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Abstract In this paper, we formulate a nonlinear elasticity theory in which the ambient
space is evolving. For a continuum moving in an evolving ambient space, we model
time dependency of the metric by a time-dependent embedding of the ambient space
in a larger manifold with a fixed background metric. We derive both the tangential and
the normal governing equations. We then reduce the standard energy balance written
in the larger ambient space to that in the evolving ambient space. We consider quasi-
static deformations of the ambient space and show that a quasi-static deformation of
the ambient space results in stresses, in general. We linearize the nonlinear theory
about a reference motion and show that variation of the spatial metric corresponds to
an effective field of body forces.
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1 Introduction

In the geometric theory of elasticity, an elastic body is represented by a material
manifold B, which defines the natural, stress-free state of the body. The body moves
in an ambient space, which in turn is represented by a spatial manifold S . The motion
of the body is described by a time-dependent configuration map ¢; : B — S from the
material manifold to the spatial manifold.

The manifolds B and S are not simply differential manifolds, but have further
geometric structures that allow one to measure the amount of stretch in the body
for a given configuration. While more general geometric structures involving torsion
and non-metricity are used in the nonlinear mechanics of defects (see Yavari and
Goriely 2012a,b,c, 2014 for recent work), in this paper, we restrict our attention to
Riemannian manifolds. We assume that both 3 and S are Riemannian, with metric
tensors G and g , and the associated Levi—Civita connections VG and V&, respectively.
For a given configuration, these Riemannian structures allow one to evaluate the spatial
distances between the points of the body, and distances given by the material metric. A
discrepancy between these two types of distances signifies a strain in the body from its
natural, stress-free state and hence results in stresses. The material and spatial distances
can be unequal even for a body at rest, without any external forces applied—this is
the case of residual stresses. This viewpoint has been explored for thermal stresses
and for growing bodies by Ozakin and Yavari (2010), Sadik and Yavari (2015), Yavari
(2010), and Sadik et al. (2016). Certain non-elastic deformations of a material can be
described by a time-dependent material metric Gy; for the case of thermal expansion,
the material metric has been related to the (possibly evolving) temperature distribution
in Ozakin and Yavari (2010); Sadik and Yavari (2015).

In this paper, we take the material metric as fixed, but consider an evolving spatial
metric, g, . In the geometric field theory of elasticity (Marsden and Hughes 1983; Simo
and Marsden 1984b; Ciarlet 2005; Yavari et al. 2006), the spatial metric is introduced as
a fixed background geometry. Likewise, in the classical theory of nonlinear elasticity,
this background metric is a given geometric object with no dynamics; k is “absolute” in
the sense of Anderson (1967) and is a “structural field” in the sense of Post (1997). Our
motivation to study the effects of a time-dependent spatial geometry stems both from
the hope of gaining a deeper understanding of the structure of the classical theory!
and from possible applications involving the analysis of elastic bodies constrained to
move on curved, dynamical surfaces. In order to have a sense of what to expect from
such a theory, let us consider a simple, two-dimensional example.

Figure 1 shows a thin elastic strip constrained to move on the surface of a torus,
which we treat as the ambient space, S. We assume that there is no friction between
the torus and the strip—the latter moves freely on the torus, but cannot move away
from it.> Suppose that the torus is expanding in time in a predetermined manner,

! The generalization of a theory obtained by relaxing certain standard assumptions (in this case, the staticity
of g,), commonly results in a deeper understanding of the original theory. Examples of this include the
geometric notions of stress and traction obtained by allowing the spatial metric to be non-Euclidean.

21t may be helpful to imagine the strip as moving between two tori of infinitesimally different sizes, so
that the strip is constrained from both sides.
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ambient space deformation

-

Fig. 1 A thin strip embedded in a toroidal ambient space is stretched when the ambient space deforms

and consider the motion of the strip in this dynamic ambient space. Our aim is to
investigate this dynamics in terms of the intrinsic geometry of S and forces that
“live” on this surface, to the extent possible. It is evident that the strip will stretch
and thus will store elastic energy as the torus expands, even though it does not see
any sources of external forces in the ambient space it observes. Thus, the energy
balance written inside the torus (without any reference to the surrounding Euclid-
ean R?) will suggest a non-conservation of energy. In this example, we know the
missing piece in the energy balance; it is simply the work done by the normal
forces needed to expand the torus with the strip on it. Our aim is to obtain gen-
eral equations describing the motion of an elastic body moving in such an evolving
ambient space and investigate such issues as energy balance and Lagrangian mechan-
ics.

Implicit in this discussion of Fig. 1 is the fact that the ambient space S is considered
as an embedded submanifold of R3, instead of simply as a Riemannian manifold in
its own right. While it is tempting to consider the dynamics of a body in an ambient
space which is described purely intrinsically in terms of the time-dependent metric
g;, we will see that one needs to consider the motion in terms of a time-dependent
embedding in a larger, static space. For one, it will be possible to identify the missing
part in the intrinsic energy balance as work done by/on the outside forces transforming
the ambient space S, as the discussion above suggests. In addition, the dynamics in
a time-dependent submanifold also results in fictitious forces that cannot be obtained
purely from the intrinsic geometry—forces that depend explicitly on the embedding.
We will identify the effects of the intrinsic and the extrinsic geometries of S below.

The notion of a time-dependent ambient space also shows up in the theory of gen-
eral relativity. While there are connections between the theory of elasticity developed
in this paper and general relativistic continuum mechanics, we will leave the discus-
sion of these issues to a future communication, focusing on the non-relativistic case
exemplified by the case of Fig. 1 in this paper.

This paper is organized as follows. In Sect. 2, we first formulate a Lagrangian field
theory of elasticity when the ambient space has a time-dependent geometry. We obtain
both the intrinsic (tangential) and extrinsic (normal) governing equations of motion.
We then show that for an elastic body moving in an evolving ambient space, energy
balance must be modified and obtain a modified energy balance when the spatial
metric is time dependent. We do this by considering a time-dependent embedding of
the ambient space in a larger manifold and writing the standard energy balance in
the larger manifold. We reduce the energy balance to that written by an observer in
the evolving ambient space. In Sect. 3, we look at quasi-static deformations of the
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Fig. 2 Motion of an elastic body in an evolving ambient space

ambient space and the corresponding induced stresses. We linearize the governing
equations and show that a quasi-static deformation of the ambient space is equivalent
to an effective body force in a fixed ambient space.

2 Motion of an Elastic Body in an Evolving Ambient Space

In this section, we study the motion of an elastic body moving in an evolving (time-
dependent) ambient space. We will derive both tangential and normal governing
equations of motion, balance of mass, and energy balance.

2.1 Lagrangian Field Theory of Elasticity in an Evolving Ambient Space

We identify the reference configuration of an elastic body with a Riemannian manifold
(B, G) and let the body deform in a time-dependent ambient space S;, which is
evolving in a Euclidean space (Q, k) of higher dimension. The evolution of the ambient
space S; is given by a time-dependent embedding ¢, : S — Q, for some abstract
manifold S, such that ¢, (S) = S; , and the evolving metric of the ambient space S is
given as the induced metric by that of Q , i.e., g; := vk, which means that v, is an
isometric embedding,? see Fig. 2. We denote inner products of vectors with respect
to the metrics & and g, by ((-, -));, and (-, -)) g respectively. We denote the local
coordinates on B, S, and Q by {X4}, {x¢}, and {x“}, respectively. Let dim S, = n,
anddimQ =n+k=m.Let {11;},-:1““,/( be a smooth orthonormal basis for X(S;) ,

3 Note that for a given ¢, such an isometric embedding always exists for dim Q large enough, by Nash
(1956)’s embedding theorem.
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the set of vector fields normal to S; . Let {x“} be a local coordinate chart for Q such
that at any point of S;, {x!, ..., x"} is a local coordinate chart for S, and such that
the unit normal vector field nf ,fori € {1,...,k} is tangent to the coordinate curve
X"+i ,fori € {1,...,k}.Recall, as discussed in Appendix 1, that every vector field
u on Q along S; can be written as u = u| + Zi‘zl ulnf , where u| is the part of
the vector u tangential to S; and ui = u"t fori e {1, ..., k}. Also, recall that for

i,jell,....kl,anda € {1,...,n+ k), we have <<;7§, 1,3.>>h = 8, (nl.wy)), =0,
and hy(u4i)y = Sam+i)- Fori € {1,...,k}, we denote the ith second fundamental
form of S, along the unit normal 7! by «! and let k} = k! . Fori, j € {1,...,k},
we denote the normal fundamental 1-form of S; relative to the unit normals 1;;? and 1];.
in this order by wﬁj and let oﬁj = ;“wﬁj # We define a motion of (B, G) in (S hls,)
as a one-parameter family of maps ¢; : B — &;, where ¢ is time. This is equivalent
to a motion of (BB, G) in (S, gz), ie., ¢ : B — S, such that ¢, = w,_l o @ . We
let (X, 1) := ¢ (X), p(X, 1) := ¢ (X), and ¥ (x, 1) := Y (x) . Let {0 }a=1,....n and
{91 }a=1....n denote local coordinate bases for S; and S, respectively.

In order to describe the dynamics of the motion of B, the Lagrangian field theory
should be formulated with respect to the fixed space Q. For an elastic material, the
Lagrangian density £ can be written as’

L=L(X.$,.4,F,G,h),

where F = T¢; = Y1, F and F = T, are the deformation gradients of ¢, and ¢; ,
respectively. We assume that the Lagrangian density can be written as

1 -
L= 5/00«T, Yhn —poW(X, F, G, h), 2.1

where pg is the material mass density, Y := (,5 = Y1 V + ¢ oy is the material velocity
vector field of ¢, V is the material velocity vector field of ¢, { = 9/0¢ is the velocity
of a given, fixed point x € S asitmovesin Q,and W = W(X, F,G, h) is the elastic
energy density (energy function).

Remark 2.1 Note that since g, := ¥,*h, i.e., 1, is an isometry between (S, gt) and
(S, h), by objectivity (the isometry v, can be interpreted as a change of observer),
the dependence of the elastic energy on F = 1, F reduces to a dependence on F
only. It should also depend on G and g, (instead of ) so that one can get a scalar out

4 Recall that the order matters since wl( .= _("S‘i . See Appendix 1 for more details and the definitions of

both the second and the normal fundamental forms.

5 Note that although the Lagrangian theory is formulated with respect to Q, the density is defined with
respect to the volume element of 3, i.e., £ is an n-dimensional density, not an m-dimensional one.
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of F . Hence, we have®
WX, F.G, h)y=W(X, F,G,g,). 2.2)

For a continuum under a body force field B (not necessarily conservative), the
Lagrange-d’ Alembert principle states that (Marsden and Ratiu 2003)

1 1
3/ /Edth+/ /poﬂb -8@dvdr =0, (2.3)
o JB o JB

where " denotes the flat operator for lowering tensor indices, 8 denotes body force per
unit mass, and dV denotes the volume element for 3. Note that f is not necessarily
tangent to S; and we write it as 8 = B + Zf-‘zl Bin§ , where B is the part of 8
tangent to S; and Bj_ ,fori € {1,...,k}, is its component along the ith normal 1;;? .
The action is defined on the material manifold (B, G) as

g ..
S(¢)=/ /E(X,sﬁ,fﬁ, F, G, h)dV(X)dr, (2.4)
1) B

where dV (X) is the Riemannian volume element on 3. For the assumed Lagrangian
(2.1), we have S = St + Sw, where

n 1
57 = / / 2P0 (0, ) AV (X1,
to B

Sw

1
—/ /pOW(X, F.G,g,)dV(X)dt.
1o B

In order to take variations of the action (2.4), we consider a variation field ¢ of ¢
such that 9 = ¢ and define its variation as

5~_d
(p_de

e:O(pé

First, we look at the resulting variations of the kinetic energy
d1 h
5 (e Y = ((Dlre. 1) .

where D!’ denotes the covariant derivative along the curve € — ¢, (X, t) for fixed
X and ¢ . Using the symmetry lemma, we have D¢, = D3¢, where D! denotes

6 Another way to see this is by looking at the elastic energy as a function of the right Cauchy—-Green
tensor, i.e., W = W(X, C, G). First, we see that since g, := ¥ h, then (Y, o 9)*h = ¢y} h =
¢;g; . i.e., the right Cauchy-Green tensors C of ¢; and C of ¢ are equal. If we denote f := Ty, we
write in components C4p = f"‘aF“Af/SbeBhaﬁ = F“AFbe“afﬁbho,ﬁ = F“,L\F]’Bgal7 = CxB-
Therefore, W = W(X, C, G) = W(X, C, G), thatis, the elastic energy does not depend on the embedding
Vi
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the covariant derivative along the curve r — ¢ (X, t) for fixed X . Therefore, we can
write

1t o = o0, ), = & 05100 5. ),

Assuming that the variation of ¢ is fixed at #p and 71, i.e., §¢(tp) = §¢(t;) = 0, the
first term on the right-hand side does not contribute to the action. We decompose the
velocity Y into tangent and normal components as ¥ = Y + Y, where ¥|| =

ViV +Eopand Y| = Zle (in§ , such that ¢ is written in terms of its tangent
and normal components as § = ¢ + Zle e j_nf . We denote the acceleration in Q by
r= DthT and decompose it into tangent and normal components with respect to S;
asl' =T+ Zle I’ n'. We denote by A = ;T the intrinsic acceleration of S..
Therefore, the variation of the kinetic energy is calculated as

51 Y, Y d ) Y 8¢y, poT ) risg
(E/Oo(( : >>h) 5 (88, 20N n = (56, 0Ty ), pol_nZ;l i1

d
= < (68, p0 0 — (04, poA), — o Z risg,
i=n+1

where 8¢ is the part of §¢ tangent to S; and Bgﬁj_ is its component along 7} , for i €

{1, ..., k}. Assuming that the variation of ¢ is fixed on the boundary, i.e., 8¢|3,5) =
0, we obtain

8857 = / / (v*3@). poA), + po Z risgls; | dvxde. (2.5
i,j=n+1
Next we compute the components of the acceleration.
Proposition 2.1 The tangent and normal accelerations are given by
k
A=DS'(V+2Z)+V§ ,Z+2> gl k- (V+12)
i=1

k
-3 (acl) - > cields
i=1

i,j=1

T 0
=Df”(V+Z>—[vng] VD +gl L (V+2)

k
-8 (dﬁi) Z cielor, (2.6a)
i=1

i,j=1
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k
. d
ri= EL +dtt - (V+Z) -k (V+Z,V+Z) - 2250,, (V+2Z)
j=1
k .
+ > olel <<V”f_n’z, n§>> , (2.6b)
: " h
j.l=1
wherei =1, ..., k, d denotes the exterior derivative on S, i.e., d{i = ZZ:] %dx“,

D;g’ denotes the covariant derivative along the curve t — ¢ (X, t) for fixed X, Z :=
(1//t*§ ”) o ¢; is the tangent part of the velocity ¢ , and T denotes the transpose operator
with respect to the metric g, .

Remark 2.2 Before we proceed to the proof, let us first look at some particular cases.
If we assume that the evolution of the ambient space is transversal, i.e., Z = 0, then
(2.6) reduces to

k k k
A=DFV 2 g kv = e (ae) - D dledol

i=1 i=1 i j=1

:Dtg’V+g§.%.V_Zk:;i (dgi)n— Zk: ﬁfi"ffa (2.7a)
i=1 i,j=1
i ng_ t : j 1 h .t .t
M= 4del -V -k (V. V) - 22}§L0U v+ ; é“iﬁ<<vﬂ3n,,ni>>h,
] " (2.7b)
wherei = 1, ..., k.If we assume that S; is a hypersurface in Q , i.e., the co-dimension

is k = 1, the normal fundamental 1-forms reduce to a vanishing 1-form o’ll =0,

and Zl;,lzl el <<V,’,'tiﬂt1, ﬂf>> =3 <<V,',’ﬂ7’, 27'>>h =0, since (n', 7)), = 1.
! h
Therefore, (2.6) reduces to

A=D¥(V+Z)+VE ,Z+201g8 -k - (V+2) 1 (dg))

a
—pf vtz - [ver] v mtgl Bz @
(2.8a)

FLz%—I—dQ V+2Z) —k (V+Z,V+7Z). (2.8b)

Finally, if we assume that S; is a hypersurface evolving transversally in Q ,i.e., k = 1
and Z = 0, then Egs. (2.8) reduce to

A=D{V 420180 k' -V — ¢ (dgy)

9
=DV + g - % SV — ¢y (dgy)F, (2.92)
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rlz%judgl.v_k'(v,vy (2.9b)

Proof 7 First, we observe that contrary to motions for which k = 0, as in the case of
3D elasticity, V.’}T cannot be defined unambiguously, in general, for motions in an
evolving ambient space when k > 1. For calculating V.’}T at x € ¢;(B) for a fixed
time ¢, one needs values of Y along a curve y : (—¢,€) — Q with y(0) = x and
y’(0) = Y . However, in general, we may have Y ¢ T, (x)@; (B) in which case, such a
curve y needs to leave the space ¢; (B) but Y is only defined on ¢, (B) . Thus, it would
not, in general, be possible to compute Vf} Y unless we can define an extension of Y to
a neighborhood in Q. Note that it is always possible to compute V.’}” Y ; the problem

arises in computing V&’.LT . The spatial velocity at a fixed time ¢ is a vector field on

@ (B) defined as v(x, 1) := T((ﬁf](x), t). Note that foreach t,¢; : B — Qisa
smooth embedding. However, ¢ : B x R — Q is not even an immersion, in general.
To see this, let {X4} and {x“} be local coordinate charts for 3 and Q, respectively.
The expression of T(x,,)¢ in these local coordinate charts, forn = 2 and k = 1, reads
(Sadik et al. 2016)

3¢ 8¢ 8¢
ax!l ax2 ot
ax!l ax2 ot
3g° 9¢° g’
axT 3x?

Tx.ng =

Clearly, if Y(X, 1) = 0 (i.e., 3¢* /9t = 0), or ¢ is an in-plane motion (i.e., in some
coordinate chart for Q such that 33 = n on ¢, () we have @ = 0), then Tx.n@ is,
in general, not injective. If, however, T(x ;)¢ is injective, then the implicit function
theorem tells us that ¢ is a local diffeomorphism at (X, ¢) . In particular, one obtains
a local vector field ¥V on Q in a neighborhood of ¢(X, r) such that V(¢ (X, t)) =
Y(X,t) = v(@(X,1),1t), and we can define the material acceleration as

[(X,1) = D! Yx := VEV(@X, ).

Recall that we chose {x“}y=1....n+k to be a local coordinate chart for Q such that at
any point of S;, {x', ..., x"} is a local coordinate chart for S; and such that the ith
unit normal vector field uf fori e {1, ..., k} is tangent to the coordinate curve y"** .

In this coordinate chart, we recall that Ay (,4) = <<5(§, nf»h = S8 (n+i) » which will be

used frequently in the following computations. Note that when T(x ;¢ is injective, the
set of chosen unit normal vector fields {y’;};=1..._x is well defined on a neighborhood
of (X, t) in Q. Hence, one can decompose V into tangent and normal components
with respect to {y’;}i=1. .k asV = V| + V1 . One then writes

L(X.1)=V5(V|+ V1) = VLV + VLV,

7 This computation is a generalization for a higher codimension of the acceleration computation in Sadik
et al. (2016). We should mention that for this calculation we benefited from a discussion with Fabio Sozio.
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Since the Levi—Civita connection is by definition torsion-free, one can write
h h h h
VeV =[V. V)] + Vy, V= [v.v)]+ VVHVH +Vy, V1.

Note that since V = V(¢(X, t)) does not explicitly depend on time, one can write
[V. V)] = LyV)., which is tangent to S; , where L denotes the Lie derivative.® Note
that

h '
VVHVH = wt*vit*yu Izht*’Y\H ZK Y. T”

k k
h _ h A h [ t i vh t
VVH Vi= Z VTH (Tll"i) - Z (VTH Tll) n+ Z TILVTH i

i=1 i=1 i=1

k k
=Z(&Tﬂ_~’r”)n§+ZTihﬁ. T||~|—ZTL( H),,],
i=1 i=1

i,j=1

where d denotes the exterior derivative operator on S; .2 and where we have used,
following (4.3), that fori € {1, ..., k}'°

VY, 1 = hE ] T\|+Z( Tn)
j=1

Let us now compute V(’;V 1 - We consider an arbitrary vector field U in Q such
that U is tangent to S; in a neighborhood of ¢ (X, 1), i.e., (V1,U)), = 0. Hence,
((V{’,VL, U))h =—(v., V{’,U))h . However, at $(X, t) , we have

VLU =[V, Ul + ViV = [V, U] + v,’}vu + VL

k
= [V, UL+ ¥, VL 07 — ZK (0. 0)n+ 3 (@i -v)
i=1

Z TJ_VU”z

*
8 The Lie derivative along the vector field V is defined as Lyy) = di‘ [(@t ° ¢;1) Vu] , where
t=s
@r o Py Lis the flow of V.

9 For a function f defined on S; , we write Jf = g 1 38{ dx“.
10 Recall that the normal fundamental 1-forms are defined for i, jel{l,..., k} as wfj <<Vh ng ' >>

for any vector w tangent to S; .
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Thus, we have!!

k k

<<VL, v{;u»h:_ Sl v+> T (&Ti : U)+ Zk: i) (wﬁj : U) :

i=1 i=1 i,j=1

ij
((V{‘)VL, U))h =—(v., V{’;U))h and by arbitrariness of U that

where we recall that (a)tu -U ) = <<V£’,nl,n >> . Therefore, it follows from

k k
(vhv.), Sl Ty - S (@) - 3 v

i=1 i=1 i,j=1
On the other hand, we have
k _ ko gy koo ko
ViYL= v (Vin) =Y S VLV Vv
i=1 i=1 j=1

i=1

Then, it follows that at ¢(X, t), one can write

O..
)_N

(4v.), 2

=i T—FZTi( TII) iTlTL«vhﬂll»ﬂ'»h U

i=1 j=1 j.l=1
Finally, the tangent and normal components of the acceleration vector read
k k ;
T =LyV) + wI*V,f,}T” VX 42D YRk 0y = DT (dTi)
i=1 i=1

k
- > ririef (2.10a)
ij=1

1 Note that since the vector U is tangent to S; at ¢(X, 1), the vector [V, U] = Ly, U is tangent to S; as
well.
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L de_ . k '
: <

i=1

+ Z TJTL<<V",;“, >> n. (2.10b)
h

J.l=1

We recall that ¥ = vV + ¢ 0@, Z := Y& 0@, A == YT, ki = ¢kl and
0. = w’j However, following (Marsden and Hughes 1983, Theorem6 19 p. 101),

)

and recalling that V =Y = v,V + ¢, one can write

d
fLyV =Lyy;Y =Ly (V+Z)= = (VE+Z 0, +[V,V +Z].

Note that since the connection is torsion-free, it follows that [V,V + Z] =
V{‘}’ V+2Z) - Vf}’ 7V - Denoting by D,g " the covariant derivative along the curve
t — ¢;(X), one can write

B
DY (V+2Z)= E(v“+z¢)aa+v§' (V+2).
Therefore, one concludes that
Vi LyY) = Df’ V+7) - V§t+ZV
We also have

]//*T”WI*T” T+Z (V+2).

Hence
VLYYV g VX =V Z=VE VAV, (V + 2) =D (V + 2)+ V', , Z.

Therefore, denoting by d the exterior derivative on S ,'? one can rewrite (2.10) as

k
A=Df (V+2)+Vy, ,Z2+2> tigh k- (V+2)
i=1

k k
. S\
= > el (ah) = > el 2.11a)
i=1 i,j=1
k
+d¢t - (VH+Z) -k (V+Z,V+Z) - 22;@” (V+2Z)
j=1

+ZCLQ<< 1 >> : (2.11b)
h

jil=1

d¢}

Fj_d

12 For a function f defined on S, we write df = > " a=1 daxa dx?.
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wherei:l,...,kandd{j_zzn 0L gxa . O

a=1 9x4

Let us next turn to the variation of the elastic energy, which is calculated as

oW W
SW = — Ly F + —
oF

:Lsch.
on %

However, note that for an arbitrary time-independent material vector field U , one has

. d /. __\*= d_ . d _
LsgFU = E(%ows ) FU|  =|-0ubcbel = 3Pl S=E=0-

s=¢€
(2.12)
Thus, Lg(p = 0. We also obtain, by using (4.11) and similarly to (4.12), that
k .
Lsgh = £330 = ¥, (%M g + 225@14), (2.13)
i=1
where §¢) is the part of 6¢ tangent to ¥/, (S), (S(ﬁi ,fori e {1, ..., k},isits component

along the unit normal 17§ , and £ denotes the autonomous Lie derivative. Therefore,
recalling (2.2), it follows that

8W BW k
i=1 i=1
(2.14)
Let us first assume that the variations of ¢ are tangent to S , i.e., ¢, = 0,Vi €

{1, ..., k}. Therefore, the variation of the action associated with the elastic energy
reads

n ow
SSw = —/ / po— : Ly+si, &, AV dL.
10 B ag W St

-
Note, however, that £y+55 8, = Vgrw*SgBﬁ + [Vgtl/f*écﬁﬂ . Hence, by symmetry
of g, , one can write

h oW
SSw =—/ /2p0—:vgr¢*8¢ﬁdth

/ / p— VE Y+ 5, dudt
@ (B)

/ / 2,0— W*Sgbu)a‘bdvdt
@ (B)

/ / divg, (2,0 - 8<p|) dvdr
@ (B)
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n oW
+/ / <<divgt (Zp—) , w*&i)”» dvdt
o Jo(B) g g
z AW
- _/ / (2,0— : w*wﬁ) - ndadt
o Jog(B) g

h A4
+/ / <<divgt (2,0—) LY >> dvdt,
to Joi(B) g &

where p is the mass density in S, divg, (surface divergence) denotes the divergence
operator in (S, g;), and N is the unit normal vector to d¢; (B) in S. Therefore,
assuming that the value of ¢ is fixed on the boundary, i.e., 8¢|3¢(3) = 0, one obtains

h , AW\,
5Sw = divg 20— ), ¥ 8¢ dvdt. (2.15)
0 JoB) og &

Hence, by (2.5) and (2.15), the Lagrange-d’ Alembert principle (2.3) reads

n aw
/ / <<—,0A + divy, (2,0—) LT8G >> dvdt
o Jo® 4 &
4]
+/‘/ (0B y*53), dude =0,
1o Jo(B) !

where B = y*B, . Therefore, by arbitrariness of §¢| , one obtains the following
tangent Euler—Lagrange equations

ow
divg, (2'08_) + pB = pA. (2.16)
g

In terms of the Cauchy stress tensor ¢ = 2p%—¥ , we have!?
divg, 0 + pB = pA. (2.17)

In the particular case, when &; is a hyperspace evolving transversally in Q ,i.e., k = 1
and Z = 0, the tangent Euler—Lagrange equations read

divg, 0 + pB = pD¥'V +2p¢ 1 g5 k' -V — pi (dgy)F. (2.18)
Equivalently, in terms of the rate of change in the spatial metric one has (c.f. (4.9))

2 08

divg, o +pB = pDf'V + pgi - >t -V — pr1 (A1) (2.19)

13" An alternate proof of this result for the special case of a transversal embedding is given in Appendix 2.
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Now, we assume that the variations of ¢ are normal to 6} ,ie., 8¢ = 0. Using
(2.5) and (2.14), we obtain from (2.3), by arbitrariness of 8@1 , the following normal
Euler-Lagrange equations

ow
—:k

92 Y4 poBL =polt, i=1,... k. (2.20)

—2po

In terms of the Cauchy stress, one has

—o:kl4+pB =pl'l, i=1,... k. (2.21)

Remark 2.3 Equation (2.18) is identical to the tangential component of Scriven
(1960)’s Eq. (27). However, we believe that the expression of the acceleration he
wrote before his Eq. (16) should be corrected to include the extra terms depending
on the second fundamental form and the gradient of the embedding normal velocity
as can be seen in (2.18). If one neglects the inertial terms, Eq. (2.18) is identical to
Arroyo and DeSimone (2009)’s Eq. (4). However, it is not identical to their Eq. (3) in
the presence of inertial effects. For them, acceleration reads

W‘FVVV-FVnHVy

where H = g“bkal7 is twice the mean curvature. Note that, when Z =0 and k =1,
their k is our —k’, V,, :== ¢ , and their acceleration should be corrected to read (in

their notation)14

vV
>t VEV = 2Vuk - V =V, (dVy)F

We also note that in the case of a 2D shell embedded as a hypersurface in R?, (2.21)
is identical to the normal component of Scriven (1960)’s Eq. (27), although Scriven
(1960) did not write down the expression of the extrinsic acceleration. Ignoring the
inertial terms, Eq. (2.21) is identical to Arroyo and DeSimone (2009)’s Eq. (5).

2.2 Conservation of Mass for Motion in an Evolving Ambient Space

Locally, conservation of mass is equivalent to (Simo and Marsden 1984a)

p(x, 1) J(X, 1) = po(X),

14 We communicated with A. DeSimone and M. Arroyo, and they kindly confirmed the mistake in their
acceleration. They indicated that they followed the master balance law of Marsden and Hughes (1983,
p-129). In Appendix 2, we show this derivation by using the master balance law and demonstrate that the
results are identical to those we obtain using Hamilton’s principle.
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where J (X, t) = 33‘2 det F is the Jacobian of deformation mapping ¢."> Thus
d (pJ)=0
a L=

Note that

. . 1 g,
J=(d ViJ+-Ju|{—),
(1ng ) 2 r(at)

where the superposed dot denotes total time differentiation, i.e., J= %% . Therefore!©
1 )
p+pdivg, V+ ot (%) —0. (2.22)

Note that even if V = 0, p is time dependent. Therefore, in the case of a 2D shell
transversally embedded in R3 —recalling Lemma 3.2, which in this case reads % =

d
2k +VEZ 4 [vgr Zb] —(2.22) can be written as

o+ pdivg, (V+Z)+ pt i H =0, (2.23)

where H = trk’ is twice the mean curvature. Equation (2.23) is identical to the
conservation of mass for shells appearing in Scriven 1960, Eq. (21), Marsden and
Hughes 1983, p. 92, and Arroyo and DeSimone 2009, (Eq. 1). Note that, if we look at
the spatial mass density form p := pdv, (2.22) reads

Lyp =0. (2.24)

Equivalently, one can write

d

— pdv = / Ly (pdv) = / [Lypdv+ pLy(dv)]=0. (2.25)
dr Sy, o U) ¢ )

We know that

Ly(dv) = Sy + @) = |divv + L 282 |4 226
v(dv) = v(v)—i-&(v)— iv +§tr(¥) v. (2.26)

Substituting (2.26) into (2.25) and localizing gives (2.22), which is the local form of
conservation of mass.

15 Note that the Jacobian of the deformation ¢ is equal to that of ¢, i.e., g:tt g det F = (;:gé det F,

which follows from g, := ¥/ k.
16 Note that there is a typo in the corresponding equation in Marsden and Hughes (1983), p.92.
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2.3 Energy Balance in Nonlinear Elasticity in an Evolving Ambient Space

Let us consider an elastic body deforming in an evolving ambient space. We are
interested in making an explicit connection between the deformation of the elastic
body embedded in this ambient space and that in an ambient space with a dynamic
metric. Let the ambient space S move in a larger (fixed) manifold 9 ,i.e., ¥, : S — Q.
The fixed background metric in (Q, k) induces a time-dependent metric on S, i.e.,
g, = ¥ h. Energy balance can be easily written in Q, but we are interested to see
how it is written for an observer in S . When the metric g of S is fixed, the standard
material balance of energy for a given subset « C 5 reads

d 1
ar Jy, <E+§(<V,V>)g)dV=/upo((<B, V)g+ R)dV

+/ ((T, V) + H)dA, (227)
ou

where E, R, H , and T are the internal energy function per unit mass, the heat supply
per unit mass, the heat flux per unit undeformed area, and the boundary traction vector
per unit undeformed area, respectively. Note that E = E(X,N, F, G, g), where N
is the specific entropy. However, here the ambient space is evolving in time and the
energy balance should be modified to accommodate this time dependency. First, let
us look at an example to motivate our discussion.

Example 2.1 Suppose the ambient space is a two-dimensional sphere of radius R that
shrinks/expands in time. Then, whatever elastic material lives on this sphere will be
compressed/stretched over time. As a simple case, assume that the material manifold
is also a sphere, with radius equal to the initial radius of the ambient sphere. Assume
that the deformation map ¢ is constant over time, as the metric evolves. This means
that there will be an increase in elastic energy over time, not accounted for in terms
of the work done by external forces—since there are no external forces.

Let the ambient metric, as a function of time be g;; (0, ¢, 1) = f(¢) gis;)here (RO, ¢),
where ¢ is time, f(¢) is some function of time (the shrinkage/expansion factor) such
that f(tr) > 0, f(to) =1, and gfphere(R) is the metric of the 2-sphere with radius R .
Note that this is a uniform rescaling of the metric. Then, let the material manifold be
justGrj (@, @) = Gipjhere(R)(@, @), and let the deformation map simply send & to
0 and @ to ¢ at all times. Therefore, even though the material “is not moving” in terms
of the coordinates ¢ and 0 (a given material point sits at the same ¢ and 6 at all times),
it is shrinking/expanding. Note that ¥ = ¥ (X, C), where Cap = F 4 FPggup f (1) .
Thus, even if Fp = §%4, we have Cyup = S“ASngahf(t) . This means that ¥
explicitly depends on f () and hence there is stored elastic energy coming from the
changes in the ambient space metric.

To visualize the time dependency of the metric of the ambient space, let us
embed the initial sphere of radius » = R in the Euclidean space IR?. We then
assume that the ambient space moves in the Euclidean space, i.e., there is a map
¥ © S2(r) — R3. Explicitly this can be written in the spherical coordinates as
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r, g, ¢3) = Y (r,0,¢) = (k(t)r, 0, ¢) with k(t) > 0. Note that deformation map-
ping is the inclusion map, i.e., (0, ¢) = ¢;(®, D) = (O, @). The metric of the
Euclidean space in spherical coordinates reads 2 = diag (1, 72, 2 sin? 9) . Now the
map ; induces a metric g, = ¥,"h on the ambient space that has the following repre-
sentation: g, = diag (k(1)?r?, k(t)*r?sin? 0) . Itis seen that f () = k(#)?, i.e., when
expanding the ambient space by k, all the square distances in the ambient space with
the time-dependent metric are multiplied by f = k2 as expected. It is seen that time
dependency of the ambient space metric can be visualized using a time-dependent
embedding in a larger space with a fixed background metric (see Yavari (2010) for a
similar discussion). In the following, we look at this in the general case of an arbitrary
deformable body.

Next, we prove the following proposition for an arbitrary deformable body:

Proposition 2.2 Energy balance for a deformable body moving in an evolving ambient
space is given by

d 1
i ) (E—i—i((V,V))g[)dV:/u,oo [((B+Fﬁc, V),
(%.agr +1

og o1 5((‘/, V)>Bagr[)+R:|dV

+/M ((T.V))g, + H)dA, (2.28)
d

wherewe recallthat E = E(X, N, F, G, g,)17 is the material internal energy density
perunitmass and N, R, H, T, and B are the specific entropy per unit mass, the heat
supply per unit mass, the heat flux per unit undeformed area, the boundary traction
vector per unit undeformed area, and the tangent body force per unit mass, respectively.
We also recall that V is the velocity of ¢ and Z = ¢ is the tangent velocity of the
embedding ;. F 5. denotes the fictitious body force due to the evolution of S; and reads

k
Fie=—(A-Df'V)=-DfZ-V§ ,2-2> gl ki (V+2)

i=1

k k
+3 ¢k (dci)m + > dielof

i=1 i,j=1

k
= oz [vez] vz -g B wrn Y (al)

i=1

k
+ > ciclol. (2.29)

i,j=1

I7 Similar to the discussion of Remark 2.1, we can conclude that E(X,N,v«F,G, h) =
E(X,N,F,G,g,).
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Note that in the particular case of a transversal evolution of the ambient space as a
hypersurface in Q, i.e., Z = 0 and k = 1, the fictitious body force reduces to

g

Fje=-20,8" k' - V+r (de) =—gb- S VL@t (230)

Proof For an observer in 9, energy balance for a subbody I/ C B is written as

2 [ o (E b, m) av = /u oo ({3 X)), + ®)av
+/3u ({(7.x), +#)aa.

Body force can be decomposed into tangent and normal components with respect to
Sras B =B+ Z _1 B’ n! . Note that the traction vector is tangent to S, . We denote

B =vy; ﬁ” ,and T = T. Recalling that ¥ = ¥,V + ¢ o, and Z = gy the
energy balance is simplified to read

k
d 1 i i
a ™ (E +5 (Y, T»,,) dv = /upo(«B, V+Z), +> B+ R)dv

i=1

+/u ((T.V +2Z)),, + H)dA. (2.31)
il

Note that

k
dl1 _ h _ _ i i
55000 = (DI X)) = (X = (A V + 2, + 2, 03

and
4 LyE= N+8ELF+8ELh
dt YEZONT TR Y T oY

Similar to (2.12), we see that LTF = 0. Note that'8

3 3
Lyh =Ly vh+Lch=2y vh+ %*% = Yy (2<v+z>g1 + %) =vY.Lvg,,

where we used (4.10) to write L;h = Wt* . Therefore, it follows that in Q

dE . JE dE
dE _OEg  OF pen=2Ex :Lyg,. 2.
o = N vh= -GN+ -—:Lvg (2.33)

18" Ap alternate proof for this result can be found in Marsden and Hughes (1983), p. 101.
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An observer in S writes the energy balance as

d 1
), (E +3 (v, v>>g,) dv = /upo ((B. V), + E+R)dV

+/ ((T.V)g + H)dA,  (2.34)
ou

where E = 0 if the ambient space metric is fixed. Note that in (8 , gl) , we have

d1 dE aE 0E
dl1 —(D# S5V, V), , and N og LV8r
AV Vg, =(DEV. V), 45 (V. Vg, and ST = 28R ag v

(2.35)

Let us now find & . Subtracting (2.34) from (2.31) and using (2.32), (2.33), and (2.35),
one obtains

k
/u(po«A,Z»g,+po<<A—fov,V)) ——po«v V) + OZCLFL)dV

ot
i=1

k
= /u (po (B.Z)g, +p0 > Bit| — E)dV+ /W (T, Z))g, dA.

i=1

oE ow oE oE
Notethat2p— =2p— =0 ,and —:Lzg, = 2— V&1 Z . Therefore, by using
ad d og g

(2.16) and (2.2g0) we have
/ (po((A—Dg'V V), — 200 (V. Vs )dV=/ (T, Z)),, dA
u S ) i ou O E
/(Z§l0 kt legt(T Z)) — E)dV.

Also, note that

T,Z dA = . t,Z d
| .z aa= | o), 0

= div, (0o, Z)), dv
/«z,(u) & &

= / (G:ngZ + (divg, o, Z) ) dv
o (U) 81

1 .
:/ (—O'Zng,-i—J((dIVg,O',Z)) )dV.
u 2 8
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Thus 1
/u (po (A-Dfv, V»gt — 5P (v, v) ag:) dv

at

k
1 .
:/u(za:(ngt—f-2zgj_k§)—E)dV.

i=1

However, since 0 = 2p% = 2p5E , and %8 — 23k rikl+ £2g,, it follows
that

dE 0g , 1
= @‘a_;t —po{A—DfV. V), + 3P0V, Vi)ag, .

Therefore, the balance of energy in (8 , gt) reads

d E 1VV dv
< ,00( +5 v, >>g,)

0E ag,

1
=/upo(<(B+Fﬁc,V>)g,+£.W 5((V Ve g7 R)dV

T,V H)dA
+/3u(<<, D, + H) dA.

where the fictitious body force Fi is given in (2.29). If the evolution of the ambient
space as a hyperspace in Q is transversal, i.e., Z = 0 and k = 1, the fictitious body
force reduces to (2.30). O

Remark 2.4 Note that the non-classical extra terms appearing in the energy balance
(2.28) can be written as

OE dg, 1 ) 1 dg,
S WV Vi = — (E+ = (V. VY, )22
og o T2V Vi ag( o >>g,) ar

so that this term cancels out the contribution of the rate of change in the energy (internal
+ kinetic) due to the evolving ambient space metric appearing on the left-hand side of
(2.28).

3 Quasi-Static Deformations of the Ambient Space Metric

Let us consider a spatial metric that depends on a position-dependent parameter w (x),
e.g., g = g(x, w(x)).In other words, given an initial metric g, we quasi-statically
deform the ambient space manifold. As an application, we can think of a situation when
a thin sheet of metal is compressed between two identical and evolving surfaces to
make different curved sheets, e.g., some pieces of an automobile body. As an example,
one can start with a rescaling of the spatial metric, i.e.,

2w (x)

g(x, w(x)) = e go(x).
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Note that Jacobian J of deformation in the new ambient space is related to the Jacobian
with respect to the old ambient space Jy as follows:

detg nw(x)
J =,/ det F=e 2 Jy,
det G ¢ ¢ 0

where dim & = n . Having an equilibrium configuration, replacing g by its rescaled
version, the equilibrium configuration will change, in general. The following two
examples show the effect of a rescaling of the spatial metric on equilibrium configu-
ration and the corresponding stresses.

3.1 Examples of Elastic Bodies in Evolving Ambient Spaces and the Induced
Stresses

We consider two examples in this section. In the first example, a disk of radius R,
is embedded in a two-dimensional ambient space that is initially flat. We first show
that the disk remains stress-free when the metric of the ambient space is rescaled
homogeneously. Then we calculate the stresses in the case of an ambient space inclu-
sion (the ambient space metric is uniformly rescaled inside a finite disk and is left
unchanged outside the disk). In the second example, we consider a spherical cap
embedded in a spherical ambient space. We uniformly rescale the spatial spherical
metric (equivalently changing the radius of the sphere) and calculate the resulting
stresses. In both examples, we assume an incompressible and isotropic solid. For such
solids, the energy function depends on the first and second principal invariants of
the right Cauchy—Green strain C (or the left Cauchy—Green strain b, also known as
the Finger deformation tensor), i.e., W = W (I, I5) (Ogden 1997). Note that for an
incompressible solid /3 = J? = 1. The Finger deformation tensor b has components
b = F, F’ 3 GAB  For an incompressible isotropic solid, the Cauchy stress has the
following representation (Doyle and Ericksen 1956; Truesdell and Noll 2004)

W W W
=(-p+2L— ) g +2—b* —2—p !, 3.1
’ ( P 2alz)g By o G-

where p is the Lagrange multiplier corresponding to the incompressibility constraint
J = 1. Note that 5~' = ¢ has components ¢*? = (F_l)A m (F_I)B 2 Gap g ghm.

Example 3.1 (Disk in a flat 2D plane) Let us consider a two-dimensional disk of
initial radius R, made of an incompressible and isotropic material in an initially flat
two-dimensional spatial manifold. We would like to calculate the stresses that occur
in the new equilibrium configuration after we change the spatial metric in a radially
symmetric way. In spatial polar coordinates (7, 8) , the spatial metric is assumed to be:

e2(1)(r) 0
8= 0 F2e200) | -
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The nonzero connection coefficients for g are:
r / r / 0 1 /
Vi, =0 (@), Vogo=-1(1+ro ), vy, = - 4+ w'(r). 3.2)
In material polar coordinates (R, @), the material metric reads
1 0
G= (0 R2) '

We look for solutions of the form ¢ (R, ®) = (r,0) = (r(R), ®). Thus, F =
diag (r’ (R), 1) . This gives the Jacobian as

J = 62“’(’) —r/(R)r .

Therefore, incompressibility (J = 1) gives the following ODE for r (R)
r(R)r (R (R) — R (3.3)

To fix rigid body translations, we assume that (0) = 0. Hence, r(R) satisfies the
following integral equation.

R 1/2
r(R) = ( / 2ge—2w<’@>>dg) . (3.4)
0

Note that the Finger tensor reads

and hence I} = % szz_ 2 and I, = 1. Therefore, we obtain from (3.1) the

nonzero stress components as

ef4wR2 2

= o+ (ez"’ — %) B, and

06 e—2w 1 e—Zw e—2wR2
o= pr et (1-22E)8, (3.5)
r r

o' = _672wp +

r R?
where p(R) is the unknown Lagrange multiplier and

AW, ) AW, D)
(R) =2 BR) =2

In terms of the Cauchy stress tensor, the only non-trivial equilibrium equation is
0", = 0, which, by using (3.2), reads
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r(R)e2w(r(R))

1
7 o g+ (— + 3a)/) o —r(1+ro) o’ =o. (3.6)
r

By using (3.5), the equilibrium equation (3.6) reduces to
;. Re @ —p)(ro'+1)  r?e® (28— RB)  Re > (Ra’ +20)
p - /3 - r4 + R3 r2
(a +38) (ra)/ + 1)
R .

(3.7)

Note that because of the flat geometry of the ambient space, the second fundamental
form of the ambient plane in Q = R3 is zero, and hence the extrinsic equilibrium
equation (2.21) gives a zero extrinsic body force B" on the disk.

Uniform scaling of the metric Let us consider the particular case of a uniform (homo-
geneous) scaling of the ambient space metric, i.e., (r) = w, . It follows from (3.3)
that 7(R) = Re~*, and hence we get from (3.7) that p’ = &’ . Assuming zero trac-
tion at the boundary, i.e., 0" (R,) = 0, we find that p = «. Thus, it follows that
o""(R) = 6% (R) = 0, i.e., the disk remains stress-free when the ambient space is
uniformly expanded/contracted.

Remark 3.1 Since the components of the deformation gradient do not have a
coordinate-independent meaning, in a given pair of bases in the material and spa-
tial spaces, F can be the identity matrix, but that does not mean that there is no stretch
in the material. Likewise, F can be a position-dependent, non-identity matrix, and
that does not mean that there is any stretch. What matters is a coordinate-independent
measure of stretch. One such measure is G — ¢*g . If this vanishes, we can claim that
there is no stretch (strain), according to this particular (and appropriate for shell-like
situations) definition of strain.

In this example, we chose to represent the stretch in the ambient space (assuming
uniform expansion) as a change in g . The new equilibrium configuration map was
given by a “rescaled” version of the original configuration map (by “rescaled” we mean
rescaled in the Euclidean coordinate representation), and the final state was still stress
(and strain)-free. G — ¢* g will still be zero, with both ¢ and g having changed during
the process. In short, as g changes, as a result the equilibrium mapping ¢ changes,
and likewise F changes, but the pullback of g stays the same for the set of equilibrium
configurations during the process.

An ambient space inclusion We assume that the spatial metric is uniformly scaled
inside a disk of radius r; and is left unchanged elsewhere, i.e.,

wo if 0<r<m,
w(r) = . (3.8)
0 if r;<r.

Motivated by Eshelby’s inclusion problem Eshelby (1957) (see Yavari and Goriely
2013 for a discussion on finite eigenstrains and a brief history of the problem), we
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call this an ambient space inclusion. We may think of this as a defect in the ambient
space. It follows from (3.4) that

Re™ % 0<R< r,-e’”",

r(R) = 1/2 3.9)
[R2 + rl-2 (1 - ez“"')] rie” < R <R,.

Remark 3.2 Note that if R, < r;e®, we have r(R) = Re ®° . Hence, it follows,
similar to the previous case where the ambient metric is uniformly scaled, that the disk
remains stress-free. We assume in the remainder of this example that R, > r;e® .

By substituting (3.8) and (3.9) into (3.7), one finds

/ o'(R)  0<R<re”,
(R) = (3.10)
f(R)  rie” <R <R,
where
R (R’ + 20 R3(x — B)
fR) =3 ( 2 Z)w - 2 i 2
R 477 (1 =) (R2 472 (1 — e2o0))
(2B —RB) (R +r} (1 —€*>))  «+438
— . 3.11
+ 3 B G
Assuming zero traction at the boundary R = Ry, we obtain
a(R) + 6, 0 < R <rje“,
P(R)=1 & &2 R24r2(1-e20) N
Jr, fE)dE + Wa(RD) + (1 - T) B(R,) rie®™ < R <R,,
(3.12)

where 6, is a constant to be determined by enforcing the continuity of the traction
vector across the boundary of the ambient space inclusion, i.e., continuity of o’
across the disk of radius r; in the deformed configuration. Following (3.5), the nonzero
physical components of the Cauchy stress tensor read

&a 0 <R <rie™,
/ " s + S TN L hatiil Ul P
M, B G
e =1 Jr R2 + 72 (1 —e2) R?
rie” < R <Ry,
R2 (R,) | R? + rl-2 (1 —e?>) (R
SRS SN (BRI T G
R2+r}(1—e2) ° R? ‘
(3.13)
6, 0 <R <rie™,
500 _ 2..2(1_e2wo 5 3.14
(e A R+ 1—-€e 2 .
o+ [ et Rzﬂ,.zﬁfez,un)} (@(R) + B(R)) rie™ < R < Ry, G149
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where 6, is a constant given by:

R, rzez“’ﬂ

6o = dé + ! a(rie®
0= [ g O e

22w, 2 1— 2w,
+(1_rle +r; ( € ))ﬂ(riewa) (3.15)

r7e2eo

R? &1 R2 +r? (1 —e?>) B(R,)
— o - 1- .
R2 + ri2 (1 — e2w0) ¢ R2 °

Therefore, for an arbitrary incompressible isotropic solid, the stress is hydrostatic
inside the ambient space inclusion and is equal to &, .

Let us assume the particular case of a disk made of a homogeneous neo-Hookean
solid, i.e., (R) = p and B(R) = 0. Therefore, the nonzero physical components of
the Cauchy stress (3.13) and (3.14) simplify to read:

5, 0 <R <rje*,
AFr
o — 2 2 2 2(1_p2wo 2
u R . R? _ R*4r?(1-€*) R2 o, <
2 [R2+,i2(1_eza;,,) K242 (1—c%o0) log <4R§+,i2(1_ezm7) 72 )| rie”™ < R =R,
(3.16)
6, 0 <R < rie™,
~ 66
6% =1 R2 472 (1-e20) R (3.17)
rr i _ . a0
o +nu R2 MR2+ri2(l—ez"’l1) rie” < R < R,,
where
N riete R
0y = — —
220, 2 20, 2 2 2w
2 ries®o +r; (l—e 0) RS +r; (1—e 0)

2 .20, 2 2w, 2
rees®e +ri (1 —e*) R
—log( L L ( ) g ):| (3.18)

R2 + ri2 (1 — ezwo) r?ezwo

We plot in Fig. 3 the profile of stresses in a disk of initial radius R,, , due to an ambient
space inclusion of radius r; = 0.1R,, and w, = 0.05 . Note that since e™** < 0.1, we
have r; < R,e“°. Hence, the ambient space inclusion lies entirely inside the deformed
disk of radius r (R,). We observe that the stress is indeed hydrostatic inside the metric
inclusion. We also observe a discontinuity of the circumferential stress while the
radial stress is continuous as expected following the continuity of the traction vector.
Finally, we observe that the stress is asymptotically vanishing as we move away from
the ambient space inclusion.

Example 3.2 (Spherical cap on a 2D sphere) Let us consider a two-dimensional
spherical cap of angular radius ®, lying on a sphere of initial radius R, . We assume
that the spherical cap is made of an incompressible and isotropic material. We would
like to calculate the stresses that occur in the new equilibrium configuration after
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olu
0.10-:

0.05:

-0.05

-0.10}

Fig. 3 Stresses in a disk of initial radius R, , due to an ambient space inclusion of radius r; = 0.1R,, and
wo = 0.05

Fig. 4 Deformation of a spherical cap due to a change in the radius of the ambient space

the radius of the ambient sphere is changed to r,, see Fig. 4. In spatial spherical
coordinates (6, ¢) , the spatial metric reads

_ r2 0
£\ o r2sin?6 |

Note that changing the radius of the sphere from R, to r, is equivalent to a uniform

2wy

2
scaling of its spatial metric by e % . Changing the spatial metric the equilib-

rium configuration changes. We look for solutions of the form ¢(®, @) = (0, ¢) =
(0(®), @). Thus, F = diag(6’(®), 1) . It follows that the Jacobian reads

r2sin[0(0)]

J =0 (O
©) R2sin ©
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Assuming that the spherical cap is made of an incompressible material, i.e., J = 1,
fixing rigid body translations by taking #(0) = 0, and since 0 < 6 < m, we find
that

2
0(@) = cos™! [% (cos@ — 1) + 1] . (3.19)

For this deformation, the Finger tensor reads

RZ sin%(©)

b= 4 sin? () 0
a 0 1
R2 5in%(0)
232 0 22
R, sin © i 0 nd I, = 1. Therefore, we obtain from (3.1) the

and hence I} = . -
1 r2sin” 0 RZsin” ©

nonzero stress components as

00 1 R%sin’ @ 1 r2sin® 0
A 1 daversy el e siec Sl i prns wagl Jo2
r rdsin* 6 r R2sin* ©
5y .o (3.20)
o0 1 n 1 ot 1 (1 R; sin (—D)/3
o = — — s
r2sin® 0 u RZsin’ @ r2sin® 6 r2sin® 0
where p(®) is the unknown Lagrange multiplier and
oWy, 1) oW (I, I)
O)=2——--—-—, O)=2——""—.
a () o, B(O) oh
Using (3.19), the physical components of stress (3.20) are written as
2 ' 2 2 2
. ry(cos® + 1 2r; + R;cos® — R
2r; + R5cos ® — R3 ri(cos® + 1) 321)
~ o 2r2 4+ R%2cos ® — R? n r2(cos® + 1) '
6% = — o — .
P r2(cos ® + 1) 2r2 + R%cos ©® — R2

In terms of the Cauchy stress tensor, the only non-trivial intrinsic equilibrium equation
is 09“|a = 0, which reads

2 qin2
rysin® 6 go
e gl 0T
R sin” © tan 6

% — sin6 cosHo?? = 0. (3.22)
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By using (3.19) and (3.20), the equilibrium equation (3.22) reduces to

p = —tan’ (@) B+ 2o/ tan(§) (r7 —2R2) (@ + B)

2 R(% ng
+r02 sin(@)(r2 — R2)(B — ) N R2tan” (%) B’ N 8sin* (9) (R2 —r2) B
(2r2 + R2cos © — Rg)2 ry r2sin® ©

4r2 (R2 —r2) o + RZsin(®) (R2 — 2r2) (@ + B)

3.23
4r2R2 4+ 2R%cos ©® — 2RA (3.23)

Note that, unlike the previous example, the spherical cap does not necessarily remain
stress-free by a uniform scaling of the spatial metric. If, however, we take r, = R,, ,then
(3.23) reduces to p’ = &', which yields no stress by assuming zero boundary traction
at ® = O, . Hence, we recover the case of a trivial embedding. Back to the general
case when r, # R, , the evolving ambient sphere can be isometrically embedded in
R3,ie., @ = R3, where the second fundamental form of the sphere reads

Y ) 0
k_( 0 —rosin20)'

We only have one extrinsic equilibrium equation (2.21), which gives the normal com-
ponent of the body force required to balance the stress field in the spherical cap. It is
written as

B o 6% + 690
=—0k=—""—"7"—.
P Top

(3.24)

In the following, we explore the particular case when the spherical cap is made of
a neo-Hookean solid, i.e., «(R) = u and B(R) = 0. For a neo-Hookean solid, (3.23)
reduces to

b - Mtan (%) (2R2 12 . r2sin(©)(r2 — R2)
2r3 (2r2 + R2 cos(®) — R2)’
sin(@) (R2 — 2r2)
M 42 2R2cos(O) — 2R2

(3.25)

Therefore, assuming zero boundary traction at ® = &, , i.e., a?(©®,) = 0, we find
that

(3.26)

rg(cos O, +1) ]

) = O) — g(6,) +
p( ) M|:g( ) g( 0) 2r3+R5COS(")0—R3
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where

2 2R2 — 2 ©
g(0) = ﬁ log (2r3 + R2cos® — R3) n ;Tro log [cos2 (3)}
o 0
ro (r; — RY)

" R2(2r2+ R2cos® — R2)’

2 2
14

(3.27)

Therefore, the stress field (3.21) and the extrinsic body force (3.24) are given by

00, o _ Rg—2rgl 2r2 + R%cos © — R2 r2cos ®
o7(O) =u 2 8\ 52 p2 2 2. R2 2
2R’ 2r; + R5cos ®, — R; 2r; + R; cos ® — R3
B r2cos O, N rl —2R2 log [ L6059
2r2 + R2cos ©, — R? 2r2 1+ cos ®
r;‘(cos O —cos O,) i|
(2r2 + R2cos ©® — R2) (2r2 + R2cos ©, — R2) |’

59(0) = 4 R2 —2r2 log 2r2 + R2cos ® — R? 2r2 + R2cos® — R?
2R? 2r2 4+ R2cos®, — R2 r2(cos ® + 1)
B r2(cos ®, + 1) r2 —2R? | 1 4 cos®,
2r2 + R2cos ®, — R2 2r2 1+ cos®
B rg(rg — Rg)(cos ® —cosB,)
(2r2 + R2cos ©® — R2) (2r2 + R2cos ©, — R2) |’
B"(6) 2r2 — R? 2r2 4+ R%cos © — R? r2(cos ©, + 1)
r 9) =
op H R2 2r2 + R2cos ©, — R2 2r2 + R2cos ®, — R2

_2r§—zRgcos@—R3 2R§2—r31g(1+cos@0)} (328)
ri(cos® + 1) r 1+ cos®

o

We plot in Fig. 5 the profile of stresses and the extrinsic body force in a spherical cap
of angular radius ®, = 7 initially lying on a sphere of radius R, , due to a change in
the radius of the ambient sphere to r, = 1.5R,, .

In the limiting case r, — 00, which corresponds to flattening the spherical cap,
we obtain from (3.28) that the stress field is given by

5% @) = — l10 ﬂ +l(cos@—cos@)
A Pl 1 4 cos ®, 4 o

590@) = —u| L1og (%9 4 3 (cos @ — cos O,) (3.29)
R DT 1 + cos O, 4 ¢ '

2 cos@0+li|

_cos@+l+ 2

Note that the extrinsic body force field B” vanishes when r, — o0, since this case
corresponds to a flat geometry of the ambient space.
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Fig. 5 Stresses and the extrinsic body force in a spherical cap of initial angular radius ®, = % initially
lying on a sphere of radius R, , due to a change in the radius of the ambient sphere to r, = 1.5R,

3.2 Elastic Deformations Due to Linear Perturbations of the Ambient Space
Metric

In this section, we linearize the governing equations of the nonlinear theory presented
in the previous sections about a reference motion. This will shed light on the mechanical
effects of a slight deformation of ambient space on the equilibrium configuration of a
deformable body.

Geometric linearization of elasticity was first discussed by Marsden and Hughes
(1983) and was further developed by Yavari and Ozakin (2008), see also Mazzucato
and Rachele (2006). Given a reference motion, we obtain the linearized governing
equations with respect to this motion. Suppose a given solid is in a static equilibrium
configuration ¢ in an ambient space with metric g . Let g, be a one-parameter family
of spatial metrics, ¢ be the corresponding equilibrium configuration, and P, be the
corresponding first Piola—Kirchhoff stress. Let € = 0 describe the reference motion.
Now, for a fixed point X in the material manifold, ¢.(X) describes a curve in the
spatial manifold, and its derivative at ¢ = 0 gives the variation ¢ as a vector U (X)
at p(X):

doe (X
sp(X) = UX) = X1 (3.30)
de e=0
The variation of the ambient space metric is defined as
3g = d (3.3D)
&= de =o€ '

Now consider, in the absence of body forces, the equilibrium equation Div P = 0
for the family of spatial metrics parametrized by €:

Div, P, = 0. (3.32)
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Linearization of (3.32) is defined as (Marsden and Hughes 1983; Yavari and Ozakin
2008):

d

— Div, P.) = 0. 3.33

de le—o (Dive Pe) ( )
Once again, one should note that since the equilibrium configuration is different for
each €, P is based at different points in the ambient space for different values of €,
and in order to calculate the derivative with respect to €, one in general needs to use
the connection (parallel transport) in the ambient space. In components, balance of
linear momentum reads

9P (€)

“axA T i P B(e) + PPB(e)y(e)! . F(e)*a = 0. (3.34)

Thus, the linearized balance of linear momentum is written as

- PaA FA _‘ PaB _‘ PbB a FC
dXA dele=0 ©+ AB Ge le—o (e) + ac leo (€) | Vpe Fa
d . d .
+ PbB@ —o [v()p] Fa+ PPBye EL:O [F(e)°a] =0. (3.35)

Let us consider a one-parameter family of metrics g,;(€) such that

gab(o) = 8ab> 7Ogab(6) = 88ab- (3.36)

d\
de le
8gap 1s called the metric variation. It can be shown that (Chow et al. 2006)

8" = —g“" g 8 gun, (3.37)

1
8y “be = Egad (8gcaip + 88bdic — 88beld) - (3.38)

Thus

d , ,
5 (Div P)* = W(SPM + L8P 4y FC 48 PP 4 5y 8 FC 4 PPE
+yL8FC A PPP
1
=8P, + EPbBFCAg”d (8gcaip + 88bd|c — 88beld)

+PPBya U 4. (3.39)

C

If the initial equilibrium configuration is stress-free, we have § P44 4 = 0. Note that

W
P =gt — (3.40)
aFh
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where ¥ = ¥ (X, ©, F, G, g) isthe material free energy density and @ is the absolute

aA
temperature. In calculating % , we need to consider the change in F due to the

change in the ambient space metric as follows:

dpeAte g
= .8"©

Rl w  0°W dFc(e) w  02W dgeale)
de ~ d '

0Fb, T8 GFccaFt, de & g0 F, de
(3.41)

Let us define

92w i 92y
and Bach — gab

A ‘CA — ab
¢ dFccIFb, 98cadFl 4’

(3.42)

where the derivatives are evaluated at the reference configuration corresponding to
€ = 0. Note that A is the equivalent of the elasticity tensor in classical linear elasticity.
Therefore

5PdA|A — _gacPdAagcd_i_lAacCAUch + B”CdASgcd — AacCAUC|C+IBaCdA8gcd,
(3.43)

as the initial configuration is assumed to be stress-free. With these results, the linearized
balance of linear momentum (3.33) is simplified to read

[NCCA Ui + ]B“CdASgcd]lA —0 or Div(A-VU+B.-5g)=0. (3.44)
Given ég , the above equations are the governing equations for the displacement field
U that results from this change in spatial metric.

We know that for a body deforming quasi-statically in an ambient space with a
fixed background metric, linearized balance of linear momentum reads (Yavari and
Ozakin 2008)

[A”CCAU°'|C] |+ o(LBo)" =0, (3.45)

where £B is the linearized body force. It is seen that in the absence of (mechanical)
body forces and when the ambient space is deformed, one can think of Div(IB - §g)
as an effective body force. In other words, deformation of the ambient space and the
equivalent body force will have the same mechanical effect on the deformable body.

Initially Euclidean Metric Let us assume that the initial metric is Euclidean and is
isotropically rescaled, i.e., consider a one-parameter family of spatial metrics of the
form (ge (x))ap = €28, . Thus, 8g.p = 28w,y . In this case, (3.44) is simplified
to read

[A“CCA U+ 2113“"Aacd3w] =0 (3.46)
When A and IB are constants (homogeneous medium), the above equation reads

A CAUC cp +2BY“A5 4 FP g6 )y = 0. (3.47)
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Now if §w is independent of x , one finds that U = ¢ (a constant vector) is a solution,
i.e., the body will stay stress-free in the new (Euclidean) ambient space.
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Appendix 1: Geometry of Riemannian Submanifolds

In the following, we tersely review a few elements of the geometry of embedded sub-
manifolds. Here we mainly follow do Carmo (1992), Capovilla and Guven (1995),
Spivak (1999), and Kuchat (1976). Let us consider a Riemannian manifold S embed-
ded in another Riemannian manifold Q and assume thatdim S < dim Q. We consider
a time-dependent embedding ¥, : S — Q. The metric £ on Q induces a metric
g, = Y¥;"h on S (the first fundamental form). At any given point p of S, the tangent

space T,S; has an orthogonal complement (T,,St)l C TQ such that

T,0="T,5 & (T,S)". 4.1)

Note that such a decomposition is smooth in the sense that any smooth vector field # on
&; can be smoothly decomposed into a vector field u tangent to S; and a vector field
u normal to S;, so that p — (u)), = (up) and p — (u1), = (u,)_ 1 are smooth.
We write u = u) + u . The orientation of nﬁ, fori € {1, ..., k},is chosen such that
the orientations of S; and Q are consistent in the sense that the orientation induced
from S; along with the ordered sequence {n§ }ie(1,...k) 1s equivalent to the orientation
of Q. LetdimS = n and dim Q@ = n 4+ k = m . Following the smoothness of the
decomposition (4.1), one can take a set of smooth vector fields {nf. }i=1,... k normal to
S; such that they form an orthonormal basis for X1(S,), the set of vector fields normal
to S; . Let {x*}a=1.....n+k be alocal coordinate chart for Q such that at any point of
Si, {x', ..., x™} is a local coordinate chart for S; , and such that the ith unit normal
vector field 77; fori € {1, ..., k}is tangent to the coordinate curve x"** . Hence, every

vector field u on Q along S; can be written as u = u ) + Zle u’, nt .1 Note that, for
i,je€f{l,..., k},one has <<17§, n’j»h = §;; and <<11;, u”»h = 0, where the Kronecker
delta symbol §;; is defined as: §;; = 1if i = j and §;; = 0if i # j. Note that at any
point of S; , one has hyn1iy = Sam+iy, fori € {1,..., k}anda € {1,...,n +k}.
We denote the connection coefficients for the Levi—Civita connections V# and V&
corresponding to the metrics k and g, by )75‘}, and y;.. , respectively. We denote by Dth

and D;g’ the covariant derivatives along ¢y and ¢y , respectively. For a vector field

. Ju = ou'
u on Q along S;, we write Dlhu = ‘%Bé + %nf + V%’ru and for a vector field
o4 .
wonS, Df'w = %3}1 + Vf}w, where {9)}y=1,., and {3.}4=1 .., denote local
coordinate bases for S; and S, respectively.
19 1n the local coordinate {x*}a=1....n+k » we denote uﬁ_ =u"t forie{l,..., k}.
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Note that for vector fields X and Y defined on S; and Q, respectively, such that Y
is everywhere tangent to S, Vf’;’* xUY =y (V;’( Y) 20 As a corollary, given a curve
t

cin S; and X a vector field along ¢ tangent to S; everywhere, D¥ YrX = (DZ“X )| -

Fori € {1, ..., k}, the ith second fundamental form of S; along nﬁ isa (g)-tensor lcf.
on S; defined as (do Carmo 1992; Capovilla and Guven 1995)

k' (u, w) = <<v,’:n,’., w>>h, Vu,weT,S,. (4.2)
It is known that lc§ is a symmetric tensor and can equivalently be written as
b
IC§ = (Vhrlﬁ)”, i=1,..., k.

On S, we define, fori € {1, ..., k}, the ith second fundamental form as k§ = t*lcf .

For vector fieldsu, w € Ty S, one can write Vg*ul/r*w = w*V,f’w~|—Zf~c:1 hi(u, w)y!

i°
where h' (., .) is a bilinear form. Therefore

h (u, w) = <<V$*u1ﬁ*w, nﬁ»h, i=1,... .k
Knowing that «w*w, nf» n= 0, one concludes that

Hence

W w) = = (V) nf pw, ) = = (V) . raw) =~k w),
i=1,...,k

Therefore, we obtain Gauss’s equation

k
Vi usw = Yn Vi w — >k, win.
i=l1
4

ij’
the normal fundamental 1-form of S; relative to the unit normals nﬁ and 17;. . For any

On the other hand, for i, j € {1, ..., k}, the projection of th§ along 7];. defines ®

vector w tangent to S; , the 1-form wf ; is defined by (Capovilla and Guven 1995)

- w = (Vonimy)),

20 The proof given in Spivak (1999) still holds even when the embedding is time dependent. Note that V8¢
and V" are the Levi-Civita connections corresponding to g, and h, respectively.
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Note that, for i, j € {l,...,k}, the normal fundamental 1-form wf ; is such that
wf / w OnS one deﬁnes the normal fundamental 1-forms, fori, j € {1, ..., k},
xpt l] . Note that, for a tangent vector field w on &;, one can write the

following?!

Vit = bk w—i—Z( w) 7. “3)

One needs to be careful in calculating time derivatives in (S .8 z) , since the induced
metric g, itself depends on time. In particular, when calculating the derivative of the
inner product ((u, w)) ' of two vector fields # and w along a time-parametrized curve
¢, the usual formula

% (u, whg, = (DEu, w»g[ + (u, D,g’w»gr , 4.4)
is no longer valid when the metric g, is  dependent. One instead has>>
d
g (e wirg, = (Dru. w), + (u. nglw»gt + (s w)) ag, (4.5)
where g
(o, whog = uv"—"

_ : 08
((u,w»ag,—<<u,gt ” w>>gr,

where g? denotes the “inverse metric,” with components g,"b . Therefore??

d t t agt
3 G whg, = (DFwwl, +fo, Df ), o+ (o gf - 2 "’>>g, @

22 g, _ 08

Note that D;’' g, = -
23 Itis also possible to define an alternative covariant time derivative, Drg’ , so that an identity analogous
to (4.4) holds. If we let

. du dx¢ 1, dgp
D8t “—7 d* Z gab 25be e 4.6
(D}'u) TR el T S vl (4.6)

one readily verifies that

g, = (],

d + <<" D’g[w»g, :

See Thiffeault (2001) for a discussion on this alternative covariant time derivative.

t
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Using the Levi—Civita connection for the metric g, to calculate covariant deriv-
atives, the symmetry lemma of classical Riemann geometry (Lee 1997; Nishikawa
2002) still holds.2*

Lemma 3.1 For a Riemannian manifold with a time-dependent metric g,,

DE dc(t, €) ' dc(t, €)
€ - t
ot o€

The velocity of the time-dependent embedding v, is defined as

k
I (t, l.
C=$=C”+Zﬁﬂ§v
i=1

where ¢ is the tangential velocity of the embedding. We also define Z := /¢ o ¢ .
Lemma 3.2 For an arbitrary embedding v, , the following relation holds
S T (48)
at ”

i=1

where £ denotes the autonomous Lie derivative.® For a transversal embedding, i.e.,
when Z = 0, (4.8) reduces to

k

9 4

% =23 k. (4.9)
i=1

Proof First, we note that

Lch = [% (w, o ws—l)*hi|

g
= Vs [Dtg’gt]szt = ’p’*a_tt' (4.10)

~[avevin] = [Goes]
- alﬁs*lﬂ, s—z_ a%*gz

s=t = s=t

On the other hand, we also have

k
Leh=Cch=Coh+ > ¢\ Lyh.
i=l

24 Note that if we were to use the alternative covariant derivative (4.6), this formula would need to be
modified.

25 The autonomous Lie derivative £78, is defined by holding the explicit time dependence of g, fixed,

(o) ]

ie, £78, = %
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However, fori € {1, ..., k} one has
(k). = (bets + gt = 260 (4.11)

We observe that S;Hh = Ly,.zV:+8&, , and following (Marsden and Hughes 1983,
p. 98), we have £y, zV1+8, = ¥1+Lzg,; . Thus

k
Lih = Y1 (Ezg, +2Z§ik§). 4.12)

i=1

Finally, it follows from (4.10) and (4.12) that

k
g ;
8_tt =Lz78 +2 2 £y ki
i=1

Appendix 2: An Alternative Derivation of the Tangent Balance of Linear
Momentum

In this section, we provide an alternate proof for the tangential balance of linear
momentum in the particular case of a transversal evolution of the ambient space. This
derivation is a generalized version, for arbitrary co-dimension k = dim Q —dim &;, of
a theorem appearing in Marsden and Hughes (1983), p. 129. The generalized version
can be stated as follows (see § 2.1 and Fig. 2 to recall the notation):

Theorem 3.1 Assume that given scalar functions a and b, and a vector field ¢ satisfy

the following master balance law for any open set U with C' piecewise boundary:

d
—/ adv :/ bdv +/ ((c, n))gt da, 5.1
dt Sy, o U) 0 U)

where N is the unit normal vector to d¢; (U) in S. Localization of (5.1) gives one

da

k
- T adivgv +a Yy ¢ (k) =b+divg,ec, (5.2)

i=1

where we recall that v is the velocity field of ¢; andf = Z;‘:] ;j]ﬁ is the velocity
field of Yr (we have & = 0 since we are assuming transversal evolution ).26

26 Note that what Marsden and Hughes (1983) denote by v is the equivalent of Y in our notation, so that
their v corresponds to v (recall that z = ¢ | = 0) and their v, would be ¢ in the particular case when
&; is a hypersurface in Q .
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Proof Note that
d d d d dJ
£ adv:—/ aJdV:/ —(aJ)dV:/ (—aJ+a—) av.
dr o) dr Ju u dt u \ dt dr
However
dJ . 1 08,
E = (legl ‘U) J + EJtr (?) s
and following (4.8), one has
0g k
r_ it
o =2 Z ¢ k;.
i=1
Therefore
d da L
— adv:/ — +adivgv+a » Ctr (k) )sdv
dt </¢),(Z/[) u(dt 8 ; 1 ( l)
L 5.3)
da :
= — +adivg,v+a ) ¢t (ki) |dv.
/wt(u) (df ' ; ’
On the other hand, by using Stokes’ theorem, one can write
/ {(c,n)g, da = / divg cdv. 5.4
g (U) o (U)
Therefore, by using (5.3) and (5.4), (5.1) transforms to
da ko
— +adivgv+a ) ¢itr(kf) Jdv =/ (b + divg,c) dv.
~/<p; ) ( dr ' ; l o) '
Thus, by arbitrariness of the subset I/, one finds that
da £
- tadivg +a Yy ¢ (k) =b+divg,ec. (5.5)
i=1
O

First, the localized conservation of mass is derived. In integral form, conservation

of mass reads

d
—/ pdv = 0.
dr o (U)
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Hence, using the above theorem (a = p, b = 0, and ¢ = 0), the conservation of mass
in localized form reads?’

k

dp . ;
n +pdivg v+ p Y gl (kf) =0. (5.6)

i=1
Next, we look at the balance of linear momentum, which in integral form reads

d
— pvdv = / pBdv +/ o - Nnda, 5.7
dr Sy, ¢ U) dor U)

where B is the body force per unit mass, ¢ is the Cauchy stress tensor, and n is the
unit normal vector to d¢; (UA) .

Remark 3.3 Note that (5.7) makes sense only when the ambient space S; is endowed
with a linear structure. In a general manifold, integrating a vector field does not make
sense. Therefore, the proof given in this appendix is only valid for linear ambient
spaces. However, the resulting localized tangential balance of linear momentum (5.8)
still holds in the case of a general manifold as shown in § 2.1 using a Lagrangian field
theory, see Eq. (2.17).

In order to use the above theorem, we contract the balance of linear momentum
(5.7) with an arbitrary time-independent covariantly constant vector field u tangent to
@ U), ie.

d

3 ), g fo0 W b = /

(0B, u)p dv+/ (o -n,u))yda.
o U)

o U)
We can then use the above theorem fora = {(pv, u));, ,b = ({(pB, u)), ,andc =0 -u.

Hence, it follows that

d
o {ov, u)y + (ov, u)y divg, v + (v, u)p vatrk = (o B, u))y, + divg, (o - u).

Note that

% (pv, u)y = (:1—';) (v, w))y + 10<<Dthv’ “»h ’

where Dth denotes the covariant time derivative with respect to the metric & . Therefore,
it follows that

d
(d—‘; + pdivg v + ,ovntrk) (v, w)p + p<<D,"v, u»h = (pB. u))y, + divg, (o - u).

27 Note that (5.6) is equivalent (2.22) since by Lemma 3.2, we have 85% =2 Z{-‘:] {ik? .
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The first term vanishes following the conservation of mass (5.6). Thus, by arbitrariness
of u one concludes that

0 (D,"v) =B +divgo. (5.8)

Note that (D,h v) I is different from D v . In fact, we can write following Proposition 2.1
that

k k k
(phv), = Dfv 23 clel kv -3 cl (d:i)j - > el
i=1 i=1 i,j=1
5.9

k k
. 8g . A\ .
= Dfrv+g- v = ¢l (1) = X ¢lefof
i=1

ij=1
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