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a b s t r a c t

In this paper, we present a geometric discretization scheme for incompressible linearized elasticity. We 
use ideas from discrete exterior calculus (DEC) to write the action for a discretize d elastic body modeled 
by a simplicial complex. Afte r characterizing the configuration manifold of volume-preserving discrete 
deformat ions, we use Hamilton’s principle on this configuration manifold. The discrete Euler–Lagrange 
equations are obtained without using Lagrange multipliers. The main difference between our approach 
and the mixed finite element formulations is that we simultaneously use three different discrete spaces 
for the displacement field. We explicitly derive the governing equations for the two-dimensional case,
where the discrete space s for the displacement field are constructed by P1 polynomials over primal 
meshes for incompressibility constraint, P0 polynomials over dual meshes for the kinetic energy, and 
P1 polynomials over support volumes for the elastic energy, and the discrete space of the pressure field
is constructed by P0 polynomials over primal meshes. We test the efficiency and robustness of this geo- 
metric scheme using some numerical examples. In particular, we do not see any volume locking and/or 
checkerboarding of pressure in our numerical examples. This suggests that our choice of discrete solution 
space s is compatible.

� 2013 Elsevier B.V. All rights reserved.

1. Introduction 

Finding robust numerical schemes for solving incompress ible 
elasticity problems has been of great interest due to important 
applications of incompress ible elasticity, e.g. in analyzing biologi- 
cal systems where soft tissue is usually modeled as an incompress- 
ible elastic body (see [1,2] and references therein). It is well known 
that numerical methods that are reliable for compressible 
elasticity severely fail for the case of incompress ible problems 
(see [3–5] and references therein). Inaccurat e results are usually 
due to the locking phenomenon. Locking, in general, is the loss of 
accuracy of the solution of a numerica l scheme for the approxima- 
tion of a parameter-dep endent problem as the parameter tends to 
a critical value [6,7]. For example, locking appears in plate and 
shell models as the thickness d ! 0, analysis of incompres sible 
linear elasticity as Poisson’s ratio m ! 1=2, and heat transfer prob- 
lems as the ratio of conductivi ties l ! 0. A robust numerical 
method is uniformly convergent for all values of the parameter 
of the problem. Babus ˘ka and Suri [6] gave precise mathemati cal 
definitions for locking and robustness and gave some general re- 
sults on the characterization of these phenomena .

To this date various numerica l schemes have been develope d
for incompress ible elasticity. The finite element (FE) method is 
one of the best numerical methods for compress ible elasticity.
However , FE results may be inaccurate in the near-incompres sible 
and incompress ible regimes. To overcome this difficulty, many dif- 
ferent approaches have been proposed in the literature. The stan- 
dard FE formulat ion based on displacements using low-order 
elements exhibits a poor performanc e for near-incom pressible 
elasticity . It has been observed that higher order elements can 
avoid locking in near-incom pressible linear elasticity [8]. Another 
approach is to use discontinuous Galerkin FE methods [9–12,1].
In these formulation s, independent approximation s are used on 
different elements and the continuity across boundaries of ele- 
ments is weakly enforced. Nonconfo rming FE methods can also 
avoid locking for near-incom pressible elasticity [13–15]. The sim- 
plicity of the aforementione d methods is due to the fact that they 
are based on the displacemen t variational formulat ion, and there- 
fore, one does not need to include other variables in the formula- 
tion. There are some formulat ions based on the Hu–Washizu 
variation al principle, where the displacemen t, strain, and stress 
are considered as independent variables. The method of enhanced 
assumed strain introduced by Simo and Rifai [16] and the method 
of mixed enhanced strain of Kasper and Taylor [17] are both based 
on the Hu–Washizu variational principle. Another approach that 
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has widely been used for near-inco mpressible and incompress ible 
elasticity is mixed formulations based on the Hellinger–Reissner 
variational principle. In the near-incompres sible regime, the stress 
and displacement are both unknowns. For the incompress ible re- 
gime, the pressure and displacemen t are the primary unknowns,
where the pressure is the Lagrange multiplier of the incompress- 
ibility constrain t. It was observed that discrete spaces of the dis- 
placement and pressure should be compatib le [3]. Various mixed 
formulation s have been developed by using different techniques.
Brink and Stephan [18] proposed an adaptive coupling of boundary 
elements and mixed FE method for incompress ible elasticity. Cer- 
vera et al. [19] developed mixed simplicial elements for incom- 
pressible elasticity and plasticity. Discontinuo us Galerkin 
methods have also been used in the mixed formulat ions, see 
[20,21] and references therein. It has been observed that re- 
duced/selec tive integrati on techniques that are closely related to 
mixed formulation s are useful for incompressible elasticity 
[22,23]. In these methods, the inf-sup stability requiremen t is also 
enforced for the displacement and implicit pressure interpolant 
spaces. Equal-or der interpolation with stabilizati on methods [24]
and average nodal pressure elements [25,26] have also been suc- 
cessfully implemented . Boner and Burton [25] proposed a linear 
tetrahedron element that prevents locking by introducing nodal 
volumes and evaluating nodal pressures in terms of these volumes.
Gatica et al. [27] develope d a dual-mixed finite element method for 
incompress ible plane elasticity. Hauret et al. [4] introduced a dia- 
mond element FE discretizatio n for compressible and incompres s- 
ible linear and finite elasticity. Using both primal and dual vertices 
of an arbitrary simplicia l mesh for the domain and its barycentric 
dual mesh, they constructed an associated diamond mesh. They 
defined interpolati on spaces for displacemen t and pressure sup- 
ported on the diamond mesh by choosing piecewise linear dis- 
placement interpolation on sub-elements and constant pressure 
interpolation on diamond elements. They proved that the displace- 
ment field converges optimally with mesh refinement and also 
showed that for the problem of linearized incompressible elasticity 
their scheme satisfies the inf-sup condition, and hence, it is well 
posed. Alternatively , it is also possible to use element-fre e Galerkin 
methods [28]. Vidal et al. [29] introduced a pseudo-diverg ence-free 
element-fre e Galerkin method using a diffuse divergence for near- 
incompress ible elasticity. Similar techniques have been used by 
other researchers for developing mesh-free methods for mixed for- 
mulations and B-bar methods [30–32].

The incompressibil ity constraint can be imposed more directly 
using the stream function formulation [33]. Because the diver- 
gence of the displacement is zero in incompressible linear elastic- 
ity, there is a scalar-valued function called stream function whose 
curl gives the displacement. Then, the weak formulat ion of incom- 
pressible linear elasticity can be rewritten as a fourth-or der elliptic 
problem over scalar functions. Auricchio et al. [33] used an 
isogeometric interpolation based on Non-Uniform Rational B-
Splines (NURBS) [34] to obtain a locking-free isogeometric ap- 
proach for the stream function formulation. The high continuity 
across the elements is the key advantage of NURBS functions.
The solution of the stream function formulation automaticall y sat- 
isfies the incompress ibility constraint, i.e., it is divergence- free by 
construction.

Another interesting idea in the literature (promoted mainly by 
Arnold and his coworkers [35] is to use an ‘‘elasticity complex’’,
which is similar in form to the classical de Rham complex. In fact,
Eastwood [36] showed that the linear elasticity complex can be 
constructed from the de Rham complex. Having a complex for a
field theory, one then defines a discrete analogue of the continuum 
complex. In the case of finite element method, this gives the appro- 
priate finite element spaces for different fields (e.g. displacemen ts 
and stresses in the case of linear elasticity). This has led to the 

discovery of several stable mixed finite elements for linear elastic- 
ity [35].

Ciarlet and Ciarlet [37] proposed a new approach for finding the 
solution of planar linear elasticity that may be capable of handling 
the near incompressible case as well. They showed that this prob- 
lem can be alternativ ely reformulate d as minimization of an asso- 
ciated Lagrangian over the strain field. They defined their finite
element space over a triangulation of the reference configuration 
as the space of 2 � 2 symmetric matrix fields, which are constant 
over each triangle of the triangula tion, has the same values for the 
degrees of freedom at common edges of any two distinct triangles,
and is curl–curl free. This curl–curl free condition plays the role of 
the compatib ility conditions. Thus, this method enables one to di- 
rectly obtain the strains and stresses as they are considered the pri- 
mary unknowns. Another numerica l scheme for dealing with 
incompres sibility is the finite volume method. Bijelonja et al.
[38] developed a finite volume based method for incompres sible 
linear elasticity using the solution of the integral form of the gov- 
erning equations and the introduct ion of pressure as an additional 
variable. Considering several numerical examples , they concluded 
that such numerical methods are locking free.

Geometri c ideas were first introduced in numerica l electromag- 
netism (see [39] and references therein). Here the idea is to use 
some techniques from differential geometry, algebraic topology,
and discrete exterior calculus to write the governing equation s
and constraints in terms of appropriate geometric entities and then 
look for the solutions in a proper solution space that satisfies the 
required constraints. The main advantage of such methods is that 
by construction they are free of traditional numerical artifacts such 
as loss of energy or momenta. Hirani et al. [40] used discrete exte- 
rior calculus to obtain a numerica l method for Darcy flow. They 
used flux and pressure, which are considered to be differential 
forms, as the primal unknowns and then the numerical method 
was derived by using the framewor k provided by discrete exterior 
calculus for discretizing differential forms and operators that act 
on forms. Pavlov et al. [41] proposed a structure-pres erving dis- 
cretizatio n scheme for incompress ible fluids. Their main idea is 
that instead of discretizing spatial velocity, one can discretize 
push-forwa rd of real-valued functions and the Lie derivative oper- 
ator. They showed that the space of discrete push-forwa rds is the 
space of orthogonal, signed doubly-s tochastic matrices and the 
space of discretize d Lie derivatives is the space of antisymmetr ic 
null-column matrices. They obtained a discrete in space and con- 
tinuous in time version of Euler equation s using the Lagrange -
d’Alember t principle for their discrete Lagrangian and then con- 
structed a fully discrete variation al integrator by defining a
space-discrete /time-discr ete Lagrangian.

The problem with elasticity is that unlike electrom agnetism 
that only requires differential forms one needs to consider various 
types of tensors for elasticity. There have been recent efforts in the 
literature in geometrizing discrete elasticity. Chao et al. [42] used
geometri c ideas to introduce an integrator for nonlinear elasticity.
Kanso et al. [43] used bundle-valued differential forms for geome- 
trization of stress. Assumin g the existence of some discrete scalar- 
valued and vector-valued discrete different ial forms, Yavari [44]
presente d a discrete theory with ideas for developing a numerical 
geometri c theory. In the present work, we introduce a geometric 
structure -preserving scheme for linearized incompressible elastic- 
ity. First, we show that in the smooth case, the governing equations 
of incompress ible elasticity can be obtained using Hamilton ’s prin- 
ciple over the space of divergence- free vector fields without using 
Lagrange multipliers. Then, we develop a discrete theory for linear- 
ized elasticity by assuming the domain to be a simplicia l complex 
and choosing a discrete displacemen t field, which is a primal vec- 
tor field, as our primary unknown. Thus, we do not need to worry 
about compatibilit y equations. Then, we use a discrete definition of 
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divergence to specify the space of discrete divergence-fre e vector 
fields over a simplicial mesh and choose this space as our solution 
space. Motivated by the Lagrangian structure of the smooth case,
we define a discrete Lagrangian and use Hamilton ’s principle over 
the discrete solution space without using Lagrange multipliers. We 
observe that pressure gradient appears in the discrete governing 
equations. Finally, we use the discrete Laplace–Beltrami operator 
to obtain the discrete pressure – a dual 0-form. This can be thought 
of as a geometri c justification for the known fact that using differ- 
ent function spaces for pressure and displacement is crucial for 
obtaining robust numerical schemes for incompress ible elasticity.
Finally, we consider some numerical examples that suggest that 
our method is free of locking and checkerboard ing of pressure.

The approach that we use for imposing the incompressibil ity 
constraint is equivalent to the method of Lagrange multiplier s for 
obtaining the mixed formulation of incompressible elasticity. We 
directly use the space of discrete divergence- free displacemen ts gi- 
ven by the DEC theory. This is the deviation of our approach from 
the FE method: The definition of the discrete divergence implies a
specific linear interpolati on for displacemen ts. However, we are 
free to choose other interpolation methods for the displacemen t
field when we calculate the kinetic and elastic energies. Therefore,
unlike the FE method, we simultaneously use three different dis- 
crete solution spaces for the displacemen t field, in general. Similar 
to the mixed FE formulations, discrete solution spaces for the dis- 
placement field should be compatible with each other and with the 
discrete space of the pressure field to obtain a stable numerical 
scheme. Our numerical examples suggest that a choice of discrete 
spaces given by P1 polynomials over primal meshes for the incom- 
pressibility constraint, P1 polynomials over support volumes for 
the elastic energy, and P0 polynomi als over primal meshes for 
the pressure field is a compatible choice.

This paper is structure d as follows. In §2 we review incompress- 
ible linear and nonlinear elasticity, their geometries, and their var- 
iational structures. In particular, we derive the governing 
equations of incompres sible finite and linearized elasticity using 
Hamilton’s principle without using Lagrange multipliers by a direct 
use of the configuration manifold of incompress ible elasticity and 
the Hodge decompo sition theorem. Discrete exterior calculus 
(DEC) specializ ed to elasticity applications is reviewed in §3. Dis- 
crete configuration manifold of 2D incompres sible linearized elas- 
ticity is studied in detail in §4. In §5, kinetic and elastic energies of 
a discretized linear elastic body are written in the language of DEC.
Using Hamilton’s principle in the discrete configuration manifold 
of discrete incompress ible linearized elasticity then gives the dis- 
crete Euler–Lagrange equations. Numerical examples in §6 demon- 
strate the efficiency and lack of any volume locking in our 
geometric scheme. Conclusio ns and future directions are discussed 
in §7.

2. Incompressibl e elasticity 

In this section, we first review some basic topics in finite and 
linearized incompress ible elasticity. In particular, we study their 
variational structure and show that the governing equations of 
incompress ible elasticity can be obtained using the variational 
principle over the space of volume-preser ving motions.

2.1. Incompressible finite elasticity 

Here, we first review some preliminarie s on finite elasticity and 
then study the variational structure of incompressible finite elas- 
ticity, see [45,46] for more details. Let an m-dimension al Riemann- 
ian manifold ðB;GÞ with local coordinates fXAg be the material 
manifold for an elastic body, i.e., in this manifold the body is stress 

free.1 We assume that ambient space is another Riemannia n mani- 
fold ðS; gÞ of dimension n P m with local coordinates fxag. Here 
for the sake of simplicity, we assume that m ¼ n. We use ð:; :ÞG and
ð:; :Þg to denote the inner product using the metrics G and g, respec- 
tively. Motion is a diffeom orphism u : B � R ! S. If we define
ut :¼ uð�; tÞ : B ! S, then we note that utðBÞ � S is a submanifold 
of S and hence it inherits the metric structure of S. Let 
uX :¼ uðX; �Þ : R! S. Then uXðtÞ specifies a curve in S and so we 
can define the following vector field covering ut:

VðX; tÞ ¼ uX�
d
dt 
¼ TtðuXÞ �

d
dt 
¼
@uðX;tÞ
@t

; ð1Þ

where the linear mapping TtuX is the derivativ e of uX at point t and
d
dt is the unit vector in the tangent space of R at t. This vector field is 
called material velocity. If we push forward V, we obtain the spatial 
velocity v, which is a vector field on utðBÞ given by 
vðx; tÞ ¼ Vðu�1

t ðxÞ; tÞ. Similarly , one can define the material acceler- 
ation A and the spatial accelerat ion a as

AðX; tÞ ¼ @VðX; tÞ
@t

; aðx; tÞ ¼ Aðu�1
t ðxÞ; tÞ: ð2Þ

A motion u is called volume preserving if for every nice set 
U � B we have Z

utðUÞ
dv ¼

Z
U

dV ; ð3Þ

where U is an open set with a piecewis e C1 boundary @U and

dV ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
det G
p

dX1 ^ � � � ^ dXn and dv ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
det g

p
dx1 ^ � � � ^ dxn are the 

volume forms of B and S, respective ly. If uðX; tÞ is a volume-p re- 
serving motion then div v ¼ 0 and its Jacobian JðX; tÞ ¼ 1, where Jac- 
obin is defined as J ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det g=det G

p
det F, with F ¼ TXut . Balance of 

linear momentu m reads 

q0A ¼ q0Bþ DivP; ð4Þ

where q0 ¼ q0ðXÞ denotes mass density of B;B is the body force,
and P is the first Piola–Kirchhoff stress tensor. The right Cauchy–
Green deformation tensor is defined as C ¼ FTF ¼ u�t g. In this work,
we consider hyperela stic materials, i.e. we assume existence of a
stored energy function W ¼WðX;G; F;gÞ or W ¼WðX;CÞ. For such 
mater ials we have the following identity 

P ¼ q0g]
@W
@F

: ð5Þ

In the next section, we study the variational structure of incom- 
pressible finite elasticity.

2.1.1. Variational structure of incompressible finite elasticity 
Let @dB denote the subset of @B on which essential boundary 

condition s are imposed, i.e., uj@d
¼ ud, and let @sB be the portion 

of @B on which natural boundary conditions s ¼ hP;N[i are im- 
posed, where N is the outward unit vector field normal to @B; s is
the traction vector, and h; i denotes the natural pairing of a vector 
and a form, i.e., contraction of a covariant index of one tensor with 
a contravariant index of another tensor. We define the space of 
configurations of B to be 

C ¼ w : B ! Sjw ¼ ud on @dBf g; ð6Þ

where ud denotes the essentia l boundary conditio n on @dB. One can 
show that C is a C1 infinite-dimensional manifold [50]. A tangent 
vector to a configuration w 2 C is the tangent to a curve 
c : ð��; �Þ ! C with cð0Þ ¼ w, which is a velocity field U covering w
and vanishes on @dB. Therefore, we have 

1 In general, ðB;GÞ is the underlying Riemannian manifold of the material manifold,
which is where the body is stress-free. See [47–49] for more details.
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TC ¼ w;Uð Þjw 2 C; U : B ! TwðBÞ and Uj@dB ¼ 0
n o

: ð7Þ

TC is usually called the space of variations. Let Hs ¼Ws;2 be the 
Sobolev space consisting of all mappings n : B ! S such that n and
all its derivatives up to order s belong to the Hilbert space L2.2 Note
that by defining an appropriat e inner product on Hs, it is possible to 
show that Hs is a Hilbert space [3]. The configuration space for 
incompressi ble elasticity is 

Cvol ¼ w 2 Cj JðwÞ ¼ 1f g: ð8Þ

Ebin and Marsden [50] showed that if C � Hs then Cvol is a
smooth submani fold of C. The tangent space of Cvol at a configura-
tion w 2 Cvol is

TwCvol ¼ U 2 TwCjdiv U � w�1� �
¼ 0

� �
: ð9Þ

For unconstrained finite elasticity, the Lagrangian L : TC ! R is
defined as 

Lðu;VÞ ¼ K � V ; ð10Þ

where

KðVÞ ¼ 1
2

Z
B
q0ðV;VÞgdV ¼ 1

2

Z
B
q0kVk

2
g dV ;

VðuÞ ¼
Z
B
q0WðX; FÞdV þ

Z
B
q0VBðuÞdV þ

Z
@sB
VsðuÞdA; ð11Þ

with DuVs ¼ �s and DuVB ¼ �B, where BðX; tÞ ¼ bðuðX; tÞ; tÞ is the 
material body force and Du denotes derivativ e with respect to u.
Note that in Euclidian space, one can consider dead loads as 
VsðuÞ ¼ �ðs;uÞg and VBðuÞ ¼ �ðB;uÞg . By setting d

R T
0 Ldt ¼ 0 in 

the time interval ½0; T�, one obtains the Euler–Lagrange equation s
for finite elasticity. For unconstr ained finite elasticity , the Euler–La-
grange equations are equivalent to the weak form and the strong 
form of the governin g field equations of nonlinea r elastici ty [45].

For incompress ible finite elasticity we require d
R T

0 Ldt ¼ 0 over 
volume-pres erving motions. To solve this problem, one needs to 
impose the constraint J ¼ 1. This can be done by directly imposing 
the constrain t into the Lagrangian using the Lagrange multipliers 
[51]. An alternative approach, which is more in line with our dis- 
cretization philosophy, is to consider the Lagrangian (10) on TCvol

instead of TC as follows [45] (see also [41] for a similar treatment 
of incompress ible perfect fluids). We want to find a curve ut 2 Cvol

on the time interval ½0; T� with u0 ¼ IdB (IdB : B ! B is the iden- 
tity map) and uT ¼ ~u 2 Cvol such that 

I ¼ d
Z T

0
LðutÞdt ¼ 0: ð12Þ

Let ut;s 2 Cvol be a variation field such that ut;0 ¼ ut and
du ¼ d

ds js¼0ut;s is a vector field in TCvol. We consider proper varia- 
tions, and therefore, u0;s ¼ u0 and uT;s ¼ ~u. Then, (12) is equiva- 
lent to 

I ¼ d
ds 

Z T

0
L ut;s; _ut;s

� �
dt

	 

js¼0 ¼ 0: ð13Þ

We have 

Lðut;s; _ut;sÞ ¼
Z
B

1
2
q0 _ut;s; _ut;sð Þg � q0W X; TXut;s

� �
� q0VB ut;s

� �� �
dV

�
Z
@sB
Vs ut;s

� �
dA

ð14Þ

and therefore, using the metric compatibi lity and symme try of the 
Levi–Civita connection [52], we obtain 

I ¼ d
ds 

Z T

0
L ut;s; _ut;s

� �
dt

	 

s¼0
¼
Z T

0

d
ds 

Lðut;s; _ut;sÞjs¼0

� �
dt

¼
Z T

0

Z
B

q0ð _ut ;r @
@t
duÞg � q0

@W
@F

;rðduÞ
� ���

þ q0 B; duð Þg
i
dV þ

Z
@sB

s; duð ÞgdA
�

dt; ð15Þ

where the component s of the two-po int tensor rðduÞ read

rðduÞð ÞaA ¼ ðduÞa jA ¼
@ðduÞa

@XA þ ðduÞkca
kl F

l
A; ð16Þ

with ca
kl denoting the Christof fel symbo ls of the coordinat e system 

fxag on S and

q0
@W
@F

;rðduÞ
� �

¼ q0
@W
@F

	 

a

A rðduÞð ÞaA: ð17Þ

Because of metric compatibility of the Levi–Civita connection,
we have 

_ut;r @
@t
du

� �
g
¼ d

dt 
_ut; duð Þg � r @

@t
_ut ; du

� �
g
: ð18Þ

As we consider proper variations, substitution of (18) into (15)
yields

I ¼�
Z T

0

Z
B

q0ðA� B; duÞg þ q0
@W
@F

;rðduÞ
� �� �

dV
�

�
Z
@sB

s; duð ÞgdA
�

dt: ð19Þ

The integrand of I is continuous and T is arbitrary, so setting 
I ¼ 0 results in Z
B

q0ðA� B; duÞg þ q0
@W
@F

;rðduÞ
� �� �

dV �
Z
@sB

s; duð ÞgdA ¼ 0:

ð20Þ

Eq. (20) is called the weak form of the field equations of incom- 
pressible finite elasticity. Now observe that 

Div q0
@W
@F

; du
� �

¼ q0
@W
@F

;rðduÞ
� �
þ Div q0

@W
@F

	 

; du

� �
; ð21Þ

where Div q0
@W
@F ; du

� �
¼ ðq0

@W
@F Þ

A
aðduÞ

a
h i

jA
and Div ðq0

@W
@F Þ

� �
a ¼

q0
@W
@F

� �
a

A
jA. Thus, if N denotes the unit normal vector field on @B,

using divergence theorem one concludes that Z
@B

q0
@W
@F

; du
� �

;N
	 


G
dA ¼

Z
B

q0
@W
@F

;rðduÞ
� �

dV

þ
Z
B

Div q0
@W
@F

	 

; du

� �
dV : ð22Þ

We assume that @B ¼ @dB [ @sB and @dB \ @sB ¼£, and there- 
fore because duj@d

¼ 0, we obtain Z
@B

q0
@W
@F

; du
� �

;N
	 


G

dA ¼
Z
@sB

q0
@W
@F

; du
� �

;N
	 


G

dA: ð23Þ

Note that we have 

Div q0
@W
@F

	 
� �]
¼ Div q0

@W
@F

	 
]

; ð24Þ

with ðq0
@W
@F Þ

]
h iaA

¼ gab q0
@W
@F

� �A

b
. Substitutin g (22) and (23) into (20)

and using (24) yields
2 Recall that n : B ! Rn belongs to L2 if it is square integrable, i.e.,
knk2

L2 ¼
R
B knk

2dV <1.
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Z
B

q0A� q0B� Div q0
@W
@F

	 
]

; du

 !
g

dV

þ
Z
@sB

q0
@W
@F

	 
]

;N[

* +
� s; du

 !
g

dA ¼ 0: ð25Þ

Therefore, our problem has been reduced to finding ut 2 Cvol

that satisfies (25) for every du 2 TCvol. Next, we need to use the fol- 
lowing lemma.

Lemma 2.1. Let n be a vector field on a Riemannian manifold ðM;gÞ.
If for every vector field w 2 z :M ! TMjdivz ¼ 0; zj@M ¼ 0

� �
we

have
R
Mðn;wÞgdv ¼ 0, then there exists a function p :M ! R such

that n ¼ �divðpg]Þ.

Proof. Let XkðMÞ denote the set of k-forms on M and assume that 
M is a compact oriented Riemann ian manifold with smooth 
boundary @M. The inner product of k-forms a; b 2 XkðMÞ is
defined as 

ða;bÞg ¼
Z
M

a ^ ð�bÞ ¼
Z
M
ha; b]idv ; ð26Þ

where � : XkðMÞ ! Xn�kðMÞ is the Hodge star operator. The Hodge 
decomp osition theore m [50,53] states that XkðMÞ has the following 
orthogon al decompos ition 

XkðMÞ ¼ d Xk�1 Mð Þ
� �

	Dk
t ðMÞ; ð27Þ

where

d Xk�1 Mð Þ
� �

¼ a 2 Xk Mð Þj9b 2 Xk�1 Mð Þs:t:a ¼ db
n o

;

Dk
t ðMÞ ¼ a 2 Xk

t Mð Þjda ¼ 0
n o

; ð28Þ

with d : XkðMÞ ! Xkþ1ðMÞ and d : Xkþ1ðMÞ ! XkðMÞ denoting
the exterior derivativ e and codifferent ial operators, respective ly,
and

Xk
t Mð Þ ¼ a 2 Xk Mð Þja is tangent to @M

n o
: ð29Þ

Note that the k-form a 2 Xk Mð Þ is tangent to @M if the normal 
part an ¼ i�ð�aÞ is zero, where i : @M ,!M is the inclusion map 
[53].3 Thus, if n is a vector field on M, then the one-form n[ can be 
written as 

n[ ¼ �dpþ c; ð30Þ

where p :M ! R is a smooth function, dc ¼ 0, and c] is parallel to 
@M, i.e., c]ðqÞ 2 Tqð@MÞ for q 2 @M. Note that div ðc]Þ ¼ �dc ¼ 0,
and therefore c] is a divergence -free vector field parallel to @M.
Using (30), we can write the assumpt ion of the lemma as Z
M

n;wð Þgdv ¼
Z
M

n[;w[
� �

gdv

¼
Z
M
� dp;w[
� �

gdv þ
Z
M

c;w[
� �

gdv ¼ 0; ð31Þ

for an arbitrary divergence -free vector field w that vanishes on @M.
Therefore, w is parallel to @M and because the decomp osition (27)
is orthogon al with respect to the inner product (26), �ðdp;w[Þg is
identica lly zero and hence (31) is equivalent to ðc;w[Þg ¼ 0, which 
means that c ¼ 0 as c;w[ 2 D1

t ðMÞ. Thus, we obtain 

n[ ¼ �dp: ð32Þ

On the other hand, using the identity 

@gab

@xb
¼ �gcbca

cb � gaccb
cb ; ð33Þ

one can write 

ðpgabÞjb ¼ gab @p
@xb
þ p

@gab

@xb
þ gcbca

cb þ gaccb
cb 

	 

¼ gab @p

@xb
; ð34Þ

or equivalently 

div ðpg]Þ ¼ ðdpÞ]: ð35Þ

Substitu ting (35) into (32) yields n ¼ �div ðpg]Þ. This complet es the 
proof. h

Now returning to (25), we note that du is arbitrary and, in par- 
ticular, it can vanish on the boundary. Hence, the first integral on 
the left hand side of (25) should vanish. Now by using Lemma
2.1, we conclude that 

q0A� q0B� Div q0
@W
@F

	 
]

¼ �div ðpg]Þ; ð36Þ

where the time-dep endent function p : utðBÞ � R ! R is the 
pressure field. By defining the material pressure field
p0ðX; tÞ :¼ u�t pðXÞ ¼ pðutðXÞ; tÞ, and noting that the Jacobian of ut

is unity, we can use the Piola identity [45] to write 

div ðpg]Þ ¼ Div p0 F�1
� �]	 


; ð37Þ

where F�1
� �]

is the tensor with components F�1
� �aA

. Substitutin g
(37) into (36) yields

q0A ¼ q0Bþ Div q0
@W
@F

	 
]

� p0 F�1
� �]" #

; ð38Þ

which are the governing equations of incompress ible finite elastic- 
ity. Substitu ting (38) back into (25) and using the divergence theo- 
rem results in the natura l boundary condition 

sj@sB ¼ q0
@W
@F

	 
]

� p0 F�1
� �]

;N[

* +
: ð39Þ

Note that p is similar to pressure for perfect fluids and can be 
considered as the force of the constraint [45]. Also (38) implies that 
the first Piola–Kirchhoff stress tensor can be written as 
P ¼ q0

@W
@F

� �] � p0 F�1
� �]

.

2.2. Incompres sible linearized elasticity 

In this section we first review some preliminary concepts in 
linearized elasticity and then study the variational structure of 
incompres sible linearized elasticity formulated on a Riemann ian 
manifold. Here we do not use Lagrange multipliers to enforce 
the incompress ibility constrain t. Instead, we confine the dis- 
placemen t field to the set of divergence-fre e vector fields; mo- 
tion of an incompressible elastic body extremizes the action 
function in this space.

Linear elasticity can be considered as the linearization of finite
elasticity with respect to a reference motion [45,54]. The linearized 
Jacobian about the configuration u

o
reads [45]

L
u
o ðUÞ ¼ J

o
þ J

o
divuð Þ �u

oh i
; ð40Þ

where u ¼ U �u
o �1 and J

o
is the Jacobian of u

o
. For an incompress ible 

motio n, we have J ¼ 1, and by choosing u
o

to be the identity map 
IdB , we obtain 1 ¼ JðxÞ 
 JðIdBÞ þ JðIdBÞdivu, which yields 

DivU ¼ divu ¼ 0: ð41Þ
3 Note that if X is a vector field on M, then X is tangent to @M if and only if X[ is 

tangent to @M [53].
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Note that (41) is the first-order incompressibil ity condition, i.e.,
the incompres sibility condition is satisfied up to the first order 
using (41). Let u ¼ uaea be the displacemen t field. The linearized 
strain tensor is e ¼ 1

2 Lug with components eab ¼ 1
2 ðuajb þ ubjaÞ. Bal- 

ance of linear momentum for an isotropic material reads 
q€u ¼ qbþ div ð2le] þ kðtreÞg]Þ in B; ð42Þ

or in component s

q€ua ¼ qba þ ð2leab þ kuc
jc gabÞjb in B; ð43Þ

where l and k are Lamé constants with 

k ¼ Em
ð1þ mÞð1� 2mÞ ; l ¼ E

2ð1þ mÞ : ð44Þ

2.2.1. Variationa l structure of incompressible linearized elasticity 
Let us recall that the stored energy per unit volume, E of an iso- 

tropic linear elastic solid can be written as 

E ¼ lhe]; ei þ k
2
ðtreÞ2 ¼ leabeab þ kðea

aÞ2: ð45Þ

Because of metric compatibility of the Levi–Civita connection,
we have ðruÞ[ ¼ ru[, or equivalently , gacðuc

jbÞ ¼ uajb, where r de-
notes the Levi–Civita connection of gab. The incompres sibility con- 
dition reads div u ¼ ua

ja ¼ 0. Therefore, for an incompress ible 
motion we can write 

ea
a ¼

1
2

gab uajb þ ubja
� �

¼ 1
2

gab gcauc
jb þ gcbuc

ja

� �
¼ 1

2
db

cuc
jb þ da

cuc
ja

� �
¼ ua

ja ¼ 0: ð46Þ

Thus, the stored energy per unit volume of an incompress ible 
linear elastic body reads 
E ¼ lhe]; ei ¼ leabeab: ð47Þ

The Cauchy stress tensor of an isotropic linear elastic body can 
be written as 

r[ ¼ 2leþ kðtreÞg: ð48Þ

Also we have [45]

divu ¼ trr
3k

; ð49Þ

where k ¼ ð3kþ 2lÞ=3. If m ! 1=2, then from (44) we see that 
k ! 1 and hence div u ! 0, i.e., when m ¼ 1=2 any motion is 
incompres sible. However , the conve rse is not necessarily true be- 
cause if tr r ¼ 0 then motion is incompress ible for any m. For example,
let x and y be the usual Euclidian coordinat e system and consider an 
elastic planar sheet under uniform tension in the x-direction and uni- 
form compres sion of the same magnitud e in the y-direction. Then,
trace of stress vanishes and this sheet undergoes an incompressi ble 
(linearized) motio n regardles s of the value of its Poisson’s ratio.

Remark 1. Note that if m ¼ 1=2, then the elasticity tensor is neither 
pointwise stable nor strongly elliptic [45], which leads to coercivity 
loss in the weak formulation of the problem [3]. This means that 
the problem is no longer well posed and this is usually called 
locking. In this case, usually mixed finite element formulation s, i.e.,
approximat ing displacement and pressure in different finite
element spaces, or constrained finite element formulation s are 
used to obtain well-posed weak forms.

The Lagrangian of a linear incompressible isotropic body is writ- 
ten as L ¼ K � V , where 

K ¼ 1
2

Z
B
qð _u; _uÞgdv ; V

¼
Z
B
leabeabdv �

Z
B
qðb;uÞgdv �

Z
@sB
ðs;uÞgda; ð50Þ

with @B ¼ @dB [ @sB, where @dB and @sB denote the portions of the 
boundar y on which displacem ents and traction are specified,
respective ly. Let B and @B be compact orientab le Riemanni an man- 
ifolds (we assume that the orientation of @B is induced from that of 
B) and consider the following sets of diffeom orphisms 

D ¼ w : B ! Bjw is a diffeomorphism f g;
Dvol ¼ w 2 Dj w is volume preserving f g;
Dq ¼ w 2 Dj wðqÞ ¼ q for all q 2 @Bf g;
Dvol;q ¼ Dvol \ Dq ð51Þ

and the following sets of vector fields

V ¼ w : B ! TBjwðqÞ 2 Tqð@BÞ for all q 2 @B
� �

;

�U ¼ w 2 Vjdivw ¼ 0f g;
V0 ¼ w 2 Vjwj@B ¼ 0

� �
;

U0 ¼ w 2 Vjdivw ¼ 0;wj@B ¼ 0
� �

;

U ¼ w : B ! TBjdivw ¼ 0;wj@dB ¼ 0
n o

: ð52Þ

Then D;Dvol;Dq, and Dvol;q are infinite-dimensional Lie groups 
(under composition) with infinite-dimensional Lie algebras 
V; �U;V0, and U0, respectively [50]. In fact, Dvol and Dq are subman- 
ifolds (Lie subgroups) of D and Dvol;q is a submanifold (Lie sub- 
group) of Dq. Also, we have U0 � U and U is the tangent space of 
Cvol defined in (8) at the identity map [45], and thus it is an infi-
nite-dim ensional manifold and uðtÞ is a curve in U. For an arbitrary 
w 2 U, let hsðtÞ ¼ uðtÞ þ swðtÞ be the variation al field for uðtÞ.4 The
Lagrang ian for the variation field reads 

LðsÞ ¼ 1
2

Z
B
qð _uþ s _w; _uþ s _wÞgdv

�
Z
B
l e] þ se]w; eþ sew
� �

dv þ
Z
B
qðb;uþ swÞgdv

þ
Z
@sB
ðs;uþ swÞgda; ð53Þ

where the component s of the tensor ew ¼ 1
2 Lwg are given by 

ðewÞab ¼
1
2
ðwajb þwbjaÞ: ð54Þ

The true motion of a linear incompress ible elastic solid satisfies
d
R T

0 Ldt ¼ 0 over U, i.e.

d
Z T

0
Ldt ¼ d

ds 

Z T

0
Ldt

	 

s¼0
¼
Z T

0

Z
B

qð _u; _wÞg þ qðb;wÞg
h�

�2leabðewÞab

�
dv þ

Z
@sB
ðs;wÞgda

�
dt

¼ �
Z T

0

Z
B

qð€u� b;wÞg þ 2leabðewÞab

h i
dv

�
�
Z
@sB
ðs;wÞgda

�
dt þ ð _u;wÞgj

T
0 ¼ 0: ð55Þ

As we consider proper variations, i.e., wð0Þ ¼ wðTÞ ¼ 0, and the 
integrand of the time integral is continuo us, we obtain the follow- 
ing weak form for the linearized incompres sible motion Z
B

qð€u� b;wÞg þ 2leabðewÞab

h i
dv �

Z
@sB
ðs;wÞgda ¼ 0: ð56Þ

Next, we use the following relation that can be verified by direct 
substitut ion:

div 2le];w[
� �

¼ 2l e]; ew
� �

þ div ð2le]Þ;w[
� �

: ð57Þ

4 This choice of the variation field is simple r to work with. The general form of the 
variation field is a one-parameter family of curves hsðtÞ ¼ wðs; tÞ, with wð0; tÞ ¼ uðtÞ
and du ¼ d=ds wðs; tÞð Þjs¼0, which yields the same result as the above choic e does.
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Using (57) and the divergence theorem and because wj@dB ¼ 0,
we obtain Z
@sB

2le];w[
� �

;n
� �

gda ¼
Z
@B
ð 2le];w[
� �

;nÞgda

¼
Z
B

2l e]; ew
� �

dv

þ
Z
B

div ð2le]Þ;w
� �

gdv ; ð58Þ

where n is the unit outward normal vector field for @B. In compo- 
nents this reads Z
@sB

2leabwbnada ¼
Z
B

2leabðewÞabdv þ
Z
B
ð2leabÞjawbdv : ð59Þ

Substituting (58) into (56) yieldsZ
B

q€u� qb� div ð2le]Þ;w
� �

gdv þ
Z
@B

2le];n[
� �

� s;w
� �

gda ¼ 0: ð60Þ

Suppose w 2 U0 � U, then the second term on the left hand side 
of (60) is identicall y zero and hence by Lemma 2.1 , we obtain 

q€u ¼ qbþ div ð2le] � pg]Þ in B; ð61Þ

where the time-depend ent function p : B � R ! R is the pressure 
field. Substitutin g (61) back into (60) results in 

�
Z
B

div ðpg]Þ;w
� �

gdv þ
Z
@B

2le];n[
� �

� s;w
� �

gda ¼ 0: ð62Þ

Using the relation 

div ðpg];wÞg ¼ p divwþ ðdiv ðpg]Þ;wÞg ð63Þ

and noting that w is divergen ce free, we can use the divergence the- 
orem to write Z
B

divðpg]Þ;w
� �

gdv ¼
Z
B

div ðpg];wÞgdv

¼
Z
@B

pg];w[
� �

;n
� �

gda

¼
Z
@B

pg];n[
� �

;w
� �

gda: ð64Þ

Substitution of (64) into (62) yieldsZ
@B

2le] � pg];n[
� �

� s;w
� �

gda ¼ 0: ð65Þ

Since wj@B is an arbitrary vector field on @B that vanishes on 
@dB, (65) implies that 

s ¼ 2le] � pg];n[
� �

on @sB: ð66Þ

Eqs. (61) and (66) are the governing equations and the natural 
boundary condition s for incompressible linearized elasticity ,
respectively . In components they read 

q€ua ¼ qba þ ð2leab � pgabÞjb in B; ð67Þ
sa ¼ 2leabnb � pgabnb on @sB: ð68Þ

Remark 2. We observed that the case m ¼ 1=2 correspond s to an 
incompress ible motion, and therefore it satisfies the governing 
equations of incompress ible elasticity. On the other hand, we 
know that m ¼ 1=2 should satisfy Eq. (42) as well. But there is no 
pressure in the compressib le equation s and one may wonder 
how the compress ible and incompress ible governing equations 
can be reconciled for this special case. Let m ! 1=2. Then, from 
(49) we see that div u ! 0, and using (48) and (46) we conclude 
that

trr ¼ 2l treþ 3k tre ! 3k tre: ð69Þ

Equivalently, by assuming that tr r is bounded and defining
p ¼ �trr=3, we can write 

k tre ! �p: ð70Þ

Substitu ting (70) into (48) and (42) results in the balanc e of linear 
moment um for incompr essible linearize d elasticity. Therefore, we 
have shown that balance of linear momentu m for compres sible 
and incompr essible linearized elasticity are the same for m ¼ 1=2.

Remark 3. The solution space for incompress ible fluids is similar 
to that of incompress ible linearized elasticity. Consider the motion 
of an incompress ible fluid in a Riemann ian manifold M. The 
spatial velocity of the fluid, v, lies in the set F ¼ w :M !f
TMjdivw ¼ 0 and wðqÞ 2 Tqð@MÞ8q 2 @Mg, which is similar to 
U. The variation of the spatial velocity of an incompress ible fluid
dv satisfies the so-called Lin constraint [55,41], i.e.,
dv ¼ _nþ ½v; n�, where n is an arbitrary divergence-fre e vector field
that vanishes at initial and final times, dot denotes derivative with 
respect to time, and ½; � is the usual bracket of vector fields (Lie
bracket).

3. Discrete exterior calculus 

The idea of discrete exterior calculus (DEC) is to define discrete 
versions of the smooth operators of exterior calculus such that 
some important theorems, e.g. the generalized Stokes’ theorem 
and the naturality with respect to pull-backs remain valid. How- 
ever, the convergence of these discrete operators to their smooth 
counterpar ts and, in particular, the correct topology to investigate 
such convergence is still vague and needs more work [56]. For an 
introduct ory discussion on the connections between DEC and other 
structure -preserving schemes such as finite element exterior cal- 
culus and mimetic methods , see [57] and references therein. In this 
section we review some topics from DEC. First, we need to review 
some concepts from algebraic topology and for this we mainly fol- 
low [58].

3.1. Primal meshes 

Let fv0; . . . ;vkg be a geometrical ly independen t set in RN , i.e.,
fv1 � v0; . . . ;vk � v0g is a set of linearly independen t vectors in 
RN . The k-simplex rk is defined as 

rk ¼ x 2 RNjx ¼
Xk

i¼0

tiai; where 0 6 ti 6 1;
Xk

i¼0

ti ¼ 1

( )
: ð71Þ

The numbers ti are uniquely determined by x and are called 
barycentr ic coordinates of the point x of r with respect to vertices 
v0; . . . ;vk. The number k is the dimensio n of rk. Any simplex rl

spanned by a subset of vertices fv0; . . . ;vkg is called a face of rk

and rl � rk or rk � rl means that rl is a face of rk.
A simplicial complex K in RN is a collection of simplices in RN

such that (i) every face of a simplex of K is in K and (ii) the inter- 
section of any two simplices is either empty or a face of each of 
them. The largest dimension of the simplices of K is called the 
dimensio n of K. Fig. 1 shows a 2-dimension al simplicia l complex 
with  representing its vertices and the solid lines representing 
its 1-simplic es. A subcomp lex of K is a subcollec tion of K that con- 
tains all faces of its elements. The collection of all simplices of K of
dimensio n at most p is called the p-skeleton of K and is denoted by 
KðpÞ. The subset of RN that is the union of the simplices of K is de- 
noted by jKj and is called the underlying space or the polytope of K.
The topology on jKj is considered to be the usual subspace topology 
induced from the ambient space RN . A flat simplicial complex K of
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dimension n in RN has all its simplices in the same affine n-space of 
RN , i.e., jKj is a subset of an n-dimension al subset of RN that has 
zero curvature. Here we assume that all simplicial complexes are 
flat.

A triangula tion of a topological space X is a simplicial complex 
K with a homeomorp hism h : jKj ! X . A differentiab le manifold 
always admits a triangulation [59]. Roughly speaking, triangula- 
tion of a differential manifold M� RN can be considered as a com- 
plex M ¼ hðKÞ that covers M and its cells, which in general, have 
curved faces. A triangulation of the polytope jKj is defined to be 
any simplicial complex L such that jLj ¼ jKj.

Any ordering of the vertices of rk defines an orientation for rk.
We denote the oriented simplex rk by ½v0; . . . ;vk�. Two orderings of 
a simplex rk are equivalent if one is an even permuta tion of the 
other. By definition, a zero simplex has only one orientation. One 
can see that for 1 6 k 6 N;rk can have two different orientations.
The equivalence class of the particular ordering is denoted by 
ðv0; . . . ;vkÞ. Note that the orientation of rk induces an orientati on 
on the ðk� 1Þ-faces of rk defined by rk�1 ¼ ð�1Þi½v0; . . . ; v̂ i; . . . ;vk�,
where v̂ i means omit the ith vertex. The ordered collection of vec- 
tors ðv1 � v0;v2 � v0; . . . ;vk � v0Þ is called a corner basis at v0. The 
span of this basis is called the plane of rk and is denoted by PðrkÞ.
The orientation of two oriented simplices r and s that have the 
same dimensio n can be compared if and only if either they have 
the same plane or they share a face of dimension k� 1. If 
PðrkÞ ¼ PðskÞ, then rk and sk have the same orientation if and only 
if their corner basis orient their plane identicall y. If rk and sk have
a common k� 1 face, then they have the same orientation if and 
only if the induced orientati on by rk on the common face is oppo- 
site to that induced by sk. If two simplices have the same orienta- 
tions, we write sgn ðrk; skÞ ¼ þ1, and if they have opposite 
orientations we write sgn ðrk; skÞ ¼ �1. If two simplices have dif- 
ferent dimensio ns, their orientati ons can not be compare d.

A manifold-lik e simplicial complex K of dimension n is a simpli- 
cial complex such that jKj is a topological manifold (possibly with 
boundary) and each simplex of dimensio n k with 0 6 k 6 n� 1 is a
face of an n-simplex in the simplicial complex. A manifold-lik e
simplicial complex of dimensio n n is called an oriented manifold- 
like simplicial complex if adjacent n-simplices have the same ori- 
entations (orient the common ðn� 1Þ-face oppositely) and simpli- 
ces of dimensions n� 1 and lower are oriented individually. In this 
work, by the primal mesh we mean a manifold-like oriented sim- 
plicial complex.

3.2. Dual meshes 

Dual complexes have an important rule in many computati onal 
fields. The two most common dual complexes are circumcentr ic 
and barycentr ic dual complexes. The barycentric dual has the nice 
property that it can be defined for any simplicial complex but the 
circumce ntric dual is well-defined only for well-center ed simpli- 
cial complexes.5 This means that in problems for which one needs 
to consider a simplicial complex that evolves in time, e.g. finite elas- 
ticity, circumce ntric dual may not be appropriate. On the other hand,
the metric-depend ent DEC operators have simpler forms in circum- 
centric duals [56]. The discretiz ation method that we describe in this 
paper does not depend on the specific choice of a dual complex as far 
as a consistent DEC theory is available for that choice of the dual 
complex. Here we consider circumce ntric duals in order to present 
our method using simpler formulas. Note also that we consider lin- 
earized elasticity and hence we are working with a fixed mesh.

The circumce nter of a k-simplex rk is the unique point cðrkÞ
that has the same distance from all the kþ 1 vertices of rk. If 
cðrkÞ lies in the interior of rk, then rk is called a well-center ed sim- 
plex. A well-centered simplicial complex is a simplicia l complex 
such that all its simplices (of all dimensio ns) are well-cen tered.
For example, a planar mesh is well-centered if all of its 2-cells 
are acute triangles [61]. The (circumcenteric) dual complex for an 
n-dimensional well-center ed simplicia l complex K is a cell complex 
HK with cells r̂ defined by the duality operator H as follows: Given 
a k-simplex rk in K, the duality operator gives an ðn� kÞ-cell of HK
as

r̂n�k ¼Hrk ¼
X

rk�rkþ1�...�rn

�ðrk;rkþ1; . . . ;rnÞ½cðrkÞ;cðrkþ1Þ; . . . ;cðrnÞ�; ð72Þ

where the coefficients �ðrk;rkþ1; . . . ; rnÞ are introduce d to glue ele- 
ments with consisten t orientation s. Sometimes it is possible to de- 
fine notions similar to those of a simplicial complex for a dual cell.
For exampl e, the dual p-skele ton of K is the union of the cells of 
dimens ion at most p of HK and is denoted by KðpÞ. Fig. 1 shows a
2-dime nsional simplicial complex (solid lines) together with its 
dual (dashed lines) where  and � denote primal and dual vertices,
respective ly. Note that dual of a prima l vertex is a dual 2-cell, dual 
of a primal 1-simple x is a dual 1-simple x, and dual of a primal 2- 
simple x is a dual vertex. For example, denoting cð½i; j; k�Þ by cijk,
etc., the dual of the primal 1-simple x ½i; k� is either ½cijk; coik� or
½coik; cijk� depending on the orientation of the primal mesh.

The support volume rk of a k-simplex rk in an n-dimension al 
complex K is the n-dimension al convex hull of the geometric union 
of rk and Hrk, or equivalentl y

rk ¼ Hrk ¼ convex hull ðrk;HrkÞ \ jKj: ð73Þ

Support volumes of various simplices of a 2-dimension al mesh 
are shown in Fig. 1, where highlight ed regions denote the support 
volumes.

Now we discuss how to orient a dual cell. This is important in 
the subsequent work. Suppose K is a well-centered n-dimensional
primal mesh with the dual HK and we want to obtain the orienta- 
tions of the simplices of the dual cell r̂k that are induced from the 
orientati on of the primal mesh. First we consider the case 
1 6 k 6 n� 1. Let r0;r1; . . . ;rn be primal simplices with 
r0 � r1 � . . . � rn and let the orientation of elementary dual sim- 
plices be s½cðrkÞ; . . . ; cðrnÞ�, where s ¼ �1, and the value of s is to be 
determined. As we mentioned earlier, orientations of rk and
½cðr0Þ; . . . ; cðrkÞ� can be compared as they have the same planes.
Similarly , one can compare the orientations of rn and

Fig. 1. A primal 2-dimensional simplicial complex (solid lines) and its dual (dashed
lines). The primal vertices are denoted by  and the dual vertices by �. The 
circumcenter cð½i; j; k�Þ is denoted by cijk , etc. The highlighted areas denote the 
support volumes of the corresponding simplices, for example, ½i; k� is the support 
volume of the 1-simplex ½i; k�. Note that the support volume of the primal vertex j
coincides with its dual ½j� and support volume of the primal 2-simplex ½l;m;n�
coincides with itself.

5 Recently, Hirani et al. [60] introduced the notion of signed duals that allows one 
to work with meshes that are not well-centered as well.
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½cðr0Þ; . . . ; cðrnÞ�. Now let us define

s ¼ sgn ð½cðr0Þ; . . . ; cðrkÞ�;rkÞ � sgn ½cðr0Þ; . . . ; cðrnÞ�;rn
� �

: ð74Þ

If k ¼ n, then the dimension of the dual is 0 and hence it can 
have only one orientation by definition. For k ¼ 0 we define
s ¼ sgn ð½cðr0Þ; . . . ; cðrnÞ�;rnÞ. Thus, we note that unlike the primal 
mesh for which the orientations of the simplices with dimensions 
less than n are arbitrary, the orientation of none of the simplices of 
the dual mesh is arbitrary; the dual orientations are induced by the 
orientation of the primal mesh. The correct orientation of the dual 
cell is important when we deal with discrete dual forms. In this 
work by a dual mesh we mean the oriented dual of a well-centered 
primal mesh. We clarify the previous definitions in the following 
simple example.

Example 1. (Orienting a 2-dimension al Dual Mesh). Consider the 
2-dimension al primal mesh and its circumce ntric dual shown in 
Figs. 2(a) and (b), respectively. The primal mesh is oriented and we 
want to obtain the induced orientation of the dual mesh. By 
definition, orientation of 2-simplices of the dual mesh are the same 
as those of primal 2-simplices and thus the correct orientation of 
the dual 2-simplices is counterc lockwise. Now consider the dual 1- 
simplices. As an example, we obtain the orientation of H½3;2�,
which consists of two elementary 1-simplices with vertices 
fc123; c32g and fc243; c32g. The orientation of these elementary 
simplices is s1½c32; c123� and s2½c32; c243�, respectively, where 

s1 ¼ sgn ð½2; c32�; ½3;2�Þ � sgn ð½2; c32; c123�; ½1;2;3�Þ
¼ ð�1Þ � ðþ1Þ ¼ �1;

s2 ¼ sgn ð½2; c32�; ½3;2�Þ � sgnð½2; c32; c243�; ½2;4;3�Þ
¼ ð�1Þ � ð�1Þ ¼ þ1: ð75Þ

Thus, the correct orientation of H½3;2� is ½c123; c243�. Note that to ori- 
ent a dual simple x, one needs to orient its elementary duals individ- 
ually and if the primal mesh is correctly oriented, then these 
elementary duals will have the same orientation s. Similarly, one 
can obtain the orienta tions of the other simplices of the dual mesh 
as is shown in Fig. 2(b). Note that there is an easy rule for orienti ng 
dual 1-simplic es in R2: Conside r a 1-dime nsional face of a primal 2- 
simplex. If the orientation induced on that face by the orientation of 
the 2-simple x is the same as the orientation of that face then the 
direction of the dual of that face points into the 2-simplex, other- 
wise it points out of the 2-simple x.

3.3. Discrete vector fields

As will be explained in the next section, we choose the displace- 
ment vector field as our primary unknown in incompress ible line- 
arized elasticity. Thus, we need to introduce the concept of discrete 

vector fields on a flat simplicial mesh. Here, there are at least two 
possibilit ies: primal and dual vector fields as follows.

A primal discrete vector field X on an n-dimension al primal 
mesh K is a map from primal vertices Kð0Þ to Rn. The space of primal 
vector fields is denoted by XdðKÞ. One can assume that the value of 
the primal vector field is constant on each of the n-cells of HK. A
dual discrete vector field X on the dual of an n-dimension al primal 
mesh K is a map from dual vertices Kð0Þ to Rn. The space of dual 
vector fields is denoted by XdðHKÞ. One can assume that the value 
of the dual vector field is constant on each of the n-cells of K. In 
Fig. 3, for a 2-dimension al mesh, primal and dual vectors are de- 
noted by arrows on primal vertices  and dual vertices �,
respectivel y.

3.4. Primal and dual discrete forms 

In the smooth case, a k-form on an n-manifold N is an antisym- 
metric covariant tensor of order k and the set of k-forms on N is
denoted by XkðN Þ. Now we define primal and dual discrete k-
forms. We need the notion of chains and cochains as follows. A
k-chain on a simplicial complex K is a function ck from the set of 
oriented k-simplice s of K to the integers such that (i)
ckð�rkÞ ¼ �ckðrkÞ, and (ii) cðrÞ ¼ 0 for all but finitely many ori- 
ented k-simplice s r. If we add k-chains by adding their values,
we obtain the group of (oriented) k-chains of K, which is denoted 
by CkðKÞ. If k < 0 or k > dimK;CkðKÞ is defined to be the trivial 
group. For an oriented simplex rk, the elementary chain c corre-
sponding to rk is the function defined as 

cðsÞ ¼
1; s ¼ rk;

�1; s ¼ �rk;

0; otherwise:

8><>: ð76Þ

In the following the symbol rk denotes not only an oriented 
simplex but also the elementar y k-chain c correspondi ng to rk.
The meaning is always clear from the context. It can be shown that 
CkðKÞ is free Abelian, i.e., a basis for CkðKÞ can be obtained by ori- 
enting each k-simplex and using the correspondi ng elementary 
chains as a basis. A k-cochain ck is a homomorph ism from the chain 
group CkðKÞ to R. The space of k-cochain s is denoted by 
CkðKÞ ¼ Hom ðCkðKÞ;RÞ. A primal discrete k-form is a k-cochain
and the space of discrete k-forms on K is denoted by 
Xk

dðKÞ ¼ CkðKÞ. Similarly, one can define the space of dual discrete 
k-forms on HK , which is denoted by Xk

dðHKÞ. For a k-chain
ck 2 CkðKÞ and a k-form ak 2 Xk

dðKÞ, we denote the value of ak at
ck by hak; cki ¼ akðckÞ. Since CkðKÞ is a free Abelian group, we have 
ck ¼

P
i ĉ

i
krk

i , where ĉi
k ¼ ckðrk

i Þ 2 Z, and summation is over all k-
simplices of K. The k-form ak is a linear function of chains, and thus 
we have 

ak; ck
� �

¼ ak
X

i

ĉi
kr

k
i

 !
¼
X

i

ĉi
kai; ð77Þ

24123
243

Fig. 2. Oriented meshes: (a) primal mesh and (b) associated circumcentric dual mesh. The primal vertices are denoted by  and the dual vertices by �. The circumcenter 
cð½1;2;3�Þ is denoted by c123, etc.
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where the coefficients ai ¼ akðrk
i Þ 2 R are called the components of 

the k-form. Thus, one can specify any k-form by a set of real num- 
bers on k-simplices . Similarly , one can define a dual k-form. Fig. 4
shows examples of prima l and dual 0;1, and 2-forms on a 2-dimen- 
sional mesh.

3.5. Discrete operators 

One of the main goals of this work is to find an appropriate dis- 
crete space for displacemen t field of incompressible linear elastic- 
ity, i.e., the discrete space of divergence-fre e vector fields. Here, we 
define the discrete divergence using discrete exterior derivative,
discrete Hodge star, and discrete flat operator .

Exterior derivative. The discrete exterior derivative is defined as 
the coboundary operator as follows. A boundary operator 
@k : CkðKÞ ! Ck�1ðKÞ is a homomorph ism defined on each oriented 
simplex rk ¼ ½v0; . . . ;vk� as

@krk ¼ @k½v0; . . . ;vk� ¼
Xk

i¼0

ð�1Þi½v0; . . . ; v̂ i; . . . ;vk�: ð78Þ

The coboundary operator dk : CkðKÞ ! Ckþ1ðKÞ is defined as 

hdkck; ckþ1i ¼ hck; @kþ1ckþ1i: ð79Þ

Using the above definitions, one can show that @k � @kþ1 ¼ 0 and 
dkþ1 � dk ¼ 0. The sequence 

0! CnðKÞ!
@n � � � !

@kþ1 CkðKÞ!
@k � � �!@1 C0ðKÞ ! 0; ð80Þ

is called the chain complex induced by the boundar y operator. Sim- 
ilarly, the sequence 

0 CnðKÞ  d
n�1

� � � d
k

CkðKÞ  d
k�1

� � � d
0

C0ðKÞ  0; ð81Þ

is called the cochain complex induced by the coboundary operator.
The discrete exterior derivativ e d : Xk

dðKÞ ! Xkþ1
d ðKÞ is defined to 

be the coboundary operator dk. It follows that dkþ1 � dk ¼ 0. Simi- 
larly, one can define discrete exterior derivativ e over a dual mesh.
Let K be an n-dime nsional primal mesh. Then, the dual boundary 
operator @k : CkðHKÞ ! Ck�1ðHKÞ on each oriente d dual simplex 
Hrn�k ¼ H½v0; . . . ; vn�k� is defined as 

@kH½v0; . . . ;vn�k� ¼
X

rn�kþ1�rn�k

srn�kþ1 Hrn�kþ1; ð82Þ

where srn�kþ1 ¼ �1. If 0 6 k 6 n� 1; srn�kþ1 is chosen such that 
srn�kþ1rn�kþ1 induces the same orientation on rn�k as its original 
orientation . For k ¼ n; sr1 is chosen such that the orientation of 
sr1 Hr1 is the same as that induced by Hr0 on its geometric 
boundar y. Note that unlike the prima l boundary , the dual bound- 
ary of a dual cell is not necessarily the same as its geometric 
boundar y. For example, in Fig. 2 the dual boundary of Hr0

2 is
½c24; c243� þ ½c243; c123� þ ½c123; c12�, which is differe nt from the geo- 
metric boundar y of Hr0

2.
The dual discrete exterior derivate d : Xk

dðHKÞ ! Xkþ1
d ðHKÞ is

defined to be the dual coboundary operator defined similarly to 
(79) by using dual boundary operator . There is a major difference 
between the dual discrete exterior derivative and the primal one 
as we explain next. Consider primal and dual zero-forms on the 
planar mesh shown in Fig. 5. Let ff 1; . . . ; f 4g and ff 123; f 243g be
the values of 0-forms on primal and dual vertices, respectively .
The value of df on the primal and dual 1-simplices are shown in 
Fig. 5(a) and (b), respectively . In the continuous case, we have 
dðf þ aÞ ¼ df , where a is a real constant. The same is true for a pri- 
mal 0-form as the value of df is the differences of values at the end 
points of each primal 1-simplex. But the value of df for dual 1-sim- 
plices with one end on the boundary is not the difference of the 
values at their end points and thus, for a dual 0-form we have 
dðf þ aÞ– df . As a consequence, the discrete Laplace–Beltrami 
operator on dual 0-forms is bijective.

Hodge star. Recall that in the smooth case, the Hodge star oper- 
ator � : XkðN Þ ! Xn�kðN Þ for a smooth n-manifold N , is uniquely 
defined by the identity [53]

a ^ �b ¼ ha; b]il; ð83Þ

where a;b are k-forms and l is the volume form for N . For an n-
dimens ional mesh, the discrete Hodge star is defined as follows.
Suppose 1 6 k 6 n� 1, then the discrete Hodge star operator is a
map � : Xk

dðKÞ ! Xn�k
d ðHKÞ that for a k-simplex rk and a discrete 

k-form a, satisfies the identity 

Fig. 4. Examples of forms on a 2-dimensional primal mesh (solid lines) and its dual mesh (dashed lines): (a) primal and dual 0-forms, which are real numbers on primal and 
dual vertices, (b) primal and dual 1-forms, which are real numbers on primal and dual 1-simplices, and (c) primal and dual 2-forms, which are real numbers on primal and 
dual 2-simplices, respectively.

Fig. 3. A primal vector field (arrows on primal vertices ) and a dual vector field
(arrows on dual vertices �) on a 2-dimensional mesh. The solid and dashed lines 
denote the primal and dual meshes, respectively.
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1
jHrkj h�a;Hrki ¼ 1

jrkj ha;r
ki; ð84Þ

where jrkj and jHrkj denote the volumes of rk and Hrk, respec- 
tively. Thus, one can obtain the components of the ðn� kÞ-form
�a using the above relation, which uniquely determine s �a. Note 
that the left and right-hand sides of (84) depend on the orientation s
of the dual and primal meshes, respective ly. But as the primal and 
dual vertices have only one orientation , by definition, for the cases 
k ¼ 0 and k ¼ n one side of (84) will be indepen dent of the orienta- 
tion while the other side changes sign by changing the orientation .
Thus, we need to modify the above definition for these cases. For 
k ¼ 0 we define

1
sjHr0j h�a;Hr0i ¼ 1

jr0j ha;r
0i; ð85Þ

where we assume the volume of a primal or dual vertex to be þ1,
i.e., jr0j :¼ 1, and s ¼ ð�1Þn�1sgn ð@ðHr0Þ;Hr1Þ, where an edge 
r1 � r0 pointing away from r0 and @ðHr0Þ has the orienta tion in- 
duced by Hr0. Thus, if the dual of an outgoing 1-simple x has the 
same orientation as the orienta tion induced by Hr0, then 
s ¼ ð�1Þn�1, otherwis e s ¼ ð�1Þn. Similarly, if k ¼ n we define

1
jHrnj h�a;Hrni ¼ 1

sjrnj ha;r
ni; ð86Þ

where the value of s is determine d as follows. Conside r the induced 
orientation of rn on an edge rn�1 � rn. If Hrn�1 points away from 
Hrn, then s ¼ ð�1Þn�1, otherwise s ¼ ð�1Þn. Note that the above 
relations can be used to define the discrete Hodge star as a map 
� : Xk

dðHKÞ ! Xn�k
d ðKÞ.

Flat operator. One can define different flat operators, for exam- 
ple, a flat operator that associates a dual 1-form to a primal vector 
field or a primal 1-form to a dual vector field. Here, we need the 
former case. Note that Hirani [56] denotes this type of flat operator 
by [pdd. The discrete flat operator on a primal vector field,
[ : XdðKÞ ! X1

dðHKÞ is defined by its operation on dual elementary 
chains: Given a primal vector field X and a primal ðn� 1Þ-simplex
rn�1, we define

hX[;Hrn�1i ¼
X

r0�rn�1

Xðr0Þ � ðHrn�1Þ; ð87Þ

where Hrn�1 is the vector correspondi ng to Hrn�1, i.e., it has the 
length jHrn�1j in the direction of Hrn�1, and ‘‘�’’ is the usual inner 
product of Rn. Using this definition of flat operator, the primal dis- 
crete divergence theorem holds automatic ally. Also note that dis- 
crete flat operator is neither surjective nor injective, see [56] for
more discussion s.

Divergence. For vector fields on smooth manifolds the following 
relation holds [53]

divX ¼ �dX[ ¼ �d � X[; ð88Þ

where d : Xkþ1ðN Þ ! XkðN Þ is the codifferent ial operator. Since we 
have already defined the discrete flat operator, discrete Hodge star,
and discrete exterior derivativ e, we can directly use (88) as the def- 
inition of the discre te divergence as follows. Let X be a primal vector 
field, then the discre te divergence div X is the dual 0-form given by 

hdivX;Hrni ¼ �d � X[: ð89Þ

Then, the following divergence theorem holds on a primal 
mesh, which can be proved by a direct calculatio n, see Lemma 
6.1.6 of [56].

Divergenc e Theorem on a primal mesh. Let K be an n-dimension al 
primal mesh and r0 be one of its primal vertices. Let X be a primal 
vector field on the mesh. Then 

jrnjhdivX;Hrni ¼
X

rn�1�rn

sn�1jrn�1j
X

r0�rn�1

Xðr0Þ
 !

� Hrn�1

jHrn�1j ; ð90Þ

where sn�1 ¼ þ1 if the orientation of rn is such that the dual edges 
Hrn�1 point outwards and sn�1 ¼ �1 otherwise.

In the next section, we show that the discrete divergence on a
planar simply-connec ted mesh is surjective and use this discrete 
divergen ce to characterize the space of discrete displacemen t fields
of incompres sible linearized elasticity.

Laplace–Beltrami. The smooth Laplace–Beltrami operator 
D : X0ðN Þ ! X0ðN Þ is defined as D ¼ div � grad. As the gradient 
of a smooth function f : N ! R is ðdf Þ], we can write 

Df ¼ �d � dfð Þ]
h i[

¼ �d � df : ð91Þ

We already know the definitions of discrete d and �, and hence 
we can use (91) to define the primal and dual discrete Laplace–Bel-
trami operator s D : X0

dðKÞ ! X0
dðKÞ and D : X0

dðHKÞ ! X0
dðHKÞ,

respectivel y. Obviously , the smooth D operator is not injective .
The same is true for the primal discrete D operator, but as we will 
show, the dual discrete D operator is bijective. In §5 we use the 
dual discrete D operator to calculate the discrete pressure field
from the pressure gradient.

3.6. Affine interpolation 

To define the elastic energy, we need to interpolate the discrete 
displacemen t field over support volumes. For this we use the so- 
called P1 polynomials [3]. Let fri 2 Rngi¼1;...;nþ1 be a set of nþ 1 geo- 
metricall y-independent points that are the vertices of the n-sim-
plex sn and suppose that fxig is the canonical Euclidean 
coordina te system for Rn. Let fUi 2 Rngi¼1;...;nþ1 be a primal vector 
field on these points, i.e., Ui is the value of the vector field at the 
vertex ri. For 1 6 i 6 nþ 1, let ki : Rnþ1 ! R be the associated bary- 
centric coordinates [3]. Then, the interpolating function 
A : sn ! Rn is given by Aðx1; . . . ; xnÞ ¼

Pnþ1
i¼1 kiðx1; . . . ; xnÞUi, and 

f

f

f

f

Fig. 5. The discrete 1-forms df obtained from (a) primal and (b) dual 0-form f. The sets ff 1; f 2; f 3; f 4g and ff 123; f 243g are the sets of values of primal and dual 0-forms,
respectively. Note that f 123 is the value of f at cð½1;2;3�Þ, etc.
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we have AðriÞ ¼ Ui. Alternatively , it is easier to use the following 
non-standar d form:

Aðx1; . . . ; xnÞ ¼ qnþ1 þ
Xn

i¼1

xiqi; ð92Þ

where the constant vectors qi 2 Rn; i ¼ 1; . . . ;nþ 1, are given by 

qi ¼
Xnþ1

j¼1

Q
ijUj; i ¼ 1; . . . ; nþ 1 ð93Þ

and the diagonal matrices Qij 2 Rn�n; i; j ¼ 1; . . . ; nþ 1, depend only 
on ri’s and are indepen dent of Ui’s.

4. Discrete configuration manifold of incompress ible linearized 
elasticity

As we mentioned in §2.2, in linearized elasticity one needs to 
find the unknown displacemen t field, which is a vector field on 
the reference configuration of the elastic body. Thus, we need to 
consider a fixed well-centered primal mesh for representing the 
reference configuration, and therefore linearized elasticity is simi- 
lar to fluid mechanics in the sense that both need a fixed mesh.
Note that choosing such well-centered primal meshes is always 
possible in R2 as equilateral triangles fill R2, and hence one can al- 
ways approximat e planar regions with these well-centered simpli- 
ces. Generating well-centered meshes is not a straightforw ard task,
in general. See [61] and references therein for further discussions.
However, the approach that we develop here can be extended to 
arbitrary domains by either generating well-center ed meshes for 
that domain or if it is not possible to generate a well-centered 
mesh, by using another DEC theory that is appropriate for other 
types of meshes.

We select the displacemen t field as our primary unknown,
which is a primal discrete vector field. Note that by choosing dis- 
placement field as our unknown, we do not need to consider com- 
patibility equation s. In order to design a structure-pres erving 
scheme, we require that unknown variables remain in the correct 
space not only when they converge to the final solution, but also 
during the process of finding the solution. For incompress ible elas- 
ticity, this means that we need to search in the space of discrete 
divergence- free vector fields. The configuration space of incom- 
pressible elasticity is similar to that of incompres sible fluids. Pav- 
lov et al. [41] developed a structure-pr eserving method for 
incompress ible perfect fluids. In that scheme, they discretized 
push-forwa rd of real-valued functions and showed that the space 
of divergen ce-free vector fields can be described by some orthogo- 
nal matrices. However, in order to define their discrete operators,
they had to impose a nonholonom ic constraint on the orthogonal 
matrices, which makes sense for fluids but is not reasonable for 
elasticity. Here, we propose a different idea for describing the 
space of discrete divergence-fre e vector fields. For better under- 
standing the idea, we return to the primal mesh shown in Fig. 2
and calculate the divergen ce of a discrete primal vector field, see 
Fig. 6. Let Ui denote the vector field at vertex i. A straightforw ard 
calculation using the definitions of the previous section yields 

hdivU;H½1;2;3�i ¼ 1
j½1;2;3�j

X4

i¼1

c1i � Ui;

hdivU;H½2;4;3�i ¼ 1
j½2;4;3�j

X4

i¼1

c2i � Ui; ð94Þ

where ‘‘�’’ denotes the usual inner product and the vectors cij 2 R2

are given by 

c11 ¼ j½3;1�ji31;123 þ j½1;2�ji12;123;

c12 ¼ j½1;2�ji12;123 � j½3;2�ji123;243;

c13 ¼ j½3;1�ji31;123 � j½3;2�ji123;243; c14 ¼ 0 ð95Þ

and

c21 ¼ 0; c22 ¼ j½2;4�ji24;243 þ j½3;2�ji123;243;

c23 ¼ j½4;3�ji43;243 þ j½3;2�ji123;243;

c24 ¼ j½2;4�ji24;243 þ j½4;3�ji43;243; ð96Þ

with i31;123 denoting a unit vector with the same orientation as 
½c31; c123�, etc. (see Fig. 6). Now we use (94) to impose div U ¼ 0,
which results in 

I2�8X8�1 ¼ 0; ð97Þ

where

I2�8 ¼
cT

11 cT
12 cT

13 cT
14

cT
21 cT

22 cT
23 cT

24

� �
;

X8�1 ¼ U1; . . . ;U4
n oT

: ð98Þ

Note that the matrix I only depends on the mesh and does not 
depend on U.

Remark 4. The weak form of the incompress ibility constraint 
readsZ
B

q div U ¼ 0; 8q 2 L2ðBÞ: ð99Þ

Using the notation of [3], consid er a Lagrange finite element over 
the mesh of Fig. 6, where the displace ment field is approximat ed 
by continuous P1 polynomials and the pressure field by P0 polyno-
mials, i.e. the displace ment field is continuous and piecewise-li near 
while the pressure is piecewis e-constant over triangles. For the sim- 
plex ½1;2;3�, one can write j½3;2�ji123;243 ¼ j½1;2�ji12;123 þ j½3;1�ji31;123.
Using this relation and the similar one for ½2;4;3�, it is straightfor- 
ward to show that (97) is the same as the discretiza tion of (99)
via the Lagran ge finite elemen ts.

Now let us consider an n-dimension al primal mesh Kh such
that jKhj � Rn is simply connected 6 and denote the number 
of primal and dual vertices with Ph and Dh, where h is the 
diameter of the primal mesh, i.e., h ¼ sup diamðrn

i Þjrn
i 2 K

� �
, with 

diamðrn
kÞ ¼ sup dðx; yÞjx; y 2 rn

k

� �
, and dðx; yÞ denotes the standard 

distance between x and y. Now we impose the essential boundary 
condition s. Suppos e Sh denotes the number of those primal vertices 
that are located on the boundary of Kh and their displaceme nts are 
specified. Note that these known displaceme nts can be nonzero or 
even time dependent. The unknown primal displaceme nt field U is

Fig. 6. A discrete primal vector field, see Fig. 2 for the numbering of the simplices 
and orientation of the primal and dual meshes. The vector i31;123 is the unit vector 
with the same orientation as ½c31; c123�, etc.

6 We discuss the effect of simple connectedn ess in the sequel.
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denoted by fUigi¼1;...;�Ph
, where �Ph ¼ Ph � Sh, and Ui is the displace- 

ment at the vertex i. Imposing the incompressi bility constraint using 
the procedure that resulted in (97) yields

Ih
Dh�n�Ph

Xn�Ph�1 ¼ uh
Dh�1; ð100Þ

where Ih is the reduced incompres sibility matrix and depends only 
on the mesh, uh depends on the known values of the displacem ents 
and also the mesh, and 

Xn�Ph�1 ¼ U1
n�1 . . . U

�Ph
n�1

n oT

: ð101Þ

Thus, the displacemen t field is divergence free if and only if the 
vector X satisfies (100). Note that if the known displacemen ts are 
all zero, then uh ¼ 0. There is a systematic way to obtain the re- 
duced incompressibil ity matrix and uh, which is a consequence 
of the discrete divergence theorem, cf. (90). Here we explain the 
method in R2, but it is also possible to extend it to higher 
dimensions .

Let n ¼ 2 and consider a subset of a 2-dimension al primal mesh 
and its dual that are shown in Fig. 7. We define the matrix �Ih

Dh�ð2PhÞ,
the incompress ibility matrix, as 

�Ih ¼

cT
11 � � � cT

1Ph

..

. . .
. ..

.

cT
Dh1 � � � cT

DhPh

2664
3775

Dh�ð2PhÞ

; ð102Þ

where cim 2 R2; i ¼ 1; . . . ;Dh;m ¼ 1; � � � ;Ph, are specified as follows.
Note that the number of the rows of �Ih is equal to the number of 
dual vertices (or equivalently prima l 2-cells) as the divergence of 
a prima l vector field is a dual zero-for m. Now suppose that we order 
primal vertices and primal 2-cells of the mesh such that the vertices 
j; l, and k are the jth, lth, and kth primal vertices of the primal mesh,
respective ly, and ½j; l; k� is the ith 2-cell, i.e., r2

i ¼ ½j; l; k�, as shown in 
Fig. 7. Then, in the ith row of �Ih; cim is nonzero if and only if the mth
primal vertex is a face of the ith primal 2-cell. This means that the 
only nonzero elemen ts in the ith row correspondi ng to r2

i ¼ ½j; l; k�,
are cij; cil, and cik. The vector cij is given by 

cij ¼ skj½k; j�jirjk;jlk þ slj½l; j�jijlk;jol; ð103Þ

where irjk;jlk denotes the unit vector with the same orienta tion as 
½cð½r; j; k�Þ; cð½j; l; k�Þ�, etc., and sk is þ1 if the orientation of ½k; j� is
the same as the orienta tion induced by r2

i ¼ ½j; l; k�, otherwise 
sk ¼ �1. One can determine sl similarly . Here we have sk ¼ þ1 and 
sl ¼ �1. Similarly , we obtain 

cil ¼ �j½l; j�jijlk;jol � j½k; l�jijlk;lqk;

cik ¼ �j½k; l�jijlk;lqk þ j½k; j�jirjk;jlk: ð104Þ

Noting that ijol;jlk ¼ �ijlk;jol, one can rewrite (103) and (104) as

cij ¼ j½k; j�jirjk;jlk þ j½l; j�jijol;jlk;

cil ¼ j½l; j�jijol;jlk þ j½k; l�jilqk;jlk; ð105Þ
cik ¼ j½k; l�jilqk;jlk þ j½k; j�jirjk;jlk;

which means that for writing nonzero cim’s for the ith 2-cell, one 
simply needs to consider unit normal vectors pointing into that cell 
and then consider all those terms with a plus sign in each nonzero 
cim’s. Thus, we can write the incompressi bility matrix without using 
the orientation of the primal and dual meshes. The condition 
divU ¼ 0 is equivalent to 

�Ih
Dh�ð2PhÞ

�Xð2PhÞ�1 ¼ 0; ð106Þ

where �X is defined similarly to (101) but contains both known and 
unknow n displace ments.

Suppose jKhj � R2 is simply connected, i.e., its fundamenta l
group and conseque ntly its first homology group are both trivial.
Then, the Euler characteri stic of jKhj reads [62]

vðjKhjÞ ¼ #ð0-simplicesÞ �#ð1-simplicesÞ
þ#ð2-simplicesÞ

¼ Ph � Eh þ Dh ¼ 1; ð107Þ

where # denotes ‘‘number of’’ and we have used the fact that the 
number of 2-simplices of the primal mesh is equal to the number 
of dual vertices. Let Pi

h and Pb
h denote the number of primal vertices 

that belong to interior and boundary of jKhj, respective ly. Then we 
have Ph ¼ Pi

h þ Pb
h. Similarly, let Ei

h and Eb
h denote the number of pri- 

mal 1-simplices that belong to interior and boundary of jKhj, respec- 
tively. We have Eh ¼ Ei

h þ Eb
h. Using the above definitions, one can 

show that the following relations hold 

3Dh ¼ Eb
h þ 2Ei

h; Pb
h ¼ Eb

h: ð108Þ

Using (107) and (108) we obtain 

Dh ¼ 2Pi
h þ Pb

h � 2 ¼ 2Ph � Pb
h � 2: ð109Þ

Thus, we alway s have 

Dh < 2Ph: ð110Þ

So, if �Ih is full ranked, then rankð�IhÞ ¼ Dh. Now, we show that the 
incompres sibility matrix of a planar simply-connec ted mesh is al- 
ways full ranked.

Theorem 4.1. Let Kh be a 2-dimens ional well-centere d primal mesh 
such that jKhj is a simply-co nnected set. Then, the associated 
incompres sibility matrix �Ih is full ranked.

Proof. Since jKhj is simply connected, because of (110) we need to 
show that the rows of �Ih are linearly independen t. We use induc- 
tion to complete the proof. Since Kh is shellable,7 one can consider 
a constru ction of Kh by starting with one triangle and then adding 
one triangle at a time such that the resulting simplicial complex at 
each step is homeomo rphic to a square. Thus, at each step the mesh 
has the same topologica l propert ies as Kh and, in particular , it is sim- 
ply connected. Using (103) and (104), we conclude that the incom- 
pressib ility matrix of a single triangle is full ranked, i.e., there exist 

Fig. 7. A subset of a primal mesh and its associated dual mesh. The vector ijlk;lqk is 
the unit vector with the same orientation as ½cð½j; l; k�Þ; cð½l; q; k�Þ�, etc.

7 A simplicial complex is called regular if it is homeomo rphic to the unit cube. A
regular simplicial complex is shellable if either it consists of a single complex or it is 
possible to obtain a smaller regular complex by removing one of its simplice s. All 2- 
dimensional regular complexes are shellabl e. Delaunay triangulation of a regular 
complex is shellable in any dimension [63].
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non-zero element s in the matrix since edges of a triangle cannot be 
parallel to each other. Now suppose that in the process of construct -
ing Kh we have a mesh with m triangles, Km, that has a full-ran ked 
incompressi bility matrix �Im, i.e., rows of �Im are linearly indepen- 
dent. As Fig. 8 shows, there are two possibilities for adding a new tri- 
angle to Km: (i) the new triangle adds a new primal vertex to the 
mesh as in Fig. 8(a), (ii) no new primal vertex is added to the mesh 
as in Fig. 8(b). In case (i) the incompress ibility matrix of the resulting 
mesh, �Imþ1, is full ranked because it is obtained from �Im by adding a
row correspo nding to the added triangle and two columns for the 
displaceme nt of the new vertex q (see Fig. 8(a)). The only nonzero 
entries in the new columns are placed on the new row and hence 
the new row is linearly independen t from other rows. In case (ii)
note that �Imþ1 is obtained from �Im by adding a new row correspon d- 
ing to the new primal 2-cell, which has the vertices p; q, and r as is 
shown in Fig. 8(b). The matrix �Im is full ranked and so it has Dm lin-
early independ ent column s, where Dm is the number of primal 2- 
cells of Km. Thus, because of (110), the number of linearly-d ependent 
columns of �Im is equal to 2Pm � Dm ¼ Pb

m þ 2. Due to the structure of 
�Im, one can choose all the independen t columns from those that do 
not correspond to p; q, and r. Suppos e that we choose such indepen- 
dent columns. The matrix �Imþ1 is obtained by adding a row to �Im that
has zero component s except for the ones that corresp ond to p; q, and 
r. This means that all the chosen independ ent column s of �Im still
remain independ ent for �Imþ1 and at least one of the columns that 
correspon ds to p; q, and r becomes independ ent of other col- 
umns. Therefore, �Imþ1 has at least Dm þ 1 independ ent column s and 
since Dmþ1 ¼ Dm þ 1, we conclude that �Imþ1 has exactly Dmþ1 inde-
pendent columns and rows, and therefo re it is full ranked. This com- 
pletes the proof. h

Remark 5. The assumption of simple connected ness is necessary 
in the above proof. Note that the incompress ibility matrix I is
important in our numerical scheme and not �I. The incompress- 
ibility matrix is obtained by removing some rows of �I and it 
may or may not remain full-ranked even for a simply-connec ted 
domain. Here the important thing is that the number of columns 

of I remains greater than the number of its rows. This guaran- 
tees that the nullity of the incompress ibility matrix is greater 
than zero and hence the space of divergence- free vector fields
would be a nontrivia l finite-dimensional set. For both simply- 
connected and non-simp ly-connected domains one can obtain 
the incompres sibility matrix with larger number of columns by 
mesh refinement.

Also note that the extension of this theorem to 3-dimensional 
meshes is not straightforwar d. In particular , a simply-c onnected 
mesh in R3 is not necessar ily shellable. In fact as Rudin 
[64] shows there exists an unshellab le triangulation for a
tetrahedr on.

Remark 6. The above theorem tells us that the discrete primal–
dual divergence over a planar simply-connec ted mesh is surjective 
because the discrete divergence operator from the space of discrete 
primal vector fields to the space of discrete dual zero-forms is a lin- 
ear map defined by the matrix �I. Thus, �I being full-ranked implies 
that the associate d linear map is surjective. This is interesting as 
the discrete flat operator used in the definition of divergence is 
not surjective.

Now, let us consider (106). In general, using the rank-nullity 
theorem and (110), we can write 

nullityð�IhÞ ¼ 2Ph � rankð�IhÞ ¼ 2Ph � Dh ¼ Pb
h þ 2 > 0; ð111Þ

which means that for an arbitrary planar simply-conn ected mesh,
the space of discrete divergen ce-free primal vector fields is finite-
dimens ional. In particular if f �wi; . . . ;2 R2Phg is a basis for the null 
space of �Ih, we then can write 

�X ¼
X

i

bDi �wi; ð112Þ

where bDi are real numbers. Therefore, a displacem ent field
is divergence free if and only if it can be expressed as 
in (112).

By imposing the essential boundary conditions in (106), we ob- 
tain (100), i.e., Ih is obtained by eliminating those columns of �Ih

that correspond to the specified displacemen ts. The vector uh is ob- 
tained by moving terms that include the specified displacemen ts to 
the right-hand side of (106). If there are ‘‘too many’’ boundary ver- 
tices with specified displacemen ts, then the number of rows of Ih

may exceed the number of its columns, and therefore (100) may
not admit any solution. This is similar to the continuo us case 
where there may not exist a divergence- free vector field for some 
choices of boundary conditions. We elucidate this in the following 
example.

Example 2. (Incompressibility matrix for a planar mesh). Consider 
a 2-dimensional mesh consisting of equilateral triangles with unit 
lengths as shown in Fig. 9. Using (105), we obtain the incompress- 
ibility matrix �Ih

6�14 as

�Ih ¼

i12;132 þ i143;13 i12;132 þ i23;132 i23;132 þ i143;13 0 0 0 0
i13;143 þ i154;14 0 i13;143 þ i34;143 i34;143 þ i154;14 0 0 0
i14;154 þ i165;15 0 0 i14;154 þ i45;154 i45;154 þ i165;15 0 0
i15;165 þ i176;16 0 0 0 i15;165 þ i56;165 i56;165 þ i176;16 0
i16;176 þ i127;17 0 0 0 0 i16;176 þ i67;176 i67;176 þ i127;17

i17;127 þ i132;12 i27;127 þ i132;12 0 0 0 0 i17;127 þ i27;127

2666666664

3777777775
; ð113Þ

Fig. 8. Two possible ways for adding a triangle to a 2-dimensional shellable mesh,
either (a) the new triangle introduces a new primal vertex or (b) the new triangle 
does not introduce any new primal vertices.
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where i’s are unit vectors shown in Fig. 9 with i143;13 ¼ �i13;143, etc.
Also we have 

�X14�1 ¼ U1; . . . ;U7
n oT

: ð114Þ

A primal vector field on this mesh is divergence- free if and only 
if (106) is satisfied. Since �Ih is full ranked in this example we have 
nullityð�IhÞ ¼ 14� 6 ¼ 8, so we observe that similar to the continu- 
ous case where the set of divergen ce-free vector fields �U defined
in (52) is nonempty and, in fact, is infinite-dimensional, the set 
of discrete divergence-fre e vector fields on this mesh is also non- 
empty but, of course, it is finite-dimensional. Now suppose that 
all the boundary vertices have specified displacemen ts, i.e.,
Ui ¼ eUi for i ¼ 2; . . . ;7. Then, by moving the terms correspond ing 
to the known displacements to the right-hand side of (106), we 
obtain (100), where X2�1 ¼ U1, with 

Ih
6�2 ¼

i12;132 þ i143;13

i13;143 þ i154;14

i14;154 þ i165;15

i15;165 þ i176;67

i67;176 þ i17;127

i17;127 þ i132;12

2666666664

3777777775
; ð115Þ

and

uh
6�1 ¼ �

ði12;132 þ i23;132Þ � eU2 þ ði23;132 þ i143;13Þ � eU3

ði13;143 þ i34;143Þ � eU3 þ ði34;143 þ i154;14Þ � eU4

ði14;154 þ i45;154Þ � eU4 þ ði45;154 þ i165;15Þ � eU5

ði15;165 þ i56;165Þ � eU5 þ ði56;165 þ i176;67Þ � eU6

ði16;176 þ i67;176Þ � eU6 þ ði67;176 þ i127;17Þ � eU7

ði27;127 þ i132;12Þ � eU2 þ ði17;127 þ i27;127Þ � eU7

8>>>>>>>>>><>>>>>>>>>>:

9>>>>>>>>>>=>>>>>>>>>>;
: ð116Þ

Here it is obvious that (100) cannot admit any solutions for some 
values of the boundary displace ments. In our example, if all the 
boundary displacemen ts vanish, then X ¼ 0 is the only solution .
Thus, we see that contrar y to the continuou s case where the set 
of divergence -free vector fields that vanish on the bound ary of a
manifold (U0 defined in (52)) is always infinite-dimensional, the 
corresp onding discrete set may only contain the zero vector field.

In general, if 

2Sh < Pb
h þ 2; ð117Þ

then from (109) we have 

nullityðIhÞ ¼ 2�Ph � rankðIhÞ ¼ 2Ph � 2Sh � rankðIhÞ
P 2Ph � Dh � 2Sh ¼ Pb

h þ 2� 2Sh > 0; ð118Þ

and, therefore, the space of divergence -free vector fields satisfying 
the essential boundar y conditions would be finite-dimensional.
Also note that if the essentia l boundary conditions are not imposed 
on all the boundary vertices, then one can satisfy (117) by choosing 
finer meshes on that part of the boundary with no essential bound- 
ary conditions. To summarize , we observe that the dimensio n of the 
space of divergence -free vector fields on a planar simply- connected 
mesh is 2Ph � Dh, but by imposin g essentia l boundary conditions,
this space may become empty or may contain only the zero vector 
field.

Let Kh be an n-dimension al primal mesh, possibly not simply- 
connected and suppose nullityðIhÞ ¼ N. Let fwi 2 Rn�PhgNi¼1 be a basis 
for the null space of Ih. Then, from (100) we conclude that if a time- 
depende nt displacement field is divergence-fre e we have 

XðtÞ ¼ X� þ
XN

i¼1

DiðtÞwi; ð119Þ

where X� is a solution to the inhomog eneous linear system (100)
and Di’s are some real-valu ed functions of time and X� and wi’s
are time indepen dent. This completely determine s the space of 
time-dep endent displace ment fields. Note that if the essential 
boundar y conditio ns are time dependent , then �Ih and so wi’s are still 
time indepen dent but uh becom es time dependent , which implies 
that X� is time dependent , as well.

Remark 7. (Non-simply-connected meshes). If Kh has some holes,
then (106) and (108) are still valid but (107) reads

vðjKhjÞ ¼ Ph � Eh þ Dh ¼ 1� H; ð120Þ

where H denotes the number of holes. Thus, (109) is replaced by 

Dh ¼ 2Ph � Pb
h � 2þ 2H; ð121Þ

and so (110) is not necessarily valid. Thus, the effect of holes is sim- 
ilar to the effect of essential boundary conditio ns in the sense that 
both can cause the number of the rows of the incompres sibility ma- 
trix exceed the number of its columns. In particula r, note that a
non-sim ply-connect ed domain may have an incompres sibility ma- 
trix with the number of its rows exceeding the number of columns 
even without any essential boundar y conditio ns if there are too 
many holes in the mesh, i.e., if Pb

h þ 2 < 2H. Similar to the problem s
that have too many nodes with essentia l boundary conditio ns, here 
one can obtain an incompres sibility matrix with more columns than 
rows by refining the mesh.

5. Discrete governing equations 

As we showed in §2.1 and §2.2, incompress ible finite and linear 
elasticity solutions extremize the action in the space of volume 
preservin g motions. This is the procedure that we use for obtaining 
the governing equations in our discrete formulat ion. In the previ- 
ous section, we characterized the space of discrete divergence- free 
displacemen ts in (119). Now, we need to write a discrete Lagrang- 
ian. We first define discrete kinetic and stored energies in the 
following .

5.1. Kinetic energy 

Let Kh be an n-dimension al mesh. The discrete displacement 
field is a primal vector field with displacemen t Ui at the primal ver- 
tex r0

i . As the numbers of primal vertices and dual n-cells are 
equal, we can associate Ui to Hr0

i , see Fig. 10 . This means that we 

Fig. 9. A 2-dimensional primal mesh with its associated dual mesh and the 
associated unit vectors. The vector i12;132 is the unit vector with the same 
orientation as ½cð½1;2�Þ; cð½1;3;2�Þ�, etc.
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are assuming that the primal mesh is the union of the dual cells and 
we consider constant displacemen t and velocity on each dual cell.
Suppose we order the primal vertices such that i ¼ 1; . . . ; �Ph denote
the primal vertices without essential boundary conditions and 
i ¼ �Ph þ 1; . . . ;Ph denote those primal vertices with essential bound- 
ary condition s. We can now define the discrete kinetic energy, Kd, as 

Kd ¼ 1
2

X�Ph

i¼1

qijHr0
i j _Ui � _Ui þ 1

2

XPh

i¼�Phþ1

qijHr0
i j _Ui � _Ui; ð122Þ

where ‘‘�’’ denotes the usual dot product and qi is the density on the 
dual cell Hr0

i , which can have differen t values on differen t cells if 
the elastic body is inhomog eneous. In fact, mass density can be con- 
sidered as a primal 0-form. Note that time-dep endent essentia l
boundary conditions contrib ute to the kinetic energy through the 
term

Kd
e ¼

1
2

XPh

i¼�Phþ1

qijHr0
i j _Ui � _Ui; ð123Þ

but because the variation of Kd
e is zero, it does not contribu te to the 

Euler–Lagrange equations and hence one can safely exclude this 
term from the following calculatio ns. Using (101) we can rewrite 
the discrete kinetic energy as 

Kd ¼ 1
2

_XTM _X þ Kd
e ; ð124Þ

where M 2 Rðn
�PhÞ�ðn�PhÞ is a diagonal square matrix with elements 

Mjk ¼
qijHr0

i j; if j ¼ k ¼ nði� 1Þ þ s;

with 1 6 s 6 n;1 6 i 6 �Ph;

0; if j – k:

8><>: ð125Þ

We will use (124) to write the discrete Lagrangian.

5.2. Elastic stored energy 

In this section we define a discrete elastic stored energy. For the 
sake of clarity, we do not use summation conventi on througho ut 
this section unless it is explicitly stated otherwise. We order the 
primal vertices such that fr0

i g
�Ph
i¼1 and fr0

i g
Ph
i¼�Phþ1 denote the primal 

vertices without and with essential boundary conditions, respec- 

tively. We define the discrete elastic stored energy as Ed ¼
P

lE
l,

where E l is the internal energy of a portion of support volumes 
of 1-simplices that is calculated by interpolati on of discrete dis- 
placemen ts using an affine interpolation function. To fix ideas,
we derive the explicit form of the discrete stored energy in R2

(n ¼ 2). Consider a primal mesh as shown in Fig. 11. Discrete stored 
energy is written as 

Ed ¼
X2Eh

l

El; ð126Þ

where Eh is the number of primal 1-simplic es and E l’s are the ener- 
gies associated to the colored regions. This choice of regions follows 
natural ly from our previous assumpti on of homogeneou s material 
properti es within each dual cell and the fact that we need three ver- 
tices for a planar affine interpolat ion. To obtain the explic it form of 
El, consider the enlarged part of Fig. 11 and suppose that i; j; k, and 
m are the ith, jth, kth, and mth primal vertices, respective ly. Here we 
have Vl ¼ j½i; k�

T
ðHr0

i Þj, where ½i; k� denotes the support volume of 
½i; k� defined in (73). Assuming summati on convention on indices 
a; b ¼ 1; . . . ;n, we define

El ¼
Z

Vl

leabeabdv; ð127Þ

where strains are calculate d consideri ng an affine interpolat ing 
function for vertices i; cikm, and cijk. Using (92), let 

ujVl
¼ qnþ1

l þ
Xn

b¼1

xbqb
l ; ð128Þ

where qb
l 2 Rn; b ¼ 1; . . . ;nþ 1, are constant vectors associat ed to Vl

that can be written as (see (93))

qb
l ¼ Qbi 

l Ui þQ
bcijk

l Uc
ijk þQ

bcikm

l Uc
ikm ; ð129Þ

with Uc
ijk and Uc

ikm denoting displace ments of cijk and cikm, respec- 

tively, and Qbi 
l ;Q

bcijk

l , and Qbcikm

l defined in §3.6 and are calculated 
using the vertices i; cijk, and cikm. To obtain Uc

ijk and Uc
ikm we need 

to interpolat e displace ments of Jijk ¼ fi; j; kg and Jikm ¼ fi; k;mg,
respective ly. Using (92), we can write 

Uc
ijk ¼

X
b2Jijk

Q3b
½i;j;k�U

b þ
X2

a¼1

X
b2Jijk

xa
cijk

Qab
½i;j;k�U

b; ð130Þ

Uc
ikm ¼

X
b2Jikm

Q3b
½i;k;m�U

b þ
X2

a¼1

X
b2Jikm

xa
cikm

Qab
½i;k;m�U

b; ð131Þ

where xa
cijk

and xa
cikm

denote the a-coordinat e of cijk and cikm, respec- 
tively, and the index ½i; j; k� in Q

ab
½i;j;k� emphas izes that this matrix is 

obtained by interpolation over ½i; j; k�. Let Jijkm ¼ fi; j; k;mg, then 
substitu ting (130) and (131) into (129) yields

qb
l ¼

X
a2Jijkm

Hba 
l Ua; b ¼ 1;2;3; ð132Þ

where by defining S ¼ f½i; j; k�; ½i; k;m�g, we can write Hba 
l 2 R2�2 as

Hbi 
l ¼ Q

bi 
l þ

X
r2S

Q
bcr
l Q

3i
r þ

X2

a¼1

xa
cr

Q
ai
r

 !
;

H
bj 
l ¼ Q

bcijk

l Q
3j
½i;j;k� þ

X2

a¼1

xa
cijk

Q
aj
½i;j;k�

 !
;

Hbk 
l ¼

X
r2S

Qbcr
l Q3k

r þ
X2

a¼1

xa
cr

Qak
r

 !
;

Hbm 
l ¼ Q

bcikm

l Q3m
½i;k;m� þ

X2

a¼1

xa
cikm

Qam
½i;k;m�

 !
: ð133Þ

i

Fig. 10. Dual cells that are used for defining the kinetic energy. Primal and dual 
vertices are denoted by  and �, respectively. The solid lines denote the boundary of 
the primal 2-cells and the colored regions denote the dual of each primal vertex.
The material properties, displacements, and velocities are considered to be constant 
on each dual 2-cell. For example, consider the primal vertex i (r0

i ). The velocity at 
the corresponding dual cell is assumed to be equal to the velocity at vertex i, which 
is denoted by _Ui.
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Note that Hba 
l ’s are diagonal matrices and hence symmetr ic. Be- 

cause the ambient space is flat, we have 

ua
jb ¼

@ua

@xb
¼ qb;a

l ; ð134Þ

where qb;a
l denotes the a-component of qb

l . Also as gab ¼ dab, using 
summati on convention on index c, we can write 
uajb ¼ gcauc

jb ¼ dcaqb;c
l ¼ qb;a

l , and hence 

eab ¼
1
2

qb;a
l þ qa;b

l

� �
: ð135Þ

Note that (with summation convention on indices c and d)

eab ¼ gacgbdecd ¼ dacdbdecd ¼ eab: ð136Þ

Now using (135) and (136) we obtain 

El ¼ 1
4
llV l qb;a

l þ qa;b
l

� �
qb;a

l þ qa;b
l

� �
; ð137Þ

where we use summati on convention on a; b ¼ 1;2, and ll is the va- 
lue of Lamé constant l at Vl.8 Alternati vely, we can write (137) as

El ¼ 1
2
llV l ðq1

l Þ
TJq1

l þ ðq2
l Þ

TKq2
l þ ðq1

l Þ
TLq2

l

h i
; ð138Þ

where

J ¼
2 0
0 1

� �
; K ¼

1 0
0 2

� �
; L ¼

0 0
2 0

� �
: ð139Þ

Note that L is asymmetric and as we will see in the following, it 
induces asymmetr y in subsequent matrices. Substituti ng (132)
into (138) results in 

El ¼
X

a;b2Jijkm

ðUaÞTS
ab 
l Ub; ð140Þ

with the matrices Sab 
l 2 R2�2 given by 

Sab 
l ¼

1
2
llV l ðH1a

l Þ
TJH1b

l þ ðH2a
l Þ

TKH2b
l þ ðH1a

l Þ
TLH2b

l

h i
: ð141Þ

Note that Hl’s, J, and K are diagonal and so symmetric but L is
asymmetric , and therefore S

ab 
l – ðSba 

l Þ
T, and in particular, S

aa
l ’s

are not symmetric.

Next, we impose the essential boundary conditions and obtain 
an expression for Ed. First consider the following definitions

Nðr0
aÞ ¼ r0 2 Khj9r1 2 Kh s:t: r0

a ;r
0 � r1&r0

a – r0
n o

;

E ¼ r0 2 Khj Essential B:C: is imposed on r0
n o

; ð142Þ

Eðr0
aÞ ¼ Nðr0

aÞ \ E:

Thus, Nðr0
aÞ is the set of neighbors of r0

a and Eðr0
aÞ is the set of 

the neighbors of r0
a that have essential boundary conditions.

Substituti ng (140) into (126) yields the following expression for 
the discrete elastic stored energy 

Ed ¼ XTSX þ s � X þ Ed
e ; ð143Þ

where X 2 Rn�Ph is defined in (101), the matrix S 2 Rn�Ph�n�Ph can be 
written as 

S ¼
D11 � � � D1�Ph

..

. . .
. ..

.

D
�Ph1 � � � D

�Ph
�Ph

2664
3775; ð144Þ

with

Dab
2�2 ¼

P
lS

ab 
l ; if b 2 NðaÞ;

0; otherwise:

(
ð145Þ

The vector s 2 Rn�Ph is defined as s ¼ d1
; . . . ;d

�Ph
n oT

, with 

da ¼
X

b2EðaÞ
ðUbÞT ðSab 

l Þ
T þ Sba 

l

h i
; ð146Þ

and finally, the scalar Ed
e is given by 

Ed
e ¼

X
a2E

X
l

ðUaÞT S
aa
l Ua: ð147Þ

The summation on l in (145) denotes summation over all those 
regions whose elastic energies are affected by the displacemen ts of 
vertices a and b. Eq. (147) has a similar interpretation. The matrix S
is not symmetric, in general, and the vector s is zero if boundary 
vertices have zero displacemen ts. Because both S and ST appear
in the Euler–Lagrange equation s, the governing equations remain 
symmetr ic in the sense that reciprocity holds. Also similar to Kd

e

defined in (123), Ed
e does not contribute to the Euler–Lagrange8 Recall that ll can be considered as a primal 0-form.

Fig. 11. Regions that are used for calculating the elastic stored energy. Primal and dual vertices are denoted by  and �, respectively. The dotted lines denote the primal one- 
simplices. Displacement is interpolated using affine functions in each of the colored triangles which are the intersection of a support volume of a primal 1-simplex with a dual 
2-cell. The elastic body is assumed to be homogeneous in each dual 2-cell. The region bounded by the solid lines denotes the dual of the primal vertex i. The stored energy at 
this dual cell is obtained by summing the internal energy of the corresponding 6 smaller triangles.
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equations either. Finally, note that there are other possible choices 
for writing a discrete elastic energy. In the next section, we use the 
discrete kinetic and elastic stored energies to write a discrete 
Lagrangian and obtain the Euler–Lagrange equations for linearized 
incompress ible elasticity.

5.3. Discrete Euler–Lagrange equations 

In this section we use Hamilton’s principle in the space of diver- 
gence-free displacements to obtain the Euler–Lagrange equations 
for the unknown X. As in the continuous case that was discussed 
in §2.2.1, we do not use Lagrange multipliers to impose the incom- 
pressibility constrain t. Instead, we confine the solution space to the 
divergence- free displacements and gradient of pressure will ap- 
pear naturally.

Similar to the Lagrangian in the continuous case, we define the 
discrete Lagrangian as 

Ld ¼ Kd � Vd; ð148Þ

where Vd ¼ Ed � Bd � Td, with Bd and Td denoting the work of body 
forces and tractions at boundary nodes, respective ly. We model a
body force with a primal vector field. Let Bi be the body force at ver- 
tex i. Then, we have 

Bd ¼
XPh

i¼1

miBi � Ui ¼ b � X þ Bd
e ; ð149Þ

where mi ¼ qijHr0
i j, is the mass of the dual cell Hr0

i and b 2 Rn�Ph is

defined as b ¼ b1
; . . . ;b

�Ph
n oT

, with bi ¼ miBi, and 

Bd
e ¼

XPh

i¼�Phþ1

miBi � Ui: ð150Þ

Note that similar to the previous section, we order the primal 
vertices such that fr0

i g
�Ph
i¼1 and fr0

i g
Ph
i¼�Phþ1 denote the primal vertices 

without and with essential boundary conditions, respectively. Let 
us define

Td ¼ t � X; ð151Þ

where the vector t 2 Rn�Ph is defined as t ¼ ft1; . . . ; t�Phg, with ti ¼ 0, if 
the traction at r0

i is zero. Note that we assume that the set of ver- 
tices with essentia l boundar y conditio ns and the set of vertices with 
natural boundary conditions are disjoint. Therefore, the specified
displace ments do not contribute to Td. Substitutin g (124), (143),
(149), and (151) into (148) results in 

Ld ¼ 1
2

_XTM _X � XTSX þ F � X þ Ld
e ; ð152Þ

where

F ¼ �sþ bþ t; Ld
e ¼ Kd

e � Ed
e þ Bd

e : ð153Þ

Let the variational field of X be a 1-paramete r family of diver- 
gence-free vector fields X� that satisfy the essential boundary con- 
ditions and 

X0 ¼ X;
d

d�
j�¼0X� ¼ dX: ð154Þ

Note that X� satisfies (100), i.e.

IhX� ¼ uh; ð155Þ

and therefore 

Ih dX ¼ 0; ð156Þ

which means that dX 2 KerðIhÞ. Hamilto n’s principle tells us that 

d
Z t2

t1

Lddt ¼ d
d�
j�¼0

Z t2

t1

Ld
�dt ¼ 0: ð157Þ

Using (152), we can write 

d
Z t2

t1

Lddt ¼ d
d�
j�¼0

Z t2

t1

1
2

_XT
�M _X� � XT

� SX� þ F � X� þ Ld
e

	 

dt

¼
Z t2

t1

_XTM
d
dt 

dX
	 


� XT Sþ ST
� �

dX þ F � dX
� �

dt

¼ �
Z t2

t1

M€X þ Sþ ST
� �

X � F
h i

� dXdt ¼ 0; ð158Þ

where we used symme try of the matrix M, the integration by parts 
for simplifyin g the kinetic energy contribu tion, and the assumpt ion 
that dX is a proper variation, i.e., dX ¼ 0 at both t1 and t2. Because 
the integrand of (158) is a continuous function of time and t1 and
t2 are arbitrary , we obtain 

M€X þ Sþ ST
� �

X � F
h i

� dX ¼ 0: ð159Þ

Note that we can write 

Rn�Ph ¼ KerðIhÞ 	 KerðIhÞ?; ð160Þ

and since dX 2 KerðIhÞ, from (159) we conclude that 

M€X þ Sþ ST
� �

X � F ¼ K; ð161Þ

where K 2 KerðIhÞ?.

Remark 8. In the smooth case, we observed that confining the 
variation s to the divergence-fre e vector fields results in the 
appearan ce of pressure gradient in the balance of linear momen- 
tum. As the vector K appears in the discrete governing equations 
through a similar procedure, it is reasonable to expect that this 
vector should somehow be related to discrete pressure gradient. As 
a matter of fact, the vector K 2 Rn�Ph can be written as 

K ¼ K1; . . . ;K
�Ph

n oT

; ð162Þ

where Ki 2 Rn can be though t as the value of the gradient of pressure 
at the prima l vertex r0

i . Although we do not conduct a convergence 
analysis to show that the pressure field that is obtained by this 
assumpt ion converges to the smooth pressure field, our numerica l
exampl es in the next section demons trate that this assumpt ion is va- 
lid. On the other hand, this corresp ondence suggests that pressure 
should be a dual zero-form because rp ¼ ðdpÞ]. This is a geometric 
justification for the known fact that using differe nt function spaces 
for displace ment and pressure is crucial in incompr essible linearized 
elasticity [3,4]). Also note that we do not obtain the pressure gradient 
for vertices with essentia l boundar y conditions.

Recall that KerðIhÞ? is the orthogon al complemen t of the null 
space of Ih, which is the row space of Ih, i.e., the space spanned 
by the rows of Ih. To obtain K, note that from the rank-nullity the- 
orem, one can write 

dimðKerðIhÞ?Þ ¼ n�Ph � nullityðIhÞ ¼ rankðIhÞ ¼ R: ð163Þ

Let fz1; . . . ; zRg be a basis for KerðIhÞ?. Then, we have 

KðtÞ ¼
XR

i¼1

KiðtÞzi; ð164Þ

where the time-depend ent functions Ki’s are unknow ns to be deter- 
mined. Thus, we have the following discre te governin g equatio ns 
for the unknow ns X and Ki’s:
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M€X þ Sþ ST
� �

X � F ¼
XR

i¼1

Kizi; ð165Þ

IhX ¼ uh: ð166Þ

The number of unknowns is n�Ph þ R and since rankðIhÞ ¼ R, we 
conclude that Ih has R independent rows (columns) and thus 
(166) has R independen t equation s and so the number of indepen- 
dent equations becomes n�Ph þ R, which is equal to the number of 
unknowns. Therefore, one can solve (165) and obtain the displace- 
ment field and the pressure gradient uniquely.

Remark 9. The difference between our approach for deriving 
(165) and (166) and that of the FE method is as follows. As we 
mentioned in §4, (166) is equivalent to a Lagrange finite element 
approximat ion, where the pressure field is approximated by P0

polynomials over the primal mesh and the displacemen t field is 
approximat ed by piecewise linear P1 polynomials over the 
primal mesh. On the other hand, we used two different spaces 
for the displacemen t field for writing (165), see Fig. 12 . For 
discretizing the kinetic energy, the displacemen t field is discon- 
tinuous and is approximated by P0 polynomials over the dual 
mesh. However, for discretizing the elastic energy, it is contin- 
uous and is approximat ed by P1 polynomi als over (part of) the 
support volumes.

Remark 10 (Incompressible linear elastostatics ). For incompress- 
ible linearized elastostatics, the displacemen ts and pressure s are 
time independen t, and therefore (165) and (166) are equivalent to 

Kðn�PhþDhÞ�ðn�PhþRÞXðn�PhþRÞ�1 ¼ Fðn�PhþDhÞ�1; ð167Þ

where

K ¼
ðSþ STÞn�Ph�n�Ph

�Zn�Ph�R

Ih
Dh�n�Ph

0Dh�R

" #
; ð168Þ

with the ith column of Z equal to zi for i ¼ 1; . . . ;R. Also by defining
k ¼ K1; . . . ;KRf gT 2 RR, the vectors X and F can be written as 

X ¼
X
k

� �
2 Rn�PhþR; F ¼

F
uh

� �
2 Rn�PhþDh : ð169Þ

5.4. Discrete pressure field

Eqs. (165) and (166) enable us to obtain the displacemen t field
of linear incompress ible elasticity together with the pressure gra- 
dient K. The next step is to calculate stresses. Note that we do 
not define a notion of discrete stress and, instead, we define stres- 
ses on subregions with constant strains, cf. §5.2. Therefore, we de- 
fine the stress to be 

rab ¼ 2leab � pgab; ð170Þ

on each shaded region of Fig. 11. Using (135) and (136), the stress of 
the subregion l can be written as 

rab 
l ¼ ll qa;b

l þ qb;a
l

� �
� pl d

ab: ð171Þ

Thus, we need to calculate the value of pressure on each dual 
vertex. The number of unknown pressures is Dh. Let fp1; . . . ; pD

h g
denote the value of unknown pressure s at dual vertices. We need 
to obtain Dh independen t equations from the pressure gradient K
to be able to specify the pressure. One way to do so is to use the 
discrete Laplace–Beltrami operator. This is explained in the follow- 
ing example.

Example 3. Consider the planar mesh of Fig. 9 once again. Let p be
a dual 0-form on this mesh representing the pressure and suppose 
p123 denotes hp;H½1;2;3�i, etc. We know that Dp is also a dual 0- 
form. Let us define the vector p 2 R6 as

p ¼ p132; p143;p154;p165;p176;p127
� �T

: ð172Þ

One can use (91) to calculate Dp. On the other hand, one can 
obtain Dp using the pressure gradient K. Suppose, for example, that 
the vertices 2 and 3 have essential boundary conditions. Thus,
pressure gradient obtained from (165) lies in R10 and Dp is equal 
to the divergen ce of K. To calculate the discrete pressure field,
we need to obtain the discrete pressure gradient Gp 2 R14, which 
is a primal vector field. To this end, we need to assign a pressure 
gradient to those vertices that have essential boundary conditions.
This can be done by assuming that pressure gradient of these ver- 
tices are equal to those of their closest interior primal vertices. This 
way, using K, we can obtain the pressure gradient Gp 2 R14. Now 
we equate the expressions for Dp obtained using the previous 

two approach es. This gives 

L6�6 p ¼ �I6�14Gp; ð173Þ

where �I is given in (113) and
with

ri;j ¼
j½i; j�j
jH½i; j�j : ð175Þ

The right-hand side of (173) is a discrete analogue of D ¼ div � grad.
Note that here L is symmetric and invertible. Therefore, we are able 
to obtain a unique dual 0-form p.

Let us consider a planar mesh Kh. Fig. 7 shows part of this mesh.
We define a symmetric matrix Lh 2 RD

h � Dh as follows. Each row of 
Lh corresponds to a dual vertex of Kh. All the elements in each row 
are zero except the diagonal elements and the ones that corre- 
spond to the dual vertices that are joined to the reference dual ver- 
tex by a dual 1-simplex. For example, in Fig. 7, nonzero 
components of the row that corresponds to H½j; l; k� are those that 

L ¼

r1;2 þ r1;3 þ r2;3 �r1;3 0 0 0 �r1;2

�r1;3 r1;3 þ r1;4 þ r3;4 �r1;4 0 0 0
0 �r1;4 r1;4 þ r1;5 þ r4;5 �r1;5 0 0
0 0 �r1;5 r1;5 þ r1;6 þ r5;6 �r1;6 0
0 0 0 �r1;6 r1;6 þ r1;7 þ r6;7 �r1;7

�r1;2 0 0 0 �r1;7 r1;7 þ r1;2 þ r2;7

2666666664

3777777775
; ð174Þ
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correspond to H½j; l; k�;H½j; o; l�;H½l; q; k�, and H½r; j; k�. Let us denote 
these components of Lh by Ljlk;jlk; Ljlk;jol; Ljlk;lqk, and Ljlk;rjk, respec- 
tively. Then, we have 

Ljlk;jlk ¼ rl;k þ rk;j þ rj;l; Ljlk;jol ¼ �rj;l;

Ljlk;lqk ¼ �rl;k;Ljlk;rjk ¼ �rk;j: ð176Þ

Note that if ½j; l; k� is on the boundary as shown in Fig. 13 , then 
the only nonzero components are Ljlk;jlk; Ljlk;jol, and Ljlk;lqk, which are 
defined as above. Note also that by construction, the matrix Lh is
symmetric. The sum of the components of the row correspondi ng 
to an internal primal n-simplex is zero while the same sum for 
rows that correspond to boundary n-simplices is not zero. As we 
will see in the following theorem, as a result of this specific struc- 
ture, the symmetr ic matrix Lh is nonsingul ar and because Dp can be 
calculated using this matrix, the dual Laplace–Beltrami operator is 
injective. Note that the primal D operator is not injective. The rea- 
son for this is that the dual coboundary operator is not the same as 
the geometric boundary of a dual cell, see (82) and (91), and the 
correspondi ng discussions.

Theorem 5.1. Let Kh be a planar well-centere d primal mesh such that 
jKhj is a simply-connec ted set. Then, the matrix Lh 2 RD

h � Dh is
nonsingular.

Proof. The proof of this theorem is similar to that of Theorem 4.1 .
Using the fact that Kh is shellable, one can use induction and the 
specific structure of the matrix L to complete the proof. h

Let the vector p 2 RD
h denote the pressure p on Kh, i.e., the ith

component of p is pi ¼ hp; r̂0
i i, where r̂0

i is the ith dual vertex. Then,
one can use Lh to calculate Dp. Alternatively , Dp can be calculated 

using the pressure gradient Gp 2 RnPh , which is a vector that has 
the same components as K 2 Rn�Ph at vertices without essential 
boundary condition s. Those components that are associated with 
vertices with essential boundary conditions are chosen to be equal 
to the pressure gradient of the closest internal primal vertex. For 
example, suppose in Fig. 13 , vertex k has essential boundary 
condition s and the closest internal vertex to k is l. Then, pressure 
gradient at vertex k is assumed to be equal to the pressure gradient 
at l.9 Then, equating Dp’s obtained using the above two approache s
we obtain 

Lh p ¼ �IhGp; ð177Þ

and because Lh is nonsingula r one can solve (177) and obtain the 
pressure at each dual vertex. However, our numerica l experime nts 
show that the direct use of (177) does not yield satisfactor y results 
for pressure and this is not unusual as we have not imposed the nat- 
ural boundar y condition s on each primal 2-cell with such boundar y
conditio ns yet. Recall that if sa denotes the a-component of the trac- 
tion s, then using the summati on conve ntion on index b, we can write 

sa ¼ ra
b nb ¼ ð2lea

b � pga
bÞnb; ð178Þ

where nb is the b-component of the unit outward normal vector at the 
natural boundar y. Now suppose that in Fig. 13 , the 2-cell ½j; l; k� lies on 
the natural boundar y. Then, using (171) and (178) we can write 

sa
kj ¼ ljlk qa;b

jlk þ qb;a
jlk 

� �
� pjlk dab

h i
nb

kj ; ð179Þ

where we assume summati on convention on index b. Using (179)
we can determine the pressure at all the 2-cells with natural bound- 
ary conditio ns. Next, we omit the rows that correspond to those 2- 
cells with natural boundar y conditio ns in (177) and move all the 
terms containing the known values of the pressure to the right- 
hand side of the remaining equations. This way, from (177) we ob- 
tain the required number of equations to determine pressure at all 
the dual vertices. Finally, one can use (171) to calculate the stress on 
each dual subregion.

6. Numerical examples 

To demonst rate the efficiency and robustness of our geometric 
method, in this section we consider the following two 2-dimen- 
sional benchma rk problems : A cantilever beam subjected to a par- 
abolic end load and Cook’s membran e.

Cantilever beam. As our first example, we consider a planar can- 
tilever beam shown in Fig. 14 that has a closed-form solution for its 
displacemen ts field [65]. The parabolic load per unit length at the 
right boundary is given by f ðyÞ ¼ F

2I ðc2 � y2Þ, where I ¼ 2c3=3. Thus,
the total shear load on the right boundary is F. Now, we consider 
the analytica l solution for a beam under this load given by 

Fig. 13. Part of a primal mesh and its associated dual mesh. The 2-simplex ½j; l; k�
lies on the boundary.

Fig. 12. Discrete solution spaces: (a) P0 over the primal mesh for the pressure field, (b) P1 over the primal mesh for the displacement field in the incompressibility constraint,
(c) P0 over the dual mesh for the displacement field for approximating the kinetic energy, and (d) P1 over support volumes for the displacement field for approximating the 
elastic energy.

9 If there are more than one closest vertexes, one can associate the average 
pressure to verte x k.
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ux ¼
ð1� m2ÞFy

6EI
3x2 � 6Lxþ my2

1� m

	 

� Fy

6Il
y2 � 3c2� �

;

uy ¼
ð1� m2ÞF

6EI
3mðL� xÞy2

1� m
þ 3Lx2 � x3

� �
; ð180Þ

and impose the displace ments at x ¼ 0. The divergence of the dis- 
placemen t field reads 

divu ¼ 1
EI
ð1þ mÞð1� 2mÞFðx� LÞy; ð181Þ

and hence, for m ¼ 0:5 we have div u ¼ 0. Note that if m ¼ 0:5, then 
as we explain ed in Remark 2, the above displacement s also satisfy 
the equation s of incompr essible linearize d elasticity. For this case,
pressure is given by 

pðx; yÞ ¼ � Fðx� LÞy
2I

: ð182Þ

We assume the following parameters: L ¼ 16; c ¼ 2; F ¼ 1;
E ¼ 107, and m ¼ 0:5. We show one of the primal meshes with 
N ¼ 236 primal 2-cells in Fig. 14 (b). We increase the number of 
primal 2-cells and study the convergence of the solutions. In 
Fig. 15 (a), we plot the normalized vertical displacement of the 
tip point A defined as UA

y=uA
y , where UA

y and uA
y denote the vertical 

displacemen t of point A obtained by our structure-pr eserving 
scheme and the exact solution, respectivel y. We see that the 
numerical solutions converge to the exact solution. Moreove r, we 
observe a smooth pressure field for the beam. As an example, in 

Fig. 15. Cantilever beam: (a) Convergence of the normalized displacement of the tip point A (ratio of the numerically-calculated and exact displacements). N is the number of 
primal 2-cells of the mesh. (b) Pressure of the dual vertices that correspond to the primal 2-cells that are on the bottom of the beam.

Fig. 16. The pressure field for the beam problem for meshes with (a) N ¼ 64, (b)
N ¼ 156, (c) N ¼ 494, where N is the number of primal 2-cells of the mesh.

Fig. 17. Cook’s membrane: (a) Geometry, boundary conditions, and loading, (b) a
well-centered mesh with N ¼ 123 primal 2-cells with � denoting the circumcenter 
of each primal 2-cell.

Fig. 14. Cantilever beam: (a) Geometry, boundary conditions, and loading, (b) a
well-centered primal mesh with � denoting the circumcenter of each primal 2-cell.
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Fig. 15 (b) we show the variation of pressure at the bottom of the 
beam (y ¼ �c) in the x-directio n and again we observe that pres- 
sure converges to its exact value. We plot the pressure field over 
different primal meshes with exaggerated deformation s in 
Fig. 16 . The pressure field is free from checkerboardin g and be- 
comes smoother and smoother upon mesh refinement.

Cook’s membrane. Now we consider the Cook’s membrane prob- 
lem, which is a standard benchma rk problem that has been used in 
the past to investigate the incompressible and near-incom pressible 
solutions under combined bending and shear [4,30]. Fig. 17 depicts
the geometry, boundary condition s, and loading of the problem to- 
gether with a well-centered mesh with N ¼ 123 primal 2-cells. The 
left boundary is fully clamped and the right boundary is subjected 
to a distribut ed shearing load of magnitude T ¼ 6:25 per unit 
length (a total vertical force of 100 is imposed on the right bound- 
ary). The material is assumed to be homogeneous with the param- 
eters E ¼ 250 and m ¼ 0:5. Now we study the variations of the 
vertical displacemen t of the tip point A upon mesh refinement.
The result is plotted in Fig. 18 that shows the convergence of the 
normalized displacements by increasing the number of primal 
2-cells, N. Note that we use the limit value of the numerically- 
calculated displacemen t UA

y ¼ 4:2002 for normalization of 
displacemen ts in this figure. Finally, we observe that our struc- 
ture-preserv ing scheme is free of checkerboard ing as is clearly 
seen in Fig. 19 . In this figure, we plot the pressure field over 

deformed configuration of Cook’s membrane. We see that pressure 
field becomes smoother and smoother upon mesh refinement. Also 
note that the rate of convergence of the results in our numerica l
examples is compara ble with those of finite element mixed formu- 
lations [4,30].

7. Concluding remarks 

In this paper, we presented a discrete geometric structure -
preservin g numerica l scheme for incompres sible linearized elastic- 
ity. We proved that the governing equations of finite and linearized 
incompres sible elasticity can be obtained using Hamilton ’s 
principle and Hodge decompositi on theorem without using La- 
grange multipliers.

We used ideas from algebraic topology, exterior calculus, and 
discrete exterior calculus to develop a discrete geometric theory 
for linearized elasticity. We considered the discrete displacemen t
field as our primary unknown and characterized the space of diver- 
gence-free discrete displacements as the solution space. Note that 
instead of heuristically defining the discrete displacement field and 
its divergen ce as a discretization of a smooth vector field and 
smooth divergen ce operator, we assume the discrete displacemen t
field to be a discrete primal vector field and use the definition of 
discrete divergence using DEC techniqu es. Therefore, we preserve 
the geometri c structure of the smooth problem by considering dis- 
crete quantities that have the same geometri c structure as their 
smooth counterparts . This guarantees that the method remains 
free of numerica l artifacts as we remain in the correct discrete 
space unlike the standard finite element and finite difference 
schemes .

Finally, motivated by the Lagrangian structure of the smooth 
case, we defined a discrete Lagrangian and used Hamilton’s princi- 
ple in the space of discrete divergence- free displacemen t fields to 
obtain the governing equations of the discrete theory. We observed 
that the discrete gradient of pressure appears naturally in the gov- 
erning equations. We used the discrete Laplace–Beltrami operator 
to determine the pressure field, which is assumed to be a dual 0- 
form. We then considered some numerica l examples and observed 
that our discretization scheme is free of numerica l artifacts, e.g.
checkerboard ing of pressure. Based on the rate of convergence of 
the results of the numerical examples, our method is comparable 
with finite element mixed formulations [4,30]. We observed that 
by choosing the displacemen t field to be a primal vector field, pres- 
sure is a dual 0-form; this geometrically justifies the known fact 
that using different function spaces for displacemen t and pressure 
is helpful in the incompres sible regime. Also note that our method 
can be used for analyzing multiply- connected bodies as well.
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Fig. 18. Convergence of the normalized displacement of the tip point A of the 
Cook’s membrane. N is the number of primal 2-cells of the mesh.

Fig. 19. The pressure field for the Cook’s membrane for meshes with (a) N ¼ 123, (b) N ¼ 530, (c) N ¼ 955, where N is the number of primal 2-cells of the mesh.
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The smooth weak form of the incompres sible elasticity is well- 
posed. However, it is a well-known fact that the discretiza tion of 
the weak form is well-posed if and only if the discrete spaces for 
the displacemen t and pressure fields are compatible [3]. For 
example, a P0=P1 Lagrange finite element approximat ion for the 
displacemen t/pressure field is not well-posed. This low order 
approximat ion is not well-posed even when using the diamond 
element approach [4]. Although we do not present any proof, our 
numerical results suggest that the discrete weak form is well- 
posed for our choices of the discrete solution spaces. This also sug- 
gests that choices that are naturally imposed by the geometry of a
problem can be nontrivial and hard to see using other approach es.

The structure of linearized elasticity is similar to that of perfect 
fluids in the sense that both need a fixed mesh. However, finite
elasticity requires the material description of motion. This means 
that one needs the time evolution of the initial simplicial complex 
of the reference configuration. However , this evolving mesh would 
not remain a simplicial complex, in general, and hence the exten- 
sion of the present work to the case of finite elasticity is not 
straightforw ard. Also the converge nce issues are not considered 
in this work. Application s to fluid mechanics and finite elasticity 
and studying convergence issues will be the subjects of future 
communicati ons.
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