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On the compatibility equations of nonlinear and linear elasticity in the presence
of boundary conditions

Arzhang Angoshtari and Arash Yavari

Abstract. We use Hodge-type orthogonal decompositions for studying the compatibility equations of the displacement
gradient and the linear strain with prescribed boundary displacements. We show that the displacement gradient is compatible
if and only if for any equilibrated virtual first Piola—Kirchhoff stress tensor field, the virtual work done by the displacement
gradient is equal to the virtual work done by the prescribed boundary displacements. This condition is very similar to the
classical compatibility equations for the linear strain. Since these compatibility equations for linear and nonlinear strains
involve infinite-dimensional spaces and consequently are not easy to use in practice, we derive alternative compatibility
equations, which are written in terms of some finite-dimensional spaces and are more useful in practice. Using these new
compatibility equations, we present some non-trivial examples that show that compatible strains may become incompatible
in the presence of prescribed boundary displacements.

Mathematics Subject Classification. 74A05 - 35Q74 - 53Z05.
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1. Introduction

The classical compatibility problems of nonlinear and linear elasticity seek to determine the necessary
and sufficient conditions that guarantee the existence of a displacement field that generates a given strain
field. These compatibility problems have been the subject of various studies during the past two centuries,
for example see [1] and references therein. The above statement of the compatibility problem ignores the
fact that the values of the displacement are usually prescribed on the whole or parts of the boundary.
Therefore, it is more realistic to consider the following compatibility problem:

Given a strain field and prescribed displacement values on (a part of ) the boundary, deter-
mine the necessary and sufficient conditions for the existence of a displacement field that
generates the given strain and satisfies the given boundary conditions.

Dorn and Schild [2] and Rostamian [3] showed that a linear strain with a prescribed boundary displace-
ment is compatible if and only if for any equilibrated virtual stress, the virtual work of the linear strain is
the same as the virtual work of the prescribed boundary displacement.! Note that regardless of the topo-
logical properties of bodies, the space of equilibrated Cauchy stresses is infinite-dimensional.? Therefore,
it is not clear how to use the above condition in practice, as one would need to check this condition for
an infinite number of virtual stresses.

Main results In this paper, we show that a compatibility condition similar to the above condition for
the linear strain also determines the compatibility of displacement gradients with prescribed boundary

I'Dorn and Schild [2] derived this condition for simply connected bodies. Later, Rostamian [3] showed that the same
condition works for non-simply connected bodies as well.

2The space of harmonic fields is a subspace of the space of divergence-free fields. It is well known that on compact
domains with boundary, the former space is infinite-dimensional, e.g., see [4, Theorem 3.4.2].
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displacements (Remark 9).> We show that for both displacement gradients and linear strains, it is possible
to write the compatibility equations in terms of only a finite-dimensional subspace of equilibrated stresses
(Theorems 7 and 15). These new compatibility conditions are more practical as one only needs to verify
them for a finite number of virtual stresses. This finite number is determined by the topological properties
of domains and the regions on which boundary displacements are imposed. As an application of these
compatibility equations, we present some non-trivial compatible strains that are incompatible in the
presence of boundary conditions (Examples 10, 12, and 18).

Contents of the paper The compatibility problem for the displacement gradient can be stated in terms
of a boundary-value problem for differential forms. In Sect. 2, we study this boundary-value problem
by using orthogonal decompositions. Since we may want to impose boundary conditions only on a part
of the boundary and not necessarily on the whole boundary, we need to appropriately extend some
standard results. In particular, we extend the classical Friedrichs decompositions in Theorem 1. This
allows us to extend the Hodge-Morrey—Friedrichs decomposition of differential forms as well. Using this
decomposition, we derive two sets of equivalent integrability conditions for the boundary-value problem
(Theorems 3 and 4). In Sect. 3, we derive the compatibility equations for nonlinear and linear strains. First,
we directly use the results of Sect. 2 to write the compatibility equations for the displacement gradient.
Then, we exploit some Hodge-type decompositions for symmetric tensors and arguments similar to those
of Sect. 2 to obtain the compatibility equations for the linear strain. Finally, in Sect. 4, we show that the
results of Sect. 2 can be used to derive the necessary and sufficient conditions for the existence of a (first
Piola—Kirchhoff or Cauchy) stress tensor that is in equilibrium with a given body force field and takes
prescribed values of boundary tractions.

Notation We assume a body B C R", n = 2,3, is an open subset, which is bounded and connected
and has a smooth boundary 0B. We also assume that 0B = §; U Sy, where the disjoint subsets S; and
S, are either empty or (n — 1)-dimensional surfaces without boundary.* The closure of B is denoted
by B. The Cartesian coordinates, the standard orthonormal basis, and the standard inner product of
R" are denoted by {X'}, {E;}, and (,), respectively. For any nonnegative integer s, the spaces of
vector fields, (g)—tensors, and symmetric (g)-tensors of Sobolev class H* (L? := H°) are denoted by
H*(TB), H*(®*TB), and H*(S*TB) (the Cartesian components of H*-fields belong to the standard
Sobolev space H*(B)). The partial derivative 9f/0X is denoted by f ;. The subspace H{ is the space
of H*-tensors with all partial derivatives of their components of order < s vanishing on 9B. For any
U,Z € L*(TB) and R, T € L*(®*TB), we have the inner products (U, Z),. = >, (U, Z1),., and
(R, T) 2=, (R",T") .. The summation convention is assumed on repeated indices.

2. A boundary-value problem for differential forms

The compatibility problem for the displacement gradient can be stated in terms of a boundary-value
problem for differential forms. In this section, we derive some necessary and sufficient conditions for the
existence of a solution to this problem. Let L?(A*T*B) and H*(A*T*B) denote the standard Sobolev

spaces of k-forms of class L? and H*®, which are equipped with the inner products (,);. and {,)z.."

3We have F = I + K, where F' and K are the deformation gradient and the displacement gradient of a motion,
respectively. Therefore, by replacing K with F' — I in the compatibility equations of K, one obtains the compatibility
equations of F'.

4These assumptions are used to avoid some technical difficulties. We believe that by considering some modifications
regarding the smoothness of solutions, the results of this paper are still valid under less restrictive assumptions that B has
a locally Lipschitz boundary and that S; and Sz are admissible patches in the sense of [5, page 377], which allows S; and
S2 to have non-empty boundaries.

5We refer the reader to Morrey [6] and Schwarz [4] for the definition of these spaces and also for more discussions on
notions that we use throughout this section.
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At the boundary 9B, any a € H*t1(A*T*B) can be uniquely decomposed as s = ta + na, where
ta (na) is called the tangent (normal) component of e at dB. One can show that ta and na belong
to the fractional Sobolev space H*T2 (A*T*B|sp) [4, Theorem 1.3.7]. The exterior derivative d and the
codifferential operator 6 can be extended to the continuous mappings d : H¥*1(A¥T*B) — H*(A*1T*1)
and & : HSYY(APT*B) — H*(A*~1T*B). We will study the following boundary-value problem:

Given v € HY(A'T*B) and n € H2 (AFT*B|s,), find o € H2(A*T*B) such that
doo==, on B, (2.1)
ta=tn, onS;.
Our main tool is the Hodge-Morrey decomposition, which states that any o € H'(A*T*B) admits
the following L2?-orthogonal decomposition:
a=do, + 0, + Aa, (2.2)
where de,, 0%, Aa € H(AFT*B), with
$o € HY(A"IT*B,0B) .= {B € H' (A" 'T*B) : tBlog =0},
Yo € H(AFT'T*B,0B) == {B € H'(A*T'T*B) : nBlop =0},
Ao € HF(B) := {X € H'(A*T*B) : dX\ = 0 and 6A =0} .
We also use decompositions of harmonic fields H*(B), which can be derived using Dirichlet-Neumann

(DN) potentials. These potentials are certain solutions of the following boundary-value problem for the
Laplacian A :=dod+dod:

Given v € L>(A*T*B), find a k-form p such that
Ap =7, on B,
tp =0, t(dp) =0, on Sy,
np =0, n(du) =0, on Ss.

(2.3)

The problem (2.3) is an elliptic boundary-value problem [7, page 330]. Let H*(B,Si,S2) be the
space of solutions of (2.3) for v = 0. Standard results for elliptic boundary-value problems suggest
that H*(B, Sy, Ss) is finite-dimensional and contains only C> forms. In particular, one can show that

dimHk(B,Sl,Sg) = bk(8,81)7

where by,(B,S1) is the k-th relative Betti number of the pair (B,S;) [5, Theorems 5.3 and 6.1]. Green’s
formula for differential forms states that for any a € H'(A¥T*B) and 8 € H'(A**1T*B), we have (e.g.,
see [4, page 60])

(dov, BY 2 = (0, 68) 12 + / tax A (xn3).

oB
Using Green’s formula, it is straightforward to show that

H*(B,S1,S:) = HM(B) N HYART*B,S1) N HY(A*T*B, S,). (2.4)
Since H*(B, S1, S,) is finite-dimensional, it is a closed subspace of L2-forms and hence one can write the
following orthogonal decomposition
L*(A*T*B) = H*(B, 81, S2) ® H*(B, S1,S2) ™,

where H*(B,S1,S,)* is the orthogonal complement of H*(B,S;,Ss) in L2(A*T*B). The necessary and
sufficient condition for the existence of a solution to (2.3) is v € H*(B,S1,8S2)* [5, Theorem 6.1]. The
DN potential of any v € H*(B, 81, S,)* is defined to be the unique solution p., € H*(B, Sy, S85)* of (2.3)
associated with . Next, we derive some orthogonal decompositions for H*(B).
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Theorem 1. The following L?-orthogonal decompositions hold:

H*(B) = H"(B,S1,8:) @ HE (B, S2) @ HE (B, S1), (2.5a)
H*(B) = He (B, S2) ® Hy(B. S1), (2.5b)
H*(B) = H}(B,S1) @ HE (B, Ss), (2.5¢)
where

H5(B,Ss) = {X € H¥*(B) : A =4¢, n¢|s, =0},

HE(B,S1) == {A e H¥(B) : A = dw, tw|s, =0},

HE(B,Ss) == {X € H¥(B) : nA|s, =0},

HE(B,S1) == {X € H¥(B) : tA|s, = 0} .

Proof. We first prove the decomposition (2.5a). For any & € H*(B,81,82), 6¢ € HE(B,Sz), and dw €
HE(B,S1), one can use Green’s formula to write

(6.:5) 12 = (d€.C) s — [t nsne — [ € Aum =0,
L L / l

Sy

(& dw) > = (0&, w) 2 +/tw/\*n£—|—/tw/\*n§:O,

Sy Sa
(dw,0C) ;2 = (w,00C) ;2 + [ tw A#n(6C) + [ tw A *n(6¢) =0,
Jrermos ]

where in the last relation, we used the fact that n(6¢) = d(n¢) = 0, on Sp. This means that the com-
ponents of (2.5a) are mutually L2-orthogonal. Since H*(B,S;,Ss) is finite-dimensional, we have the

L?-orthogonal decomposition H*(B) = H*(B,S;,S2) @ D, where H¥*(B) is the L2-closure of H*(B), and
D := H*(B,S1,S2)* NHF(B). Since H*(B,S1,S,) contains only smooth forms, one can also write the
L?-orthogonal decomposition

H*(B) = H*(B,51,8,) & D, (2.6)
with
D :=DnNH (A*T*B) = H*(B, 81, 8:) " nH*(B).
Let v € D and suppose p,, € H¥(B,S;,S2)* is the DN potential of v. We define ¢, := du,,. The

boundary conditions of p,, imply that n¢,|s, = n(du,,)|s, = 0. Moreover, for any & € H*(B,S;,S), we
have

(0= 56,8 12 = ~(Cuud€) o+ [ 1€ 0 50¢, + [ A, =0,
S Sa
and hence v — 6¢,, € H*(B,S1,S2)*. We also have v — §¢,, € H¥(B), since
d(v—106¢(,)=dododu, =0,
d(v—96¢,)=0v—006¢, =0.
Note that v — 0¢,, satisfies the following boundary conditions:
t(v—96¢,)=t(dodp,) =d(t(ép,)) =0, on Sy,

n(v—46¢,) =nv, on Ss.



Vol. 66 (2015) On the compatibility equations of nonlinear and linear elasticity 3631
Let p; be the DN potential of ¥ := v — §(,,, and let w,, := duy. Then tw,|s, =0, and

(v —dwy,&) ;> = —/tw,, A #n€ — /tw,, A*n€ =0, V€ € Hk(B781,SQ),
S1 Sa
d(v—dw,) =0,
0¥ —dwy,)=0d0dodu; =0,

and therefore, ¥ — dw,, € D. However, (2.4) tells us that & — dw,, € H*(B) satisfies the following boundary
conditions
t(V—dw,) =t —d(tw,) =0, on Sy,
n(v—dw,)=n(doduy)=05(n(duy)) =0, on Ss.

We also have U —dw,, € H*(B,S;,S,), and thus, the decomposition (2.6) implies that v —6¢,, — dw, = 0.
The decomposition (2.5a) then follows from the decomposition (2.6) and the L?-orthogonal decomposition
of D that we just established. For deriving (2.5b), we note that if A € H¥(B,S1,Ss) @ HE(B,Ss), then
A € HF(B,Ss). Conversely, if A € HF(B,Sz), then

(A dw), . =0, Vdw € Hd( ),

S
and, therefore, the decomposition (2.5a) suggests that A € H* (B, 81, S2) & HE (B, Sz). Thus, HF (B, S2) =
H*(B,S1,S2) @ HE(B,Sz), and (2.5b) directly follows from (2.5a). Slmllarly, (2.5¢) follows from (2.5a)
and the fact that H¥(B,S1) = HF (B, S1,S:) ® HE(B, Sy). O

Remark 2. Theorem 1 extends the classical Friedrichs decompositions introduced by Friedrichs [8] and
Duff [9] in the sense that (2.5b) with §; = @, and S; = 9B, and (2.5¢) with §; = 9B, and S; = &,
are the Friedrichs decompositions of harmonic fields on B. Note that HX(B,08) = H%(B,08) = {0}. If
A =&, + 6y + dwy is the decomposition (2.5a) for A € H¥(B), then the construction introduced in the
proof of Theorem 1 allows one to select ¢, and wy to be of the Sobolev class H2.

We are now ready to state the necessary and sufficient conditions for the existence of a solution to
(2.1). The upshot is the following theorem.

Theorem 3. The following conditions are necessary and sufficient for the existence of a solution a to the
boundary-value problem (2.1):

(v, ). =0, Vp € HY(AM2T*B,0B), (2.7a)
(v, )2 = /tn Asnk, Ve € HITYB,S,). (2.7b)
S1

A solution o can be chosen such that da = 0. Moreover, it is also possible to choose a such that the
linear mapping (7,tn) — « becomes a continuous mapping, that is, there exists a real constant ¢ > 0
such that

lellge < c(lylar + il wsre) - (2.8)

Proof. Using Green’s formula, it is straightforward to show the necessity of (2.7). To show the sufficiency
of (2.7), note that using the Hodge-Morrey decomposition (2.2) and the decomposition (2.5b), one can
decompose v as

Y =do, + 0, + Ky + dw,. (2.9)

The condition (2.7a) then implies that dtp, = 0. Let ng € H3(AFT*B|sg) be the zero extension of tn
to 0B, i.e., nyls, = tn, and nyls, = 0. The trace theorem for sections of vector bundles (e.g., see [4,
Theorem 1.3.7]) tells us that there is a k-form 7 € H?(A*T*B) such that 1|g5 = 1. Similar to (2.9), we
can write 1) = dep; + 0ty + Ky +dwy. Let 6 = dn, where 1) := 6P + k7 + dwg. Note that tn = tn = tn,,
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and since 0 is exact, the analogue of the decomposition (2.9) for 8 reads 8 = d¢g + kg + dwg. Now, we
define

a=¢, +wy+17— Py —we € H(A"T*B). (2.10)
We have dae = v + kg — K+, and ta = tn, on S;. From (2.5b), we know that kg — k € Hf“(é, S3). On
the other hand, for any k € H**1(B,S,), one can write

(ko — Ky, K) 2 = /tn Asnk — (v,6) ;. =0, Ve € HITHB,S,),
S1
where the last equality follows from (2.7b). This means that kg — k-, is also normal to H{ ™ (B, S,), and
consequently, kg — K = 0. Therefore, o is a solution of (2.1). This proves the sufficiency of (2.7). The
component d¢ in the Hodge-Morrey decomposition (2.2) can be chosen such that d¢p = 0, e.g., see [4,
Lemma 2.4.7]. Moreover, the proof of Theorem 1 shows that the component dw in the decomposition

(2.5b) can be chosen such that dw = 0. Since d7) = 0, the solution e given in (2.10) can be chosen such
that da = 0. The trace theorem, Lemma 2.4.11 of [4], and the proof of Theorem 1 suggest that 7, ¢.,,

¢g, w~, and wy can be chosen to be of H?-class with
10llz> < calltnl] a2,
[y + wyllaz < coll¥lla,
g + wollmz < &3]0l = Cslldn]| . < cs[|0| 2
The Sobolev estimate (2.8) then follows from (2.10) and the above inequalities. O

Alternatively, one can write the following necessary and sufficient integrability conditions for (2.1).

Theorem 4. The integrability conditions (2.7) are equivalent to the following conditions:

dy =0, (2.11a)

tyls, = t(dn), (2.11b)

(v, )2 = /tn Axn€, V€€ H"T(B,S1,Ss). (2.11c¢)
S1

Proof. First, we show that (2.7) = (2.11). Suppose (2.7a) holds. Then, for any ¥ € H}(A*2T*B,0B),
we have

(A7, = (3502 + [ty nsnp =0,
oB
and since HL(A*+2T*B,08B) is dense in L2(A¥2T*), we conclude that dv = 0. Let 7 € H2(A*T*B) be
any extension of n to B. The condition (2.7b) allows one to write

(s ) 12 = / 7 A s+ (7, 0K) 12 = (dFl, k) 12y Vi € HETL(B, S,). (2.12)
oB

Since v and dn are closed, using the Hodge-Morrey decomposition and the decomposition (2.5b), one
can write ¥ = d¢., + Kk + dw., and dn = d¢ g; + Kay + dwgz. Then, (2.12) suggests that £y = kg5, and

therefore
tyls, = thyls, = thapls, = t(dn)|s, = t(dn). (2.13)
Moreover, if (2.7b) holds, then so does (2.11c). Hence, (2.7) = (2.11). Conversely, suppose (2.11) holds.
Then, (2.11a) implies (2.7a). The proof of Theorem 1 tells us that any k € HF (B, S;) can be decomposed
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as k = &, + 6C,, with &, € HF(B,81,8,) and §¢,, € HAT'(B,Ss). Thus, (2.7b) is equivalent to the
following conditions:

(v, &)= = /tn Axng,  VE e HM(B, S, Sy), (2.14a)
S

(v,0€) ;= = /tn/\ #n(8¢), Vo¢ € HYTH(B, Sy). (2.14b)
S

The condition (2.14a) is the same as (2.11¢). Using (2.11b) and an arbitrary extension 7} of 1, one can
write

(106} == [t nn =~ [ elaip) nsn = (a1, 5¢) 2 = [ e 1 n(6C).
Sy oB Sy
Therefore, (2.14b) holds and we conclude that (2.11) = (2.7). O

Remark 5. By using the Hodge-Morrey decomposition for L?-forms and slightly modifying the proof of
Theorem 3, one can show that the integrability conditions (2.7) are still necessary and sufficient conditions
for a weaker statement of the boundary-value problem (2.1) with v € L2(A**'T*B), n € H= (A*T*B|s,),
and a € H'(A*T*B). However, (2.11a) and (2.11b) do not make sense for this weaker statement of
(2.1), in general.® On the other hand, the conditions (2.11) are more useful in practice, since unlike the
infinite-dimensional space Hf“(lg, S,), the space HF*1(B,S;,Ss) is finite-dimensional, and hence, one
needs to verify (2.11c) only for a finite number of harmonic fields £ € H*+1(B, S, Sy).

Remark 6. The integrability conditions (2.7) and (2.11) extend the integrability conditions given in
Lemmas 3.1.2 and 3.2.1 of [4], which state the integrability conditions for (2.1) with & = @,9B. In
particular, note that in the proof of Theorem 3, if S; = @, then (2.10) becomes a := ¢, + w~, where
w~ € HE(B, ).

3. Boundary displacements and the compatibility of strains

In this section, we will use the results and the arguments of the previous section to derive the compatibility
equations for the displacement gradient and the linear strain in the presence of displacement boundary
conditions. Note that for 3D bodies, one can define the following operators

grad : H*"Y(TB) — H*(®*TB), (grad V) =Y7 ;,
curl” : H**Y(®2TB) — H*(®*TB), (curl' )/ = e 5, TF g,
div: H*T1(®*TB) — H*(TB), (divT) =117 4,
where € ;i is the standard permutation symbol. For symmetric tensors, we also have the operators

grad® : H*T(TB) — H*(S*TB) and curl o curl : H*"2(S*TB) — H*(S?TB), where

1
(gradsU)U=§ (UIJ + UJJ) , (curlo CurlT)IJ:€]KL€JMNTLN7K]\J.

6This statement should be interpreted only in the framework of standard Sobolev spaces and their traces. By using
partly Sobolev spaces induced by d and 6, it is still possible to use (2.11a) and (2.11b) for L? differential forms. In this case,
the tangent part of an L2-form is defined by using Green’s formula and is considered to be a distribution, see [10, §3]. The
boundary-value problem (2.1) for L?-forms is useful for studying the strain compatibility on non-convex Lipschitz bodies
and multi-phase bodies, where the displacement is merely of H'-class, in general.
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For 2D bodies, instead of curl’, we have the following operators
x: HYY Q2 TB) — H*(TB), (»(T))! =172, 11 ,,
s: HTY(TB) — H*(®Q?TB), (s(Y))" =5y’ ,-5>v!,,

with 8 /7 being the Kronecker delta. Moreover, instead of curl o curl, we have the operators D :
H*%2(S2TB) — H*(B) and Dy : H**?(B) — H*(S*TB) defined as

D.(T) := T11,22 - 2T12,12 + T22,11, Ds(f) = {_f}zz _f’lﬂ .
12 fi

3.1. Nonlinear elasticity

Let ¢ : B — R™ be a motion of B and let U(X) := ¢(X) — X be the associated displacement field. One
can assume that U is a vector field on B. Moreover, the gradient of U, which is a two-point tensor, can
be identified with grad U. Now, consider the following boundary-value problem for the compatibility of
the displacement gradient.

Given a (g) -tensor field K € HY(®?TB) and an arbitrary vector field Y € H*(TB), find
a displacement field U € H*(TB) such that
gradU = K, on B, (3.1)
U=Y, onS.

We want to determine the necessary and sufficient conditions for the existence of a displacement U in
the above problem. Note that if §; = @, (3.1) is the classical compatibility problem. Before stating the
main result, we introduce some subspaces of H!(®2TB). In the Cartesian coordinates { X'}, the traction
of any (g)—tensor T on a plane normal to a vector Z € R™ at X € B is given by T(Z) := T'/ Z'E;.”
Following [11], we say that T € H'(®>TB) is normal to an open subset Y C 9B and write T' | U
if T(Y) = 0, on U, for any vector field Y |[U/. We say that T € H'(®?TB) is parallel to U and write
T||U if T(N) =0, on U, where N is the unit outward normal vector field of 9B. The space HL(TB,S:)
(Htl(TB,Sl)) is the space of H' vector fields normal (parallel) to S;. The spaces H}(®?TB,S;) and
H!(®*TB,S;) are defined analogously. We also define the following spaces:

H®(B) == {H € HY(®?TB) : curl' H = 0 and div H = O} ,
HE (B, Sy) := H®(B) N HY(®?*TB,S,),
HE(B,S1,8Ss) == H®(B) N H:(®*TB,S,) N H (R*TB,S>).
For 2D bodies, one should replace curl' with » in the definition of H®(B). One can show that

H®(B,S1,8S,) is finite-dimensional with dim H®(B,S1,S2) = nbi(B,S1) [11]. Now, we can state the
main result regarding the compatibility of the displacement gradient as follows.

Theorem 7. The following sets of conditions are equivalent, and each set is both necessary and sufficient
for the existence of a solution to (3.1):

i) The weak compatibility equations:

(K,curl'T),, =0, VT € H (®?TB,0B), (3.2a)
(K. H),.= /((Y,H(N)>>dA, VH € HP(B,Ss). (3.2b)
Sy

"Clearly, T'(Z) is not a physical traction unless T is a stress tensor and Z is the unit normal vector of an infinitesimal
surface.
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For 2D bodies, the condition (3.2a) is replaced by the following condition.
(K,s(Z)),. =0, YZ e H)(TB).

it) The strong compatibility equations:

curl' K =0, (3.3a)

K(Z)|s, = (grad Y)(2), VZ ¢ H (TB,S)), (3.3b)

(K.Q)y: = [(Y.QIN))IA, ¥Q € HO(B.S:.S2). (3.30)
S1

For 2D bodies, the condition (3.3a) is replaced with %x(K) = 0.

Proof. We only prove the 3D case as the proof for 2D bodies is similar. For any (7)-tensor T, let TE, =
TIE;, I =1,...,n, and consider the following isometric isomorphisms
1 H*(TB) — H*(A'T*B), 1 (Z)= 2",
1o : H*(TB) — H*(A*T*B), 12(Z) =+(2"),
where b : H*(TB) — H*(A'T*B) and * : H*(A¥T*B) — H*(A""*T*B) are the flat and the Hodge-star
operators, respectively. Then, one can define the following isometric isomorphisms [11, §3.1]:
10 H¥(TB) — @7 H*(A°T*B), 0 (U) = (U"',...,U"),
v« HY(@2TB) — &I H (NT*B), 4(T) = (15(Ts,),...,1;(Tw,)), j=1,2.
It is straightforward to show that 2; o grad(U) = (dU*,...,dU™). By using the fact that for a 0-form f,
we have tf = f|sp, one concludes that the following problem is equivalent to (3.1):
Given K € H'(A'T*B) and Y' € H3 (A°T*B|s,), I =1,...,n, find U! € H2(A°T*B)
such that
I _ 3
dU" = Kg,, on B,
tU! =tY!, on S;.

The isomorphism 7, induces an isomorphism between H!(A2T*B,0B) and H}(TB,0B). Hence, the

condition (2.7a) can be written as
-

0= (Kp,,6%) 2 = (u(Kg,),6012(2)) .
= (u(Kg,),n o curl(2)) 1.
= (Kg,.cwl Z),., VZ:=1;'(¢) € H-(TB,dB), (3.4)

where curl is the standard curl operator of vector analysis. Using the relation

n

(K, curl T),. = > (Kg,, cul Tg, ) 12,
I=1
it is straightforward to show that (3.4) is equivalent to (3.2a). On the other hand, 2; induces an isomor-
phism between H (B, Sy) and B, H] (B, S) and the condition (2.7b) allows one to write

n

(K H) .= (Kg, Hp, ).
I=1

_Z/YI*nHE /YIHE,, N)dA = /YH YdA, VH € H®(B,S,).
1151
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Therefore, the condition (3.2b) follows from (2.7b). Similarly, one can also show that the integrability
conditions (3.3) follow from the integrability conditions (2.11). O

Remark 8. The special case of the strong conditions (3.3) for zero displacement Y = 0, on Sy, was derived

n [11]. The discussion of Remark 5 also applies to the integrability conditions (3.2) and (3.3), that is,
the weak conditions (3.2) are still meaningful for less-smooth data K € L?(®?*TB) and Y € H(TB).
Theorem 3 implies that one can choose solutions of (3.1) such that the linear mapping (K,Y |s,) — U is
continuous. Similar to the discussions of [12, Remark 15], note that Theorem 7 does not guarantee that U
corresponds to a motion of B, that is, the mapping ¢ : B — R™ associated with U is not an embedding,
in general. Also note that one only needs values of Y on S; to calculate the right-hand side of (3.3b).

Remark 9. Let D(®?TB, S2) be the space of divergence-free (g) -tensors with zero traction on Ss. Using the
isomorphisms introduced in the proof of Theorem 7, one can show that any D € D(®2TB, Sy) admits the
L?-orthogonal decomposition D = curl' T'p + H p, where Tp € H(®?TB,0B), and Hp € HE (B, S,).
Then, the fact that curl'T'p has zero traction on 8 suggests that the weak condition (3.2) is equivalent
to

(K,D),. = /<<Y7D(N)>>dA, VD € D(®°TB,Ss). (3.5)
S1
The above condition simply tells us that for any equilibrated virtual stress D € D(®*TB,S,), the virtual
work done by K and Y must be equal. The integrability condition (3.5) is similar to the compatibility
condition for linear strains, see [3, Corollary 3.1]. In practice, the strong integrability conditions (3.3) are
more useful than (3.2) and (3.5) because unlike H{ (B, S,) and D(®?TB,S,), the space H® (B, S, Ss) is
finite-dimensional.

Ezample 10. Let B be the annulus shown in Fig. 1, with 9B = C; UC,, where C; and C, are the inner and
the outer circles of 0B, respectively. Suppose

a f(X,Y) e h(X,Y)

KX Y) =1 HXY) e h(X.Y) |

(3.6)
where ¢; € R, 1 = 1,2, and

X Y
—, hMX)Y)=———=.
X2 +y¥ (X Y) X24Y?
Note that if {e,, ep} is the orthonormal basis corresponding to the polar coordinates (r, 6), then K (eg) =
0, and the traction vector of e, only depends on r. We have %(K) = 0. Assume that Y is an arbitrary
translation, that is, Y = ¢;E; 4+ é2Eo, with ¢; € R, i = 1, 2. Now, we study the following cases:

fX,Y) =

FIG. 1. The boundary of an annulus is the union of the inner circle C; and the outer circle Co. The dimension of H® (B, S1, S2)
is: (i) 2, if S = @, (ii) 0, if either S; = C; or S1 = Co, and (iii) 2, if S; =C; UC,
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i) S1 = @: In this case, the condition (3.3b) is trivial and the condition (3.3c) simply implies that K
must be normal to H®(B, @, 9B). To verify the latter, note that dim H® (B, @, dB) = 2b1(B) = 2,
and that {Q,, Q,} with

le{_oh g:|; and sz{_oh 5()':|7

is a basis for H®(B, @, dB). Then, it is straightforward to show that (K,Q,);. =0, i = 1,2, and
one concludes that (3.3¢) holds. Therefore, the problem (3.1) is integrable in this case.

ii) S1 = C;: Since gradY = 0, and K(eg) = 0, we conclude that K and Y satisfy (3.3b). Moreover,
since dim H® (B, C;,C,) = 2b1(B,C;) = 0, the condition (3.3c) is trivial, and hence, the problem (3.1)
is integrable.

iii) S; = 0B: One can show that K and Y satisfy (3.3b). We also have dim H® (B, 0B, @) = 2b,(B,0B) =
2, and {Tl,TQ} with

T1: |:£ (})L:|, andT2: |:‘(f). 2:|,

is a basis for H®(B, 0B, @). Let r; and r, be the radii of C; and C,, respectively. Then, one can write

(K, T;),.=2mc; ln(%’> ,

J (Y, Tj(N))ds = 4r ¢;,
oB

j=172.

Therefore, (3.3c) holds if and only if é; = ¢;In/ro/7;, 7 = 1,2. In particular, note that if 9B is
fixed (i.e., ¢4 = é; = 0) and K # 0, then the problem (3.1) does not admit any solution.

Note that the dimension of H®(B,S;,S2) depends on the topological properties of both B and S;. In
general, unlike this example, it is not easy to explicitly obtain elements of H®(B,S;,S2) and they need
to be calculated numerically.

Remark 11. Let us give a more intuitive discussion on the compatibility equations of the previous example.
A simple approach to formulate compatibility equations of deformation gradient F' was discussed in [1].
Let us assume that one knows that a material point X in the reference configuration after deformation
occupies the position x( in the current configuration. Now compatibility of F' is equivalent to being able to
find the position of any other material point X in the current configuration. Assuming that the material
manifold is path-connected, consider a path v that connects Xy to X in the reference configuration. The
position of the material point X can be calculated as

m:xo—l—/Fds.
¥

The deformation gradient F' is compatible if and only if the right-hand side of the above equation is
independent of the path «. When the body is simply connected, this is equivalent to f,y Fds = 0, for any

closed path . One can show that this is equivalent to the condition curl'F = curl 'K = 0 (the bulk
compatibility equations).® For the sake of simplicity, let us assume that the prescribed displacements are
zero, i.e., part of the boundary or the whole boundary is fixed. When a component of the boundary is
fixed, we must have X = X + fv Fds, or equivalently fv Kds = 0, where 7 is a curve joining X and
X, which are located on the fixed portion of the boundary. Now let us consider the three cases separately.

8This condition guarantees that j,y Fds = 0, for any null-homotopic (contractible) path, e.g., v1 in Fig. 1.
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i) 81 = @: This case was discussed in [1]. In addition to the bulk compatibility equations, one needs
the following condition®
/Fds:/I(ds:O7 (3.7)
2 Y2

where 75 is the generator of the first de Rham cohomology group (see Fig. 1). Note that (3.7) is
equivalent to (3.3c). For a proof see [4, Theorem 3.2.3].

ii) S = C; (or 81 = C,): In this case, we have fCi Kds = 0. Since 3 can be continuously shrunk to
C;, the bulk compatibility equations tell us that fw Kds = fC,v Kds = 0. Note that this condition
is also trivially satisfied on any path that starts on C; and ends on C;, e.g., 73 in Fig. 1.

iii) &1 = 9B: In this case, we have fCo Kds = fCi Kds = 0. Similar to the previous case, fw Kds =0,
is trivial. Assuming that the bulk compatibility equations are satisfied, integral of K over curves
that start on a boundary component and end on the same boundary component (e.g., paths v3 and
v4 in Fig. 1) trivially vanishes. What cannot be concluded from the bulk compatibility equations is
vanishing of this integral over a path that starts from a boundary component and ends on the other
boundary component, e.g., the path 5 in Fig. 1, which is a generator of the first relative de Rham
cohomology group of the pair (B, 9B). The simplest choice for the calculation of f% Kds is the line
segment that connects the points with coordinates (r;,0) and (r,,0), for which we have

/de - m("’) {cl] .
i Co
Y5

Thus, the compatibility simply implies that K = 0.
Note that for sufficiently smooth displacement gradients and boundary displacements and for the special
cases §1 = &, 0B, the equivalence of the approach of this remark and that of Theorem 7 is a consequence
of Theorem 3.2.3 of Schwarz [4] and Theorem 6 of Duff [13]. In particular, Duff [13, Theorem 6] shows
that the condition (3.3¢) with S; = 9B is equivalent to

/de_/Y Y (X5 - Y (X)), i=1,...,b:(B,0B),

where C;s are 4the generators of the first relative singular homology group Hl(B 0B;R). Note that each
OC; = [X', X %] is an oriented pair of points (X}, X%) such that X} and X lie on 9B.

Ezample 12. Our conclusion in the part (iii) of the previous example can be extended in the following
sense: Let B be a 2D non-simply connected body containing a finite number of holes, see Fig. 2a. We
have

dim H® (B, 0B, 2) = dim H® (B, @, 0B) = 2b1(B) = 2(# of holes).

Let K # 0 be an element of H® (B, 0B, ). Since H® (B, 0B, @) and H® (B, @, 0B) are L?-orthogonal, one
concludes that K satisfies the integrability conditions (3.3) with & = &, and therefore, K is compatible.
However, if we impose zero displacement on 915, then it is impossible to satisfy (3.3¢), which states that K
must be orthogonal to H® (B, 9B, &). This means that K is not compatible if we fix the whole boundary.
For 3D bodies, we have (e.g., see [14, page 410])

dim H® (B, @, 0B) = 3b;(B) = 3(genus of 9B),
dim H®(B, 0B, @) = 3by(B) = 3((# of components of 9B) — 1).

9Note that in the nonlinear elasticity literature, the integrand of the first integral is usually written as F'dX. Here,
we think of F' as a (g)-tensor and ds as a 1-form, and hence, F'ds is a vector-valued 1-form, which can be integrated in a
Euclidean ambient space.
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(a)

FIG. 2. a A non-simply connected 2D body that has four holes for which dim H® (3,08, @) = 8. b A simply connected 3D
body (a ball with two spherical holes) for which dim H® (B, 0B, %) = 6

The above discussion for nonzero K € H®(B, 9B, @) also holds for 3D bodies with by(B) # 0. Note that
in 2D, the dimension of H® (B, dB, &) is nonzero if and only if B is non-simply connected. However, in

3D, this dimension is determined by b2(B), which is not related to simply connectedness, see Fig. 2b.

3.2. Linear elasticity

The effects of boundary conditions on the compatibility of the linear strain can be studied using arguments
similar to those of Sect. 2 together with the Hodge Morrey-Friedrichs-type L2-orthogonal decompositions
introduced in [15]. More specifically, consider the following spaces for 3D bodies:

H5(B) := {H € H*(S?TB) : H € ker curl o curl N ker div},
HI(B) := {H € H*(B) : H(N) =0, on 9B},
HS(B) == {H € H¥(B) : H = grad®Z, Z|yp € RIG},

where RIG := ker grad®, is the space of infinitesimal rigid body motions. The spaces HZ2 (B) and H3 (B)
are finite-dimensional with

dimHg (B) = 6b1(B), and dimH3 (B) = 6b1 (B, 0B) = 6ba(B).

For any S € H?(S?*TB), one can write the following L?-orthogonal decompositions:
S =curlocurl Cg + grad®Vg + Qg + curlo curl Ag, (3.8a)
S =curlocurlCg + grad®V g + Rg + grad®°Zg, (3.8b)
where Cg € H3(S?TB), Vs € Hy(TB), Qg € Hg(B), curlo curl Ag € H*(B), Rg € HE(B), and

grad®Zs € H°(B). By suitably replacing curlocurl with D¢ or Ds, one can write similar decompositions
for 2D bodies. In particular, we have H°(B) = H?(S*TB) N ker D N ker div, and

dimHg (B) = dim H3 (B) = 3b1(B) = 3b1(B,0B).
The 2D analogues of the decompositions (3.8) read
S =Ds(fs) + grad’Vs + Qg + Ds(hs), (3.9a)
S =D(fs) +grad’V s + Rg + grad®Zg, (3.9b)

with fs € H2(B) and Ds(hs) € H®(B). The following Green’s formula holds for any Y € H'(TB) and
S € HY(S*TB):

(grad’Y, S) 2 = —(Y,div S),. + / (Y, S(N))dA. (3.10)
oB
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One can also write Green’s formula for curl o curl as follows [11]: For any S,T € H?(S*TB), we have
{(curlocurlT,S),. =(T,curlocurlS),.

3
+Y [ (N,curlTg, x Sg, + Tg, x curl Sg,)d4, (3.11)

=155
where x is the standard cross-product of vectors and (curlT)!” = (curl' T)7’. The 2D counterpart of

(3.11) reads as follows: Let ug be the (oriented) unit vector field along 9B. Then, for any T € H?*(S*TB)
and f € H%(B), one can write

(De(T), f)z2 = (T, Ds(F))z2 + /3 Mo, 1(T) + 12 Tw, = 11 Tw, s (3.12)

The classical compatibility problem for the linear strain can be stated as follows.
Given € € H*(S*TB), find a displacement field U € H'(TB) such that € = grad®U. (3.13)

The decompositions (3.8b) and (3.9b) allow one to easily prove the following theorem.

Theorem 13. The compatibility problem (3.13) admits a solution if and only if
curlocurle =0 (or Dc(e) =0, if n = 2), (3.14a)
(e,R);. =0, VR HMS:DB). (3.14b)

Proof. The necessity of these conditions simply follows from the relation curl o curl o grad® = 0, and
Green’s formula (3.10). On the other hand, if € € kercurl o curl, then (3.8b) and (3.11) imply that e
can be decomposed as € = grad®V . + R, + grad®Z.. Then, (3.14b) suggests that R. = 0, and therefore
€ = grad®(V. + Z.). Similar arguments hold for 2D bodies as well. O

Remark 14. Ting [16] obtained a weak formulation for the compatibility of the linear strain by using
a Helmholtz-type decomposition for symmetric tensors. He wrote a condition similar to (3.14b) with
R belonging to the infinite-dimensional space of divergence-free symmetric tensors with zero boundary
tractions. Georgescu [17, Theorem 5.3] derived conditions equivalent to (3.14). In his formulation, instead
of the harmonic space Hz (B), he used the tensor product of infinitesimal rigid body motions and some
specific harmonic vector fields. It is straightforward to show that H5(B) is equal to that tensor product.

Next, we study the compatibility of the linear strain with prescribed values for the displacement on
0B. More specifically, we consider the following boundary-value problem:

Given € € H*(S*TB) and a vector field Y € H3(TB), find a displacement U € H3(TB)

such that
grad’U =€, on B, (3.15)

U=Y, ondB.
Theorem 15. The following sets of conditions are equivalent, and each set is both necessary and sufficient

for the existence of a solution to (3.15):

i) The weak compatibility equations:

(e,curlocurlC),. =0, YC € HZ(S*TB), (3.16a)
(€, H) > :/((Y,H(N)>>dA, VH < H%(B). (3.16b)
oB

In 2D, the condition (3.16a) is replaced with
(€Ds(f))2 =0, Vf € Hi(B).
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it) The strong compatibility equations:

curlo curle =0, (3.17a)

/i {((N, curl Ag, x (€ — grad®Y )g, )

o 1=1
+ (v, XEI x (curl(e — gradSY))EI>>}dA =0, Vcurlocurl A € H5(B), (3.17b)
(e,Q) 2 = / (Y, Q(IN))dA, vQ € H(B). (3.17c)

oB
For 2D bodies, the condition (3.17a) is replaced with Dc(€) = 0 and (3.17b) is replaced with

— —
/ (us,hc(e — grad’¥ ) + ho(e — grad®Y )g, — h1(e — grad®Y )g, )ds = 0,
oB
VD(h) € H® (B).
Proof. Suppose B is 3D. By using (3.10) and (3.11), it is straightforward to show that the integrability
conditions (3.16) are necessary. For proving the sufficiency of (3.16), note that (3.8a) and (3.16a) suggest
that e can be decomposed as € = grad®V .+ Q_ + curlocurl A.. One can also write the Helmholtz-type
decomposition Y = divTy + Wy, where Ty has zero traction on 9B and grad*Wy = 0. Next, we
define D := grad®Y . Using (3.8a) and the relation curl o curl D = 0, one can write the decomposition
D = grad®Vp + Qp + curlocurl Ap. Let U := V. — Vp + Y. Then, we have Ulgpg = Y, and
grad®U = € + H, where
H := curlo curl(Ap — A) +Qp — Q. € H5(B).

On the other hand, (3.10) and the condition (3.16b) allow one to write

(H,H) . = / (Y, H(N))dA — (e, H). =0, VH e H*(B),
oB
which means that H is also orthogonal to H°(B). Hence, H = 0 and U is a solution of (3.15). This
shows that the integrability conditions (3.16) are also sufficient.
Next, we show that (3.16) and (3.17) are equivalent. The fact that HZ(S*TB) is dense in L?(S*TB)

and Green’s formula (3.10) suggest that (3.16a) is equivalent to (3.17a). The decomposition (3.8a) implies
that (3.16b) is equivalent to (3.17c) together with

(e,curlocurl A),, = / (Y, (curlo curl A)(N))dA, Veurlocurl A € H¥(B). (3.18)
oB
Using (3.11) and (3.17a), the left-hand side of (3.18) can be written as
3
(e,curlocurl A),, = Z / (N,curl Ag, x €g, + XEI x curleg, )dA. (3.19)
=15

On the other hand, (3.10) and (3.11) allow one to write the right-hand side of (3.18) as

/((Y, (curlocurl A)(N))dA = (grad’Y,curlocurl A), .

8 (3.20)

3 —_—_—
= ,curl Ag, x grad®’Y'g, + XE x curl(grad®Y )g, )dA.
N, curl Ag, &Y, . )
=15
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Substituting (3.19) and (3.20) into (3.18) gives the condition (3.17b), and therefore, (3.16) and (3.17)
are equivalent. Note that (3.20) tells us that similar to (3.3b), the condition (3.17b) only depends on
the values of Y on 9B. We do not know how to further simplify (3.17b) to more clearly reflect this fact.
Similar arguments together with (3.12) allow one to prove the 2D case as well. O

Remark 16. The integrability conditions (3.17) imply that a linear strain € with prescribed boundary-
value Y is compatible if and only if curlo curle = 0 (or D.(€) = 0), € and Y satisfy (3.17b) on 9B, and
for any equilibrated virtual stress H in the finite-dimensional space Hg (B), the work done by € must be
the same as the work done by Y. Rostamian [3, Corollary 3.1] showed that the compatibility problem
(3.15) admits a solution if and only if

(€, 0) ;2 :/<<Y,a(N)>>dA, Vo € D(S*TB), (3.21)
oB

where D(S2TB) is the space of symmetric divergence-free tensors. The decompositions (3.8) tell us that
any o € D(S?°TB) can be decomposed as o = curl o curlCy + H,, where C, € Hg(S*TB), and
H, € H%(B). Thus, the condition (3.21) is equivalent to (3.16b) together with

(e, curlocurlC),., = / (Y, (curlocurl C)(N))dA, VC € HZ(S*TB). (3.22)
B
By using (3.10), the right-hand side of the above equation can be written as

/ (Y, (curlocurl C)(N))dA = (grad’Y,curlocurlC),. = 0,

oB
where the last equality follows from the fact that the images of grad® and curl o curl(H3(S?TB))
are normal to each other. Therefore, the integrability condition (3.21) is equivalent to the integrability

conditions in Theorem 15. Note that in practice, it is much easier to use (3.17) instead of (3.21), because
unlike Hg (B), the space D(S?TB) is infinite-dimensional.

Remark 17. By considering equilibrated virtual stresses with zero traction on Sa, the integrability con-
dition (3.21) also expresses the compatibility condition for linear strains with prescribed displacements
on 8y C OB (this extension of the result of Dorn and Schild [2] was first proved by Gurtin [18, page
188] for simply connected bodies and then by Rostamian [3, Corollary 3.1] for arbitrary bodies). The
compatibility problem (3.15) was discussed only for the case Sy = JB as the decompositions (3.8a) and
(3.9a) are written by imposing boundary conditions on dB. If one can find a decomposition for symmetric
harmonic tensors with appropriate boundary conditions on & and S (similar to those of Theorem 1),
then the arguments in the proof of Theorem 15 can be used to extend the strong integrability conditions
(3.17) to the compatibility problem with prescribed displacements on &; # 9B.

FEzample 18. The conclusions of Example 12 hold for linear strains as well. More specifically, suppose
€ # 0 belongs to HS(B). This means that B is non-simply connected in 2D or by(B) # 0 in 3D. Since
Hg(l?) and ‘HZ(B) are orthogonal to each other, € satisfies the conditions (3.14), and therefore, it is
compatible. On the other hand, if we impose zero displacement on 9B, then it is impossible to satisfy
(3.17¢), and hence, € is not compatible if we fix 9B.

4. Stress tensors and body forces

For the sake of completeness, we show that the results of Sect. 2 are also useful for studying the existence of
a tensor field that is in equilibrium with a given body force field and takes a prescribed boundary traction.
Note that the linear structure of R™ allows one to consider body forces and first Piola—Kirchhoff stress
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tensors as vector fields and ((2)) -tensor fields on B, respectively. We consider the following boundary-value
problem.

Given a body force B € H*(TB) and an arbitrary traction vector field t of class H3 on
S1, find a first Piola—Kirchhoff stress tensor P € H?(®?*TB) such that

divP+B =0, onbB, (4.1)
P(N)=t, onS;.

Theorem 19. If S; # 9B, the boundary-value problem (4.1) always admits a solution. If Sy = IB, (4.1)
admits a solution if and only if the body B is in force equilibrium, that is

/BdV+/tdA: 0. (4.2)
B oB
Proof. The Hodge-star operator allows one to rewrite the boundary-value problem (4.1) as follows:
Given B'dV € H'(A"T*B) and «(t' N)* € H3 (A""'T*B|s,), I = 1,...,n, find P}, €
H?(A""'T*B) such that
d(+Pg,) = —B'dV, on B,

t(+ Py ) = *(t'N)’, onS
E; ) n o7.

The above problem automatically satisfies the integrability condition (2.7a). On the other hand, the
condition (2.7b) can be written as

(BYf) s = (* B xf) o = / t(t! N)? A sn ()

S

= f/ftIdA, VfeGB,Sy) :={gec H(B): gradg =0 and g|s, = 0}.
Sy

If S; # @, then G(B,Ss) only contains the zero function and (2.7b) holds for any B and t!. If Sy = @,
then G(B, Sz) contains constant functions, and (2.7b) simply reads fB BIdV—+—f86 tldA=0,1=1,...,n,
which is equivalent to (4.2). O

Remark 20. Consider the boundary-value problem (4.1) for the Cauchy stress tensor, that is, instead of
P consider a symmetric tensor o. This problem is always integrable if S; # 9B, and if §; = 9B, it is
integrable if and only if

(B,Z) .+ / (t,Z)dA =0, VZ eRIG,
oB
where RIG is the space of infinitesimal rigid body motions, e.g., see [3, Theorem 2.2]. This result can be
proved using the Helmholtz-type decomposition mentioned in the proof of Theorem 15. The fact that any
element of RIG is determined by a constant vector and a constant skew-symmetric matrix implies that
the above condition is equivalent to

/BdV+/tdA:0, and /XdeV—i—/thdA:O,
B oB B oB

where X x B and X X t denote the moments of B and t with respect to the origin. Therefore, the
boundary-value problem (4.1) for symmetric tensors with §; = 9B is integrable if and only if the body
B is in both force and moment equilibrium.
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