, X2, X3) = §X3 (X§ —X%) — (1X1X3 — b1X2X3 + d3x3 + g3 (X1, X2).,

where g1, g5, and g3 are arbitrary harmonic functions.
4. Conclusion

We have obtained all the universal displacements in unconstrained linear elastic solids by requiring that the solutions of
the Navier equations do not depend on the particular values of the elastic moduli. While our construction does not preclude
the existence of other solutions, these solutions are the only solutions that can be maintained while varying the material
parameters continuously. For instance, in the triclinic case, homogeneous solutions are the only possible solutions that can
be achieved for various values of the elastic parameters as they are perturbed within an open set in the parameter space.
It does not preclude the existence of other solutions, merely that any other solution cannot be maintained by changing
the boundary tractions if the material parameters are perturbed. For instance, for triclinic solids nonhomogeneous solutions
exist as soon as the tractions deviate from the homogeneous case, but their details depends on the material parameters, i.e.,
if we take two different triclinic solids and impose the same displacements at the boundaries, the internal displacements
will differ unless the resultant solution is homogeneous.

In the present work, we have assumed a given symmetry class for the elastic material in order to find the correspond-
ing universal solutions. We have also assumed that the directions of anisotropy are known and a particular basis to ex-
press the stiffness matrix is chosen. However, we note that in practice determining the symmetry class and these direc-
tions may be difficult. Similarly, determining whether two stiffness matrices define the same elastic material is problematic
(Desmorat et al., 2019). We have also limited our study of anisotropic linear elastic systems to the compressible case but, a
similar analysis can be done, in principle, for the incompressible anisotropic case and should yield interesting results.

The relationship between the material symmetry group and the class of solutions is expected but nevertheless is quite
interesting. Indeed, we show that a general elastic triclinic material with no particular symmetry has no solution aside from
the obvious homogeneous solution. As we expand the symmetry group, the space of solutions also expands accordingly. In
the limiting case, isotropic elastic materials have a large space of solutions characterized by all constant-divergence harmonic
displacement vector fields that explains the common use of isotropic linear elastic solids as models for materials. The small
number of constants together with the zoo of associated solutions can be used to model a variety of possible configurations
and to obtain elastic parameters that characterize particular materials.

Finally, it is interesting to note that in the geometric reduction of elasticity theory to rods, plates, and shells, it is com-
mon to obtain reduced problems that satisfy linear elasticity with a given geometry. For instance, in the reduction from
three-dimensional elasticity to one-dimensional rod theory, the resolution of the stresses in the cross section of the rod
requires the solution of a linear elasticity problem with orthotropic symmetry (Mora and Miiller, 2003). Not surprisingly,
the solutions of this problem are exactly the ones that we obtain for that particular anisotropy class. Hence, we see that
the universal displacements found for particular anisotropy classes are directly relevant to various problems of dimensional
reductions in elasticity.
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