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Abstract

We study some differential complexes in continuum mechanics that involve both

symmetric and non-symmetric second-order tensors. In particular, we show that
the tensorial analogue of the standard grad-curl-div complex can simultaneously
describe the kinematics and the kinetics of motion of a continuum. The relation
between this complex and the de Rham complex allows one to readily derive the
necessary and sufficient conditions for the compatibility of displacement gradient
and the existence of stress functions on non-contractible bodies. We also derive the
local compatibility equations in terms of the Green deformation tensor for motions
of 2D and 3D bodies, and shells in curved ambient spaces with constant curvatures.
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1. Introduction

Differential complexes can provide valuable information for solving PDEs.
The celebrated de Rham complex is a classic example. Let 3 be a 3-manifold and
let 2%(1B) be the space of smooth k-forms on B3, that is & € 2K(B) is an anti-
symmetric ({)-tensor with smooth components ;,...;,.! The exterior derivatives
dy : 2K(B) — 2%1(B) are linear differential operators satisfying diy1 ody = 0,
where o denotes the composition of mappings.> Using algebraic language, one can
simply write the complex

0— 2°B) -5 2'(B) L 22(B) - 23(B) — 0,

to indicate that d is linear and the composition of any two successive operators
vanishes. Note that the first operator on the left sends O to the zero function and the
last operator on the right sends £23(B) to zero. The above complex is called the de
Rham complex on B and is denoted by (£2(B), d).

The complex property d o d = 0, implies that im dj (the image of di) is a
subset of ker di1 (the kernel of dj1). The complex (§2(B), d) is exact if im dy =
ker djy1. Given B € £2¥(B), consider the PDE da = B. Clearly, B € imd is the
necessary and sufficient condition for the existence of a solution. If (£2(B), d) is
exact, then df8 = 0 guarantees that § € im d. In general, the de Rham cohomology
groups HZ g (B) = ker dj. /im dy.— quantify the deviation of (£2(B), d) from being
exact, that is, this complex is exact if and only if all Hfl g (B) are the trivial group
{0}.

If H’; g (B) is finite dimensional, then the celebrated de Rham theorem tells us
that dim H’g‘, r(B) = bi(B), where the k-th Betti number by (B) is a purely topo-
logical property of B. For example, if 1 is contractible, that is, it does not have
any holes in any dimension, then bx () = 0, k = 1, or if B is simply-connected,
then b1 () = 0. On contractible bodies, df = 0 is the necessary and sufficient
condition for the solvability of dae = B. If B is non-contractible, then the de Rham
theorem [23, Theorem 18.14] tells us that 8 € imd if and only if

g =0, and/ B =0, (1.1)
Ck

where for the purposes of this work, c; can be considered as an arbitrary closed
(that is compact without boundary) k-dimensional C®-manifold inside B.*> For
more details on the de Rham complex, we refer the readers to the standard texts in
differential geometry such as [6,23].

To summarize, we observe that the de Rham complex together with the de Rham
theorem provide the required conditions for the solvability of da = B. Suppose

1 Throughout this paper, smooth means C.
2 When there is no danger of confusion, the subscript k in dj, is dropped.

3 In fact, ¢k is a singular k-chain in 3 that can be identified with (a formal sum of) closed
k-manifolds for integration, see standard texts such as [7,23] for the precise definition of cy.
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that B is the interior of a manifold with boundary /3. One can restrict (£2(B), d) to
(.Q (B), d), where 2% (B) is the space of those smooth forms in £2%(13) that can be
continuously extended to the boundary 353 of B. If B is compact, then (.Q (B), d)
induces various Hodge-type decompositions on £2 (13). Such decompositions allow
one to study the above PDE subject to certain boundary conditions, for example
see [16,26]. On the other hand, it has been observed that differential complexes
can be useful for obtaining stable numerical schemes. By properly discretizing
the de Rham complex, one can develop stable mixed formulations for the Hodge—
Laplacian [3,4].

Generalizing the above results for an arbitrary differential complex can be a
difficult task, in general. This can be significantly simplified if one can establish
a connection between a given complex and the de Rham complex. The grad-curl-
div complex of vector analysis is a standard example. Let C*°(B) and X(53) be
the spaces of smooth real-valued functions and smooth vector fields on 5. From
elementary calculus, we know that for an open subset B C R3, one can define
the gradient operator grad : C®°(B) — X(B), the curl operator curl : X(B) —
X(B), and the divergence operator div : X(B) — C*°(B3). It is easy to show that
curlo grad = 0, and divocurl = 0. These relations allow one to write the following
complex

0 — 2 B) S 2B) 2 2B) B o B) — 0, (1.2)

that is called the grad-curl-div complex or simply the gcd complex. It turns out that
the gcd complex is equivalent to the de Rham complex in the following sense. Let
{X} be the Cartesian coordinates of R3. We can define the following isomorphisms

10: C®(B) — 2°B), 1w(f) = f,

H:XB) - 2NB), L), =Y,

1 X(B) —> 2%(B), (Y = ek Y,
13:C%(B) = 23B),  13(f)) 103 = [

where €7k is the standard permutation symbol. Simple calculations show that

(1.3)

1ograd =doi, 1nocurl=doi, 130div=dori.
These relations can be succinctly depicted by the following diagram.

curl div

0 — c=(B) =% xB) <L x(B) -5 c(B) — 0
lm J J J (1.4)
0— 29B) -5 2'(B) -5 22B) -5 23B) — 0

Diagram (1.4) suggests that any result holding for the de Rham complex should have
a counterpart for the gcd complex as well.* For example, diagram (1.4) implies that

4 More precisely, the isomorphisms 1, . . ., 13 induce a complex isomorphism.
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10, . - . , 13 also induce isomorphisms between the cohomology groups. This means
that Y = grad f, if and only if 17 (Y) = d(19(f)), and similarly ¥ = curl Z, if and
only if 12(Y) = d(11(Z)). By using the de Rham theorem and (1.1), one can show
that Y is the gradient of a function if and only if

curl Y =0, and /l](Y) = /G(Y, ty)dS =0, V¢ C B, (1.5)
[ [

where £ is an arbitrary closed curve in B, ¢, is the unit tangent vector field along
£, and G(Y, ty) is the standard inner product of Y and ¢, in R3. Similarly, one
concludes that Y is the curl of a vector field if and only if

divY =0, and /zg(Y) =/ G(Y,Np)dA=0,VCCB, (1.6
C C

where C is any closed surface in B and N¢ is the unit outward normal vector field
of C. If B is compact and if we restrict C*°(B) and ¥(B) to smooth functions and
vector fields over B, then by equipping the spaces in diagram (1.4) with appro-
priate L2-inner products, 19, . . ., 13 become isometries. Therefore, any orthogonal
decomposition for fol (B), k = 1,2, induces an equivalent decomposition for %(B)
as well, for example see [26, Corollary 3.5.2]. Moreover, one can study solutions
of the vector Laplacian A = grad o div — curl o curl, and develop stable numerical
schemes for it by using the corresponding results for the Hodge—Laplacian [3,4]. In
summary, the diagram (1.4) allows one to extend all the standard results developed
for the de Rham complex to the gcd complex.

The notion of a complex has been extensively used in linear elasticity. Motivated
by the mechanics of distributed defects, and in particular incompatibility of plastic
strains, KRONER [22] introduced the linear elasticity complex, also called the Kroner
complex, which is equivalent to a complex in differential geometry due to CALABI
[8]. EAstwooD [12] presented a construction of the linear elasticity complex from
the de Rham complex. ARNOLD et al. [3] used the linear elasticity complex and
obtained the first stable mixed formulation for linear elasticity. This complex can
be used for deriving Hodge-type decompositions for linear elasticity as well [15].
To our best knowledge, there has not been any discussion on analogous differential
complexes for general (nonlinear) continua, and in particular, nonlinear elasticity.

Contributions of this paper. Introducing differential complexes for general con-
tinua is the main goal of this paper. We can summarize the main contributions as
follows.

e We show that a tensorial analogue of the gcd complex called the GCD complex,
can describe both the kinematics and the kinetics of motions of continua. More
specifically, the GCD complex involves the displacement gradient and the first
Piola—Kirchhoff stress tensor. We show that a diagram similar to (1.4) commutes
for the GCD complex as well, and therefore, the nonlinear compatibility equa-
tions in terms of the displacement gradient and the existence of stress functions for
the first Piola—Kirchhoff stress tensor directly follow from (1.1). Another tensor-
ial version of the gcd complex is the ged complex that involves non-symmetric
second-order tensors. This complex allows one to introduce stress functions for
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non-symmetric Cauchy stress and the second Piola—Kirchhoff stress tensors. By
using the Cauchy and the second Piola—Kirchhoff stresses, one obtains complexes
that only describe the kinetics of motion.

e It has been mentioned in several references in the literature that the linear elastic-
ity complex is equivalent to the Calabi complex, for example see [12]. Although
this equivalence is trivial for the kinematics part of the linear elasticity complex,
in our opinion, it is not trivial at all for the kinetics part. Therefore, we include
a discussion on the equivalence of these complexes by using a diagram similar
to (1.4). Another reason for studying the above equivalence is that it helps one
understand the relation between the linear elasticity complex and the GCD com-
plex. In particular, the linear elasticity complex is not the linearization of the
GCD complex. The Calabi complex also provides a coordinate-free expression
for the linear compatibility equations. Using the above complexes one observes
that on a 3-manifold, the linear and nonlinear compatibility problems, and the
existence of stress functions are related to H(ll r(B) and Hﬁ r(B), respectively.

e Using the ideas underlying the Calabi complex, we derive the nonlinear compat-
ibility equations in terms of the Green deformation tensor for motions of bodies
(with the same dimensions as ambient spaces) and shells in curved ambient
spaces with constant curvatures.

Notation. 1In this paper, we use the pair of smooth Riemannian manifolds (B, G)
with local coordinates {X!} and (S, g) with local coordinates {x'} to denote a
general continuum and its ambient space, respectively. If B C R”, then B denotes
the closure of BB in R”. Unless stated otherwise, we assume the summation con-
vention on repeated indices. The space of smooth real-valued functions on 5 is
denoted by C°°(3). We use I" (V) to indicate smooth sections of a vector bundle
V. Thus, I'(Q>TB) and I'(Q>T*B) are the spaces of ((2))- and (g)-tensors on B.
The space of symmetric (g)—tensors is denoted by I" (S2T *B). It is customary to
write X(B) := I'(TB), and 2K(B) := I'(A*T*B), that is £2¥(B) is the space
of anti-symmetric (2)—tens0rs or simply k-forms. Tensors are indicated by bold
letters, for example T € I" (R2TB) and its components are denoted by T/ or
(T)!/. The space of k-forms with values in R”" is denoted by Qk(B; RM), that is
ifoa € 2KB; R"), and Xy, ..., Xy € TxB, then «(Xy,...,X;) € R”, and « is
anti-symmetric. Let ¢ : B — & be a smooth mapping. The space of two-point
tensors over ¢ with components F il i5 denoted by I'(Te(B) ® TB).

2. Differential Complexes for Second-order Tensors

In this section, we study some differential complexes for 2D and 3D flat mani-
folds that contain second-order tensors. These complexes fall into two categories:
Those induced by the de Rham complex and those induced by the Calabi complex.
Complexes induced by the de Rham complex include arbitrary second-order ten-
sors and can be considered as tensorial versions of the gcd complex. Complexes
induced by the Calabi complex involve only symmetric second-order tensors. In
Section 3, we study the applications of these complexes to some classical problems
in continuum mechanics.



198 ARZHANG ANGOSHTARI & ARASH Y AVARI

2.1. Complexes Induced by the de Rham Complex

Complexes for second-order tensors that are induced by the de Rham complex
only contain first-order differential operators. We begin our discussion by consid-
ering 3-manifolds and will later study 2-manifolds separately.

2.1.1. Complexes for Flat 3-manifolds Let B C R? be an open subset and
suppose { X} is the Cartesian coordinates on 3. We equip B with metric G, which
is the Euclidean metric of R3. The gradient of vector fields and the curl and the
divergence of (g)—tensors are defined as

grad : X(B) > I'(Q*TH), (grad V)" =v! ;,
curl : I'(®°TB) - I'(Q*TH), (curl T) = e T'E g,
div: I'(®*TB) — X(B), @ivr)! =1,

where “ ;” indicates 3/8X”. We also define the operator
curl’ : I'(®2TB) - I'(Q*TB), (curl' T)"/ = (curl T)"".

It is straightforward to show that curl’ o grad = 0, and div o curl” = 0. Thus, we
obtain the following complex

curl’

0 — X(B) erad I'(®*TB)— I'(Q>TB) I x(B) — 0, (2.1)

that, due to its resemblance with the gcd complex, is called the ged complex.
Similar to the gcd complex, useful properties of the ged complex also follow from
the de Rham complex. This can be described via the R3-valued de Rham complex
as follows. Let d : 2%(B) — Q2*t1(B) be the standard exterior derivative given
by

k
@B iyty = D (=1 BrooTootytio

i=0

where the hat over an index implies the elimination of that index. Any a €
Q2K (B; R?) can be considered as o = (o}, @2, &%), with &’ € 2K(B), i = 1,2, 3.
One can define the exterior derivative d : 2%(B;R3) — Qf1(B;R?) by
do = (do', da?, do?). Since d o d = 0, we also conclude that d o d = 0, which
leads to the R3-valued de Rham complex (£2(B; R%), d). Givena € £25(8; R?), let
[e]’ ..., denote the components of &’ € £2(13). By using the global orthonormal
coordinate system {X'}, one can define the following isomorphisms

10 : X(B) - 2°(B; RY), oY) =877,
1 M(®*TB) — 2'(B; RY), [ (T)) ;= 8iT!,
1 : T(®*TB) - (B R?), [2(T)Y sk = siresxr T,

13: X(B) — 2°(B; RY), 13 123 = 81 Y7,
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1J

where §;; is the Kronecker delta. Let T'T be the transpose of T', that is (TT) =
T7!, and let {E;} be the standard basis of R3. For T € I'(®>TB), we define ?N
to be the traction of T in the diregt)ion of unit vector N = N'E; € 82, where
8% ¢ RR3 is the unit 2-sphere. Thus, TN = NITIE,. By using (1.3), we can write

0 (T) = (zk(ﬁ;l) , zk(7E2) , zk(7E3)), k=1,2. 2.2)

It is easy to show that
11 ograd =d o1, tzocurlT =dou1y, 130div=dou1,.

Therefore, the following diagram, which is the tensorial analogue of the diagram
(1.4) commutes for the gcd complex.

curl div

0——xB) 2L r@21B) S r@2rE) s 2B) —— 0

J’O l J l 23)

0— 20B; B L 21(B; B -5 22(B; B -5 23(B; RY) — 0

Remark 1. Diagram (1.4) is valid for any 3-manifold, see [26, Section 3.5] for the
definitions of grad, curl, and div on arbitrary 3-manifolds. However, we require a
global orthonormal coordinate system for defining curl and the isomorphisms 1.
Thus, the ged complex and the diagram (2.3) are valid merely on flat 3-manifolds.

The contraction (T, Y) of T € I'(Q*TB) and Y € X(B) is a vector field that
in the orthonormal coordinate system {X Y reads (T,Y) = T'VY'E;. Clearly,
if N¢ is the unit outward normal vector field of a closed surface C C B, then
(T, Nc) is the traction of T on C. Suppose H’;cd (B) is the k-th cohomology group
of the ged complex. Diagram (2.3) implies that z; also induces the isomorphism
chd (B) ~ EB?:IHZ r(B) between the cohomology groups. Using this fact and
(1.5), we can prove the following theorem.

Theorem 2. An arbitrary tensor T € I" (R°TB) is the gradient of a vector field if
and only if

curl' T =0, and /(T, t)dS =0, Ve C B, (2.4)
4

where € is an arbitrary closed curve in B and t¢ is the unit tangent vector field
along £.

Proof. By using (2.2) and diagram (2.3), we conclude that T = grad Y, if and only
if 11(T) = d(1o(Y)), if and only if 11 (T’E,) —dY!, I =1,2,3. The condition
(1.5) implies that in addition to curl'T = 0, T should also satisfy

/Zzl(?];,) =/KG(7‘)E,,tg)dS=O, VeC B, =123

which is equivalent to the integral condition in (2.4). O
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Similarly, one can use (1.6) for deriving the necessary and sufficient conditions
for the existence of a potential for T induced by curl". The upshot is the following
theorem.

Theorem 3. Given T € I'(Q>TB), there exists W € I'(Q>TB) such that T =
curl" W, if and only if

divT =0, and /(T, NeYdA =0, VC C B, 2.5)
C

where C is an arbitrary closed surface in B and N¢ is its unit outward normal
vector field.

Remark 4. If the Betti numbers b (B), k = 1,2, are finite, then it suffices to
check (2.4) and (2.5) for b1 (B) and b, (B) “independent” closed curves and closed
surfaces, respectively. In particular, one concludes that if B is simply-connected,
then any curl' -free (%)—tensor is the gradient of a vector field and if 3 is contractible,
then any div-free (%)-tensor admits a curlT-potential. If B c R3 is compact, that
is, B is closed and bounded, then all by (B)’s are finite. The calculation of by () for
some physically interesting bodies and the selection of independent closed loops
and closed surfaces are discussed in [2].

We can also write an analogue of the ged complex for two-point tensors. Let
S = R3 with coordinate system {x'}, which is the Cartesian coordinates of R3.
Suppose ¢ : B — S is a smooth mapping and let Tx¢(B) := T,(x)S. Note that
although ¢ is not necessarily an embedding, the dimension of Tx¢(B) is always
equal to dim S. We can define the following operators for two-point tensors that
belong to I' (T ¢(B)) and I' (T p(B) ® T B):

Grad : I'(To(B)) — I'(Te(B) @ TB), (GradU)! = U'
Curl" : I'(TeB) @ TB) — I'(Te(B) @ TB), (Curl' F)'! =¢;x; F'* g,
Div: I'(Te(B) @ TB) — I'(Tp(B)), (Div F)' = Fil .

We have Curl' o Grad = 0, and Div o Curl" = 0. Thus, the GCD complex is
written as:

0— I'(ToBN ™S (TeB) © TBHY F(Te(B) © TB) ™% r(TeB)— 0.

By using the following isomorphisms

Io: I'(TeB) — 2°%B; R?), [Io(U)) =U',
I,: T (TeB) @TB) — 2'(B; R, [I(F)], =F",
I, : I'(Te(B) ® TB) — 2%(B; RY), [I,(F) jx = eskLF'E,

I3: T (Te(B) — 2°(B; R?), [I3(U)] 123 = U,
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one concludes that the following diagram commutes.

0— I'(ToB) ™ I(Te®B) © TBY I (To®B) © TB ™% r(Te(B) — 0

L

0— 20(B; R} —1 21(B; R3) — L 22(B; R?) — L= @3B, R} — 0

The above isomorphisms also induce an isomorphism H’éCD(B) ~ 69?: le rDB),
where HléCD (B) is the k-th cohomology group of the GCD complex. Let {E;} and
{e;} be two copies of the standard basis of R?. For F € I'(T¢(B) ® TB), and
n=rn'e; € 82, let 77).1 =n' FYE; € X(B). Then, one can write

1,(F) = (zk(?)el) , zk(ﬁz) , zk(?)%)), k=1,2.

Let (F,Y) := F'Y!e;. The above relations for the GCD complex allow one to
obtain the following results that can be proved similarly to Theorems 2 and 3.

Theorem 5. Given F € I'(To(B) ® TB), there exists U € I' (T ¢(B)) such that
F = Grad U, if and only if

Curl' F =0, and /(F, t))dS =0, VecCB.
4

Moreover, there exists W € I'(To(B) ® TB) such that F = Curl"w, if and only
if

DivF =0, and /(F, Ne)dA =0, ¥C C B.
C

Remark 6. Note that for writing the GCD complex, only S needs to be flat and
admit a global orthonormal coordinate system. This observation is useful for deriv-
ing a complex for motions of 2D surfaces (shells) in R?. By using the natural
isomorphism b : X(B) — £2'(B) induced by G and the Hodge star operator
%1 2K(B) - 2" *(B), where n = dim B3, one can write

I1(F) = ((Fdx")), (F(dx)", (F(dx*)"),
Iy(F) = (% (F(dx")", #(F(dx*))", #(F (dx*))").
2.1.2. Complexes for 2-manifolds Let B C R? be a 2-manifold and suppose

{X'} is the Cartesian coordinate system. For 2-manifolds, instead of curl”, we
define the operator

¢: N(QTB) - X(B), («(T) =77, -1,
that satisfies ¢ o grad = 0. Also consider the following isomorphisms
Jo: X(B) > 2°(B; RY), oM =8iY",
J1: T(@°TB) > 2'(B;RY), (D)) =8T",
J2: X(B) —> 2*(B:RY), 2] 12 =8 Y.
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It is straightforward to show that the following diagram commutes.

grad ¢

0 xX(B) I'(R°TB) X(B) 0

lm ljl Jn 2.6)

0— 20(8; R?) -5 21(B; R?) -5 22(B; R?) — 0

The complex in the first row of (2.6) is called the gc complex. This diagram implies
that ch (B) ~ 691'2:1H§ g (B), where H’éc (B) is the k-th cohomology group of the
gc complex and we obtain the following result.

Theorem 7. A tensor T € I'(Q>TB) on a 2-manifold B C R? is the gradient of a
vector field if and only if

e(T) =0, and /(T, t)dS =0, ¥t C B.
14

For 2-manifolds, we can write a second complex that contains div. In an
orthonormal coordinate system {X ! }, the codifferential operator y : Qk(B) —
k=1(B) reads

OBty =—Binni_1,J-

We have 6 o § = 0, that gives rise to the complex (£2(5), §) with the cohomology
groups H]C‘O (B) := ker 8 /im 8;41. Using the Hodge star operator % : 2%(B) —
2"k (B), it is straightforward to show that H’C‘O(B) ~ HZ;]‘ (B). One can also write
the complex (Q (B; Rz), 6), where o = ((Stxl, 8«2). By defining the operator

s:X(B) — I'(@TB), W) =s"v"H v,
one obtains the following diagram.

0 x£B) 2 r(®TB) +— X(B) 0

l—lo ln ln (2.7)

04— Q0(B: R2) < Q1(B: R?) - 22(B: R?) +— 0

We call the first row of (2.7) the sd complex and denote its homology groups by
HE4(B). We have HE((B) ~ @7 H) 2" (B). Let {E;} be the standard basis of R?
and let N, be a unit vector field along a closed curve ¢, which is normal to the
tangent vector field ¢, such that {¢,, N} has the same orientation as {E{, E;} does.
The following theorem is the analogue of Theorem 7 for the sd complex.

Theorem 8. On a 2-manifold B C R?, there exists Y € X(B) for T € I'(®*TB)
such that T = s(Y), if and only if

divT =0, and /(T, Ny)dS =0, Ve C B. 2.8)
l
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Proof. We know that T = s(Y), if and only if j;(T) = 8(j,(Y)), if and only
%
if (TEI)b = 8Y!, I = 1,2. The Hodge star operator induces an isomorphism
between the cohomology groups of (£2(B), d) and (£2(B), §), and therefore, the last
PP : TFooNb (LD I L 2 11
condition is equivalent to x( Tg,)” = (TEI) =dY’, where TE1 =(T'*,-T""),
I =1,2. Since G(?EL,’ ty) = G(?EI, Ny), one obtains (2.8). O
Next, suppose that ¢ : B — R? is a smooth mapping and let {x’} be the Carte-

sian coordinates of R? with {e;} being its standard basis. Consider the following
isomorphisms

Jo: T'(TeB) — 2°(B; RY), [(Jo)] = U,
J1: T (TeB) ® TB) — 2'(B: R?), [J1(F)];=F",
J2: T(TeB)) — 2*(B; RY), [J2(U)])'1p = U,

together with the operators

C:I(TeB)@TB) — I'(Te(B)),  (C(F)' = F?1~F'y,
S:I(TeB) — M TeB)®TBH),  (SW)' =s"U"»—s"U" 1.
Replacing jq, Ji. J2, €, and s with Jo, J1, J2, C, and S, respectively, in dia-
grams (2.6) and (2.7) gives one the corresponding diagrams for two-point tensors.

The associated complexes are called the GC and the SD complexes and one has
the following result.

Theorem 9. Let ¢ : B — R? be a smooth mapping and F € I'(To(B) ® TB).
We have F = Grad U, if and only if

C(F)=0, and /(F, t))dS =0, V¢ C B.
12
Moreover, we can write F = S(U), if and only if
Div F =0, and /(F, N¢)dS =0, Ve C B.
L

As was mentioned earlier, the complexes for two-point tensors do not require
B to be flat. This allows one to obtain a complex describing motions of 2D surfaces
(shells) in R3. Let (B, G) be a 2D surface in R with an arbitrary local coordinate
system {X’},7 = 1,2,andlet {x’}and {e;},i = 1, 2, 3, be the Cartesian coordinates
and the standard basis of R, respectively. The local basis for 783 induced by {X'}
is denoted by {E;}. Suppose ¢ : B — R3 is a smooth mapping and consider the
following isomorphisms

Jo: [(Te(B) — 2°%B; R?), Jo) =U',
J1: T (TeB)RTB) — 2Y(B; R,  [J1(F); =G F7,
b T(Te(B) — 2*(B; RY), B U)) 12 = /det G, U,
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where G are the components of G and det G is the determinant of the matrix
[Glax2. Let G!7 be the components of the inverse of [G;]2x2. We define the
operators Grad : I'(To(B)) — I'(Te(B) @ TB) and C : I'(Te(B) @ TB) —
I(Te(B)) by

(G2KFiK),1 - (GlKFiK),z
JdetGyy '

Using the above operators, one obtains the following diagram for the GC complex.

(GradU)!! = G''U' ;, (C(F))' =

0— I'(TeB) ¥ r'(TeB) @ TB) -% I'(Te(B) — 0

L

0 — 20(8; R}) —— 21(B; R} —1— Q2(B; R?) — 0
Thus, the following result holds.

Theorem 10. Let B be a 2D surface and let ¢ : B — R3 be a smooth mapping.
Then, F € I'(Te(B) ® TB) can be written as F = Grad U, if and only if

C(F) =0, and /(F, t)dS =0, Yt C B,
0

where (F, t¢) = G F (to) e;.

2.2. Complexes Induced by the Calabi Complex

A differential complex suitable for symmetric second-order tensors was intro-
duced by CaLABI [8]. It is well-known that the Calabi complex in R? is equivalent
to the linear elasticity complex [12]. In this section, we study the Calabi complex
and its connection with the linear elasticity complex in some details. As we will
see later, this study provides a framework for writing the nonlinear compatibil-
ity equations in curved ambient spaces and comparing stress functions induced
by the Calabi complex with those induced by the ged or the GCD complexes.
Moreover, the Calabi complex provides a coordinate-free expression for the linear
compatibility equations.

The Calabi complex is valid on any Riemannian manifold with constant
(sectional) curvature (also called a Clifford-Klein space). These spaces are
defined as follows: let V be the Levi-Civita connection of (53, G) and let X; €
X(B),i =1,...,5. The curvature R and the Riemannian curvature R induced
by G are given by R(X1, X2)X3 = Vx,Vx, X3 — Vx,Vx, X3 — V[x, x,)X3, and
R(X1, X2, X3, X4) = G(R(X1, X2) X3, X4). Let X' x be a 2-dimensional subspace
of TxB and let X|, X, € X x be two arbitrary linearly independent vectors. The
sectional curvature of X x is defined as

R(X1, X2, X2, X1)
(G(X1,X1)G(X2, X2))* — (G(X1,X2))?

K(Zx) =
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Sectional curvature K (X x) is independent of the choice of X; and X; [10]. A
manifold 5 has a constant curvature k € R if and only if K(Xx) =k, VX € B
and VX x C TxB. If B is complete and simply-connected, it is isometric to: (i) the
n-sphere with radius 1/ Jk, if k > 0, (i) R?, if k = 0, and (iii) the hyperbolic
space, if k < 0 [20]. An arbitrary Riemannian manifold with constant curvature
is locally isometric to one of the above manifolds depending on the sign of k. For
example, the sectional curvature of a cylinder in R3 is zero and the cylinder is locally
isometric to R2. Discussions on the classification of Riemannian manifolds with
constant curvatures can be found in [30]. One can show that (53, G) has constant
curvature k if and only if

R(Xi, X2)X3 = k(G (X3, X2) X1 — G(X3, X1)X2). (2.9

Similar to the de Rham complex, the Calabi complex on n-manifolds terminates
after n non-trivial operators. For n = 3, these operators are: the Killing operator
Dy, the linearized curvature operator D1, and the Bianchi operator D».

The first operator in the Calabi complex on (B, G) is the Killing operator
Do : X(B) — I'(S2T*B) defined as

1
(Dol (X1, Xo) = 5 (G(X1, Vi U) + G(Vx U, X))

Note that DgU = 1Ly G, where Ly is the Lie derivative. The kernel of D coincides
with the space of Killing vector fields @ () on B.> If an n-manifold B is a subset
of R” with Cartesian coordinates {X’},any U € ®(B)at X = (X!,..., X") e R"
can be written as U(X) = v+ A - X, wherev € R", A € so(R") := {A € R"*" :
A+ AT = 0}, with R"*" being the space of real n x n matrices.® Therefore, we
conclude that dim ®(B) = n(n + 1)/2.

The second operator of the Calabi complex can be obtained by linearizing the
Riemannian curvature. Let A be a Riemannian metric on B and let V4 and R4 be
the corresponding Levi-Civita connection and Riemannian curvature, respectively.
The tensor R4 has the following symmetries.

RAX 1, X2, X3, X4) + RA(X2, X3, X1, Xo)+RA(X3, X1, X2, X4)=0,(2.10)
RAX1, X2, X3, X4) = —RAX2, X1, X3, X4)
= —RA(X1, X2, X4, X3). 2.11)

Equivalently, the components R‘I“l Ll of RA satisfy

A A A —
R11]21314 + R12131114 + RI3111214 - 0’

A _ A — A
R11121314 - _R12[11314 - _R111214I3'

SA Killing vector field U € ©(B) is also called an infinitesimal isometry in the sense
that its flow FIU induces an isometry Flf] =RV (t,): U cCB— B[l0].

6 This implies that ® (B) is isomorphic to euc(R™), which is the Lie algebra of the group
of rigid body motions Euc(R™).
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The identity (2.10) is called the first Bianchi identity. The above symmetries imply
that R4 has n2(n? — 1) /12 independent components [27]. The relations (2.10) and
(2.11) also induce the symmetry

RAX1, X2, X3, Xa) = RA(X3, X4, X1, X2), (2.12)

that is Rﬁlzlau = Rglullz' Forn = 2,3, (2.11) and (2.12) determine all the
symmetries of ’RA, and therefore, the space of tensors with the symmetries of
the Riemannian curvature is I"(S2(A2T*B)).” Let e € I'(S>T*3) be an arbitrary
symmetric (2) -tensor. The linearization of the operator A > RA is the linear
operator 1 : I'(S>T*B) — I'(S*(A>T*B)) defined by r(e) := 4| _ R4
[13,14]. One can write

2rt(e)(X1, X2, X3, X4) = LA(e)(X1, X2, X3, X4)
+e(RA(X1,X2)X3, X4) —e(RA(X 1, X2) X4, X3),
with

LA@ (X1, X2, X3, Xa) = (V4, Vi e) (X2, Xo) +(V4, Vi, e) (X1, X5)

- (Vgl V§4e) (X27 X3) _(V§2V§38) (Xv]7 X4)

- (vg‘;2 X}e) (X2, X4) — (vg}/2 X4e) (X1, X3)
1 2
+ (vg‘A X, )(Xz,X%)-i-( v X; )(Xl,x4),

where VAT for (2)-tensor T is defined as

(v;}OT) (X1, X)) = Xo(T(X1,.... X0)
—ZT(Xl,.. VXL Xp).

Note that r4 (e) inherits the symmetries of the Riemannian curvature. If (B, G) has
constant curvature k, by usmg (2.9), one obtains the operator Dy : I” (S2T*B) —
I'(S2(A2T*B)), D; := 2rG, which can be written as

(Die)(X1, X2, X3, X4) = LC(e)(X1, X2, X3, X4)
+h{G (X2, Xe(X1, X9) = GX 1, X3)e(Xa, Xo)

—G(X2, Xy)e(X1, X3) + G(X1, Xy)e(X2, X3)}. (2.13)

7 Tensors in I'(S2(A2T*B)) have (n> — n + 2)(n% — n)/8 independent components.
For n = 4, (2.11) and (2.12) do not imply (2.10), and thus, tensors with the symmetries
of the Riemannian curvature belong to a subspace of I" (SZ(AZT*B)). If T*B is induced
by a representation, that is it is a homogeneous vector bundle corresponding to an irre-
ducible representation, the representation theory provides some tools to specify tensors with
complicated symmetries such as those of the Riemannian curvature [5,25].
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One can show that D; o Dy = 0. The Calabi complex for a 2-manifold 5 reads

0— X(B) 2% 1(S2T*B) =5 ['(S2(A2T*B)) — 0. (2.14)

The last non-trivial operator of the Calabi complex for 3-manifolds is defined
as follows: let I"(V>T*B) be the space of (g)-tensors such that h € I'(V3T*B)
admits the following symmetries.

h[112131415 - _h12[1[31415 = _h11131214157
hnniants Y hnnunis +hnnnns =0,

hiibibils = —hnphils = —hnbiisis

that is, / is anti-symmetric in the first three entries and has the symmetries of the
Riemannian curvature in the last four entries. For n = 3, h has 3 independent
components that can be represented by /12323, 721313, and h31212. The operator
D, : I'(S>(A2T*B)) — I'(V3T*B) is defined by

(D28)(X1, ..., X5) = (Vx,5) (X2, X3, X4, X5)
+ (Vx,s) (X3, X1, X4, X5) + (Vx;5) (X1, X2, X4, X5).

By using D, the second Bianchi identity for the Riemannian curvature R can be
expressed as D2(R) = 0. We have D> o D1 = 0. Thus, the Calabi complex on a
3-manifold B is written as

0 — X(B) 2% [(S2T*B) =5 I'(S2(A2T*B)) > I'(VST*B) — 0. (215

CaLABI [8] showed that there is a systematic way for constructing operators D;,
2 < i £ n — 1, for n-manifolds. Let H’é(B) := kerDy/imD;_; be the k-th
cohomology group of the Calabi complex. CALABI [8] also showed that the Calabi
complex induces a fine resolution of the sheaf of germs of Killing vector fields.
Thus, the dimension of ® (1) determines the dimension of H]é (B). In particular, if
an n-manifold B C R” has finite-dimensional de Rham cohomology groups, one
can write

nn+1)

dimHY ,(B) = Tbk(B). (2.16)

dim H..(B) = ”(”T“)

Next, we separately consider 2- and 3-submanifolds of the Euclidean space.
2.2.1. The Linear Elasticity Complex for 3-manifolds Let B C R be an open

subset and let G and {X'} be the Euclidean metric and the Cartesian coordinates
of R3, respectively. Consider the following operator

grad’ : X(B) — I'(S*TB), (gradSY)” = % (YIJ + YJ,,) :

It is straightforward to show that curl o curl o grad®* = 0. If T € I (S2TB), then
curl o curl 7 is symmetric as well. Therefore, one obtains the following operator

curlo curl : I'(S’TB) — I'(S*TB), (curlocurl T = e;xresmunTEN k.
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We have div o curl o curl = 0. Let ¢ : X(B) — X(B) be the identity map. The
global orthonormal coordinate system { X} allows one to define the following three
isomorphisms:

1 : I'(S?’TB) — I'(S*’T*B), (11(T)),;; =T,

the isomorphism 5 : I'(S?TB) — I'(S?(A>T*B)) defined by

(203 =T, ((1))3105 =T, (@(T)) 1203 =T,

@TN1313=T2 @@z =T, @[T =T,
and 13 : X(B) — I'(V>T*B)) given by

GE s =Y, GEaz =Y GE)3nn =Y
Simple calculations show that
tyograd® =Dgoty, tpocurlocurl =Djoty, t30div=D; o0y,

and therefore, the following diagram commutes.

curlocurl div

dS
0— XB)ES (827 B) M 1 (s27B) x(B) 0

ll() J'll J'tz JB (217)

D D D
0 — X(B) —> I'($2T*B) — I'(S2(A2T*B)) —> ['(VST*B) — 0

The first row of (2.17) is the linear elasticity complex. Therefore, we observe that
useful properties of this complex follow from those of the Calabi complex. In
particular, (2.16) implies that the dimensions of the cohomology groups Hlfss (B)
of the linear elasticity complex are given by

dim H}5(B) := dim (ker curl o curl/im grad®) = 6b; (B),
dim H2E3 (B) := dim (ker div/im curl o curl) = 6b,(B).

We should mention that it is possible to calculate the cohomology groups of the lin-
ear elasticity complex without explicitly using its relation with the Calabi complex
[18]. Note also that the Calabi complex is more general than the linear elasticity
complex in the sense that the Calabi complex is valid on any Riemannian mani-
fold with constant curvature. However, the linear elasticity complex is only valid
on flat manifolds that admit a global orthonormal coordinate system. YAVARI [31,
Proposition 2.8] showed that for T € I'(S?T B), there exists Y € X(13) such that
T = grad’Y, if and only if

curlocurl 7 =0,

1] ykopll | mJK J_
/Z[T XK -1 ,,)] ax’ =o, .18

/K(T”{, —T“{,) dxk =0, ve c B.
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Let N be the unit outward normal vector field of an arbitrary closed surface C C 5.
GURTIN [17] showed that the necessary and sufficient conditions for the existence
of curl o curl-potentials for T are

divT = 0,/(T, Ne)dA = 0,/ ex17 X T'H(No)EdA =0, VC C B. (2.19)
C C

2.2.2. The Linear Elasticity Complex for 2-manifolds Next, suppose B C R?
is a 2-manifold and let {X'} be the Cartesian coordinates of R2. Let

D : ['(S2TB) — C®°(B), D.T =T 5 —2T'2 1, + T2 ;.

Then, we have D, o grad® = 0. Also consider isomorphisms Y, Y1, and Y, that
are defined as follows: Yo : ¥(B) — X(B) and v, : I'(S2TB) — I'(S*T*B) are
defined similarly to to and ¢; for 3-manifolds and Y5 : C®(B) — I'(S2(A*T*B)),
(Y2(f))1212 = f. Using these operators, one obtains the following diagram.

& :
0—xXBES rs2rB) — 2 c®B) ——0

JVO J/YI JYz (220)

0—XB) 2% 21 B) 25 1(s2(A2T*B)) — 0

Therefore, (2.16) implies that the dimension of the cohomology group H 22(3) =
ker D./im grad® is 351 (B). Moreover, the necessary and sufficient conditions for
the existence of potentials induced by grad® for T € I'(S>TB) is D.T = 0,
together with the integral conditions in (2.18). For 2-manifolds, it is also possible
to write the complex

0— C®(B) 2 rs21B) W x(8B) — 0, 2.21)

where (D, /)1 = f 2, (D H? = —f12, and (D, )2 = f.11. The kernel of D;
is 3-dimensional, which suggests that the dimension of H}Ez’ (B) := kerdiv/im Dy,
is 3b1 (B). By replacing C with arbitrary closed curves £ in (2.19), one obtains the
necessary and sufficient conditions for the existence of Ds-potentials.

3. Some Applications in Continuum Mechanics

Let B C R", n = 2, 3, be a smooth n-manifold. Note that 3 can be unbounded
as well. For 3-manifolds, the linear elasticity complex (2.17) describes both the
kinematics and the kinetics of deformations in the following sense [22]: if one con-
siders X(B) as the space of displacements, then grad® associates linear strains to
displacements, I"(S>T B) is the space of linear strains, and curl o curl expresses the
compatibility equations for the linear strain. On the other hand, one can consider
I'(S2TB) as the space of Beltrami stress functions and consequently, curl o curl
associates symmetric Cauchy stress tensors to Beltrami stress functions, and div
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expresses the equilibrium equations. We observed that for 2-manifolds, the kine-
matics and the kinetics of deformation are described by two separate complexes:
The former is addressed by the complex (2.20) and the latter by the complex (2.21).

Let a smooth embedding ¢ : B — S = R3 be a motion of B in S. Let
C = ¢*g € I'(S*’T*B), and F := T¢ be the Green deformation tensor and
the deformation gradient of ¢, respectively. Also suppose 0 € I’ (R*Tp(B)),
P e I'Tp(B)  TB), and S € I'(®°TB) are the Cauchy, the first, and the
second Piola—Kirchhoff stress tensors, respectively. If o is symmetric, then the last
two operators of the linear elasticity complex on (¢(B), g) address the existence
of Beltrami stress functions and the equilibrium equations for . The first operator
in this complex does not have any apparent physical interpretation. If o is non-
symmetric, then the last two operators of the ged complex on (¢(B), g) describe
the kinetics of ¢. The operator curl associates stress functions induced by curl’
to o and div is related to the equilibrium equations. Similar conclusions also hold
for S if one considers the linear elasticity complex and the gcd complex on the flat
manifold (B, C).

On the other hand, by using P, one can write a complex that describes both
the kinematics and the kinetics of motion. Let U € I'(T ¢(B)) be the displacement
field defined as U(X) = ¢(X) — X € Tyx)S, VX € B.83 Then, Grad U is the
displacement gradient and Curl’ expresses the compatibility of the displacement
gradient. On the other hand, we can assume that Curl" associates stress functions
induced by Curl" to the first Piola—Kirchhoff stress tensor, and that Div expresses
the equilibrium equations. Hence, the GCD complex is the nonlinear analogue of
the linear elasticity complex in the sense that both contain the kinematics and the
kinetics of motion simultaneously. Note that the linear elasticity complex is not
the linearization of the GCD complex. In particular, the operator curl o curl is
obtained by linearizing the curvature operator, which is related to the compatibility
equations in terms of C and not the displacement gradient.

In the following, we study the applications of the above complexes to the non-
linear compatibility equations and the existence of stress functions in more details.
Classically, the linear and nonlinear compatibility equations are written for flat
ambient spaces. We study these equations on ambient spaces with constant curva-
tures as well.

3.1. Compatibility Equations

We study the nonlinear compatibility equations for the cases dim B = dim S,
and dim B < dim S (shells), separately. It is well-known that compatibility equa-
tions depend on the topological properties of bodies, see [31] and references therein
for more details. More specifically, both linear and nonlinear compatibility equa-
tions are closely related to b1 (3). The nonlinear compatibility equations in terms of

8 Displacement fields are usually assumed to be vector fields on B. The choice of
I'(To(B)) instead of X(B) is equivalent to applying the shifter TxB — Ty x)S to ele-
ments of X(B), see [24, Box 3.1].
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the displacement gradient (or equivalently F') directly follow from the complexes
we introduced earlier for second-order tensors.

3.1.1. Bodies with the same Dimensions as the Ambient Space Suppose
dim 5 = dim S. Since motion ¢ : B — S is an embedding, it is easy to observe
that the Green deformation tensor C = ¢*g is a Riemannian metric on 5. The
mapping ¢ is an isometry between (B, C) and (¢(B), g). Thus, the compatibil-
ity problem in terms of C reads: Given a metric C on B, is there any isometry
between (B, C) and an open subset of S? Note that a priori we do not know
which part of S would be occupied by B. This suggests that a useful compatibility
equation should be written only on 5. Let R® and R# be the curvature and the
Riemannian curvature of (S, g) that are induced by the Levi-Civita connection V&,
Let X1, ..., X4 € X(B). By using the pull-back ¢* and the push-forward ¢,, one
concludes that the linear connection V& on T'S induces a linear connection ¢*V#
on TB givenby (¢*V8)x X2 = ¢* (V(i X P X 2). The definition of the Levi—Civita
connection V& implies that

C(X3, (@*VE)x, X2) = g X3, Vi y ¢:X2)

1
= > {x2 €cxi X3 + X1 €5 x2) - X3 (€1 X2)

- C([X2, X3], Xy) —C([X17X3],Xz)—C([Xz,Xl],X3)},

and therefore, ¢* V8 coincides with the Levi-Civita connection V€ on (B, C).Since

@ R®)(X1, X2) X3 = 0" (R® (0 X1, 0+ X2)9: X3)
C oC C oC C
= VleXzX3 o VXZVX1X3 o v[leXz]X3’

we also conclude that ¢* R# is the curvature R Cof (B, C) induced by VC. There-
fore, if ¢ : B — & is an isometry between (B, C) and (¢(B), g), then we must
have

RE (X1, X2, X, Xa) = RE (0 X1, 0: Xo, 0: X3, 01 Xa), (3.1)

where R is the Riemannian curvature of (B, C). It is hard to check the above
condition on arbitrary curved ambient spaces. However, if S has constant curva-
ture, (3.1) admits a simple form. The following theorem states the compatibility
equations in terms of C on an ambient space with constant curvature.

Theorem 11. Suppose dim B = dim S, and (S, g) has constant curvature k IfC
is the Green deformation tensor of a motion ¢ : B — S, then (B, C) has constant
curvature k as well, that is C satisfies

R (X1, X2) X3 = kKC (X3, X2)X| — KC(X3, X)) Xo. (3.2)

Conversely, if C satisfies (3.2), then for each X € B, there is a neighborhood
Ux C Bof X and a motion ¢x : Ux — S, with Cly, being its Green deformation
tensor. Motion @y is unique up to isometries of S.
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Proof. If C = ¢*g, then by using R¢ = ¢*R#, and (2.9), one obtains (3.2).
Conversely, consider arbitrary points X € B and x € S and let {E}} and {e]} be
arbitrary orthonormal bases for Tx B and 7S, respectively. Choose the isometry
i: TxB — T.S such that i(E}) = e]. Then, by using a theorem due to CARTAN
[10, page 157] and (3.2), one can construct an isometry ¢x : Uy — ¢x(Ux) C S,
in a neighborhood Uy of X such that Ty@x = i. This concludes the proof. O

Remark 12. Theorem 11 implies that there are many local isometries between
manifolds with the same constant sectional curvatures. Formulating sufficient con-
ditions for the existence of global isometries between arbitrary Riemannian mani-
folds is a hard problem. AMBROSE [1] derived such a condition by using the parallel
translation of Riemannian curvature along curves made up of geodesic segments. In
particular, his result implies that (3.2) is also a sufficient condition for the existence
of a global motion ¢ : B — S, if B3 is complete and simply-connected. For the flat
case B C & = R", Yavari [31] derived the necessary and sufficient conditions for
the compatibility of C when B is non-simply-connected.

Remark 13. The symmetries of the Riemannian curvature determine the number
of compatibility equations induced by (3.2), that is, the number of independent
equations that we obtain by writing (3.2) in a local coordinate system. Thus, the
number of compatibility equations in terms of C only depends on the dimension of
the ambient space and is the same as the number of linear compatibility equations
induced by the operator Dj in the Calabi complex.

Next, suppose B C S = R”, n = 2,3, and let {X'} and {x?} be the Cartesian
coordinates of R”. Any smooth mapping ¢ : B — R” induces a displacement
field U € I'(To(B)) given by U(X) = ¢(X) — X. One can use the GCD and the
GC complexes for writing the compatibility equations in terms of the displacement
gradient. Note that ¢ is assumed to be specified for writing the above complexes. Let
T € 2°B; R%) and k € 2'(B; R*). If k = dY, then I7' (k) = Grad I, (T),
where I, "(r)and 1 1_1 (k) are two-point tensors over any arbitrary smooth mapping
. In particular, by using the linear structure of R3, one can choose ¢ to be ¢(X) =
X + Y (X). Thus, we obtain the following theorem, cf. Theorems 5 and 9.

Theorem 14. Given k = (k', ..., k") € 2V(B; R") on a connected n-manifold
B C R", there exists a smooth mapping ¢ : B — R" with displacement gradient
III(K) (or Jfl(lc) ifn =2)if and only if

dk =0, and /lc(tg)dS =0, V¢CB.
14

The mapping ¢ is unique up to rigid body translations in R".

Remark 15. This theorem does not guarantee that the displacement gradient is
induced by a motion of B, that is ¢ is not an embedding, in general. For example,
consider the mapping depicted in Fig. 1 which is not injective. This mapping is a
local diffeomorphism, its tangent map is bijective at all points, and its displacement
gradient satisfies the above condition. Also note that in contrary to Theorem 11, ¢
is unique only up to rigid body translations and not rigid body rotations. This is a
direct consequence of the fact that H2 r(B) ~ R, for any connected manifold B.
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Fig. 1. A mapping with a compatible displacement gradient, which is not an embedding

If H; & (B) is finite dimensional, then the integral condition in the above theorem
merely needs to be checked for a finite number of closed curves and Theorem 14 is
equivalent to Proposition 2.1 of [31]. In contrary to the compatibility equations in
terms of C, by using the notion of displacement, we are explicitly using the linear
structure of R” for writing the compatibility equations in terms of the displacement
gradient.

Remark 16. The Green deformation tensor does not induce any linear complex
for describing the kinematics of ¢. Let (S, g) have constant curvature K and let
C(B, S) and I'y (S*T*B) be the spaces of smooth embeddings of B into S and
Riemannian metrics on B, respectively. Consider the operators Dy, : C(B,S) —
Ty (S?T*B), Dy(p) := ¢*g, and Dg : Iy (S?T*B) — I'(S>(A*T*B)) given
by

(Dr(O)) (X1, X2, X3, Xy) = RE (X1, X2, X3, Xu)
—KC(X3, X)C (X1, X3) +KC (X3, X1)C(X2, Xy).

The compatibility equation (3.2) implies that Dg o Dj; = 0. However, note that
the sequence of operators

D D
C(B.S) — My (S2T*B) —— '(S2(A2T*B)), (3.3)
is not a linear complex as the underlying spaces and operators are not linear.’
The operator curl o curl of the linear elasticity complex is related to the nonlinear
compatibility equations in terms of C. Note that the kinematics part of this complex
is not the linearization of the kinematics part of the GCD complex.

3.1.2. Shells Let (S, g) be an orientable n-manifold with constant curvature k.
We will derive the compatibility equations for motions of hypersurfaces in S, that
is motions of (n — 1)-dimensional submanifolds of S. We first tersely review some
preliminaries of submanifold theory, see [10,28] for more details. Suppose (B, G)
is a connected orientable submanifold of S, where G is induced by g. Let V and
V& be the associated Levi-Civita connections of B and S, respectively, and let
X1, ..., X4 € X(B). We have the decomposition TxS = TxB® (TxB)*,VX € B,
where (TxB)+ is the normal complement of Ty 53 in T'S. Any vector field X; on 5

9 The complex (3.3) was suggested to us by Marino Arroyo.
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can be locally extended to a vector field X; on S and we have Vy, X, = (V)%f(z)T,
where T denotes the tangent component. The second fundamental form B of B
is defined as B(X), X») = V)%XQ — Vx,Xp. Let X € I'(TB*) =: X(B)*. The
shape operator of 3 is a linear self-adjoint operator S : TB — T defined as
G(Sx (X)), X2) = g(B(X1, X2), X). One can show that (V;’;}QC)T = —S(X)). It
is also possible to define a linear connection V+ on T+ by V§K_| X = (V;?l )N,

where N denotes the normal component. The normal curvature R+ : X(B) x
X(B) x X(B)t — X(B)* is the curvature of V. One can show that the following
relations hold:

RE(X1, X2, X3, X4) = R(X1, X2, X3, X4)

+2(B(X1, X3), B(X2, X))—g(B(X1, X4), B(X2,X3),  (3.4)
G([Sy, Sx1X1, X2) = g(R8 (X1, X)X, Y) — g(R(X1, X)X, Y), (3.5
gREX1, X)X3,%0 = (Vx, B) (X2, X3, X) — (Vi B) (X1, X3,00),  (3.6)

where X(,Y € X(B)*, [Sy, Sx] = Sy o0 Sx — Sy 0 Sy, and B(X}, X2, X) =
g(B(X1, X3), X), with

(Vx,B)(X2, X3, X) = X (B(X2, X3.X)) — B(Vx, X2, X3,X)
— B(X2, Vx, X3, X) — B(X2, X3, Vi, X).

The Egs. (3.4), (3.5), and (3.6) are called the Gauss, Ricci, and Codazzi equa-
tions, respectively. These equations generalize the compatibility equations of the
local theory of surfaces. Let dim S — dim B = 1. By using (2.9) and the fact that
the second fundamental form of hypersurfaces can be expressed as B(Xj, X3) =
g(B(X1, X2), N)N, where N is the unit normal vector field of B, the Gauss equa-
tion can be written as

R(X1, X2, X3, X4) + G(SNX3, X1)G(SNX4, X2)
— G(SnX4, X1)G(SNX3, X2) +kG(X 1, X3)G(X2, X4)
~kG(X1,X4)G(X2,X3) = 0.

For hypersurfaces in an ambient space with constant curvature the Ricci equation
becomes vacuous and the Codazzi equation simplifies to read

Vx(SN(X2)) — Vx(Sn(X1)) = Sn([ X1, Xa]).

Let ¢ : B — S be an orientation-preserving isometric embedding and let X; =
X1 € X(¢(B)). The extrinsic deformation tensor @ € I"'(S>T*B) is defined as
0(X1, X») := g(B(X1, X»), N), where B is the second fundamental form of the
hypersurface ¢(B) C S with the unit normal vector field N and the induced metric
g = glyB)- Let C = ¢* g be the Green deformation tensor. The pull-back of the
Gauss equation on (¢ (), g) by ¢ reads

RE (X1, X2, X3, Xs) + 0(X1, X3)0(Xa, X4) — 0(X1, X2)0(X2, X3)

~ ~ 3.7
+kC(Xy, X3)C (X2, X4) —kC(X1, X4)C (X2, X3) =0.
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y &2 4

Fig. 2. Two isometric embeddings of a plane into R3. The resulting surfaces are cylinders
with different radii and both motions have the same Green deformation tensor C

The pull-back of the Codazzi equation on (¢(B), g) by ¢ reads
(v6.0) e x3) = (VE,0) (X1, Xo), (3.8)

that is the (§)-tensor V@ defined by (V€0) (X1, Xz, X3) := (Vglﬂ) (X2, X3), is
completely symmetric.

The compatibility problem for motions of hypersurfaces in terms of C and @ can
be stated as follows: given a metric C € I"(S>T*B) on B and a symmetric tensor
0 € I'(S>T*B), determine the necessary and sufficient conditions for the existence
of an isometric embedding ¢ : B — S such that C = ¢*g, and 6 (X1, X3) =
g(B(X1, X»), N). The reason for including @ in the compatibility problem is that
we want surfaces with identical deformation tenors to be unique up to isometries
of the ambient space. This criterion cannot be satisfied if we only consider C.
For example, consider isometric deformations of a plane in R? into portions of
cylinders with different radii as shown in Fig. 2. All these motions induce the same
C, but obviously cylinders with different radii cannot be mapped into each other
using rigid body motions in R3. The above discussion together with some standard
results of submanifold theory (for example see [19, Chapter 2] or [21]) give us the
following theorem.

Theorem 17. Suppose S is a complete, simply-connected n-manifold with constant
curvature and B is a connected hypersurface in S. The deformation tensors C and
0 induced by an embedding ¢ : B — S satisfy (3.7) and (3.8). Conversely, if a
Riemannian metric C on B and a symmetric tensor @ € I'(S>*T*B) satisfy (3.7)
and (3.8), for each X € B, there is an open neighborhood Uy C B of X and a local
embedding ¢x : Ux — S, such that Cy, and 0y, are the deformation tensors
of px. The embedding ¢x is unique up to isometries of S.

If B is also simply-connected, then (3.7) and (3.8) imply that there exists a global
embedding ¢ : B — &, which is unique up to isometries of S [28]. The relations
(3.7) and (3.8) generalize the classical compatibility equations of 2D surfaces in
R3 discussed in [11].

One can exploit the GC complex for writing the compatibility equations for
motions of shells in R? in terms of the displacement gradient. Using the same
notation used in Theorem 10, the upshot can be stated as follows.
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Theorem 18. Suppose B C R3 is a connected 2D surface. Given k =
(!, k2, Kk3) € 2YB; R3), there is a smooth mapping ¢ : B — R3 with dis-
placement gradient J 1_1 (k) if and only if

di =0, and /K(t/g)dS =0, V¢ C B.
¢

The mapping ¢ is unique up to rigid body translations in R3.

It is straightforward to extend the above theorem to hypersurfaces in R”. Also
note that a discussion similar to Remark 15 shows that the mapping ¢ in Theorem
18 is not necessarily an embedding and unlike Theorem 17, ¢ is unique only up to
rigid body translations in R3.

3.1.3. Linearized Elasticity on Curved Manifolds TheoperatorD; : I'(S 2T*B)
— I'(S%(A%T*B)) in the Calabi complex expresses the compatibility equations
for the linear strain on the n-manifold (53, G) with constant curvature k. Note that
D; is obtained by linearizing the Riemannian curvature, and therefore, it is related
to the compatibility equations for C. Next, we write D in a local coordinate sys-
tem. To simplify the calculations, we use the normal coordinate system {X} in
the following sense: At any point X of B, there is a local coordinate system {X}
centered at X such that Vg, E; = 0, at X, where V is the Levi-Civita connection
and {E;} is the local basis induced by {X’} for 7B, which is orthonormal at X
[20]. The Cartesian coordinate system of R" is a global normal coordinate system
for the Euclidean space. Let e € I'(S 27*1). In a normal coordinate system {X}
at X, it is straightforward to verify that

(Ve,Vege) (Ej, EL) = E; (Ex (e(Ej, EL))) — Ef(e(VEyE;. EL)
+e(E], VEKEL)).
We have Vg, E; = Flle K, Where Fllg’s are the Christoffel symbols of V. The
linear compatibility equations can be written as Dy (e) = 0. By using the above rela-

tion, the compatibility equation at X corresponding to the component (D1 (e)); k1
reads

32€JL 3261[( 32611( 82e,L (31—'% 31—‘%)6
MK

axIoxK " 9x7axL axIaxL axJaxk axI  ax/
(ar,@l, ary,

%7 ax! )eML—i-k{SJKeIL—81K€JL—8JL€1K+81L€JK} = 0.

If B C R" and {X'} is the Cartesian coordinate system, one recovers the classical
expression curl o curl e = 0. For n = 2, there is only one compatibility equation
corresponding to (Dj(e))212:

32611 32612 82622 (3F1A1/" 8F1A2/1)
eM2

ax2ax2  “axlax? ' axlax! X2 ax!
(arg arM

ax! ).

)eMl —k(e11 +exn) =0.
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For n = 3, we have 6 compatibility equations corresponding to (Dj(e))1212,

(D1(e))1223, (D1(€))1313, (D1(€))2113, (Di1(e))2323, and (D1 (e))3123.
As an example, let us write the compatibility equation on the 2-sphere with

radius R and k = 1/R2. We choose the spherical coordinate system with
(X', X%) := (0, ¢), with G| = fR2 sin? ¢, Glz =0, and G2, = R2. The nonzero
Christoffel symbols are F121 =—3 Lsin 2¢,and I 12 = F21 = cot ¢. Note that (8, ¢)

is an orthogonal coordinate system but it is not a normal coordinate system at any
point. Therefore, we must use the general form of the compatibility equations given
in (2.13). Using the relations Vg, E1 = '3 E2, Vg, E» = Vg, Ey = 'L Ey, and
VE, E2 = 0, one obtains the following compatibility equation:

32611 32612 n 82622
9X20 X2 axloxz = axlax!
1 0
- E(sin 2X2)% + 2(cot> X%)er, = 0.

der
— tX2 P
(cot X 5x2

The components e;; are not the conventional components egg, egg, and ey of the
linear strain in the spherical coordinate system as E| and E, are not unit vector
fields. Since e = R2sin%¢ epg, 10 = R sin epp, and ey = fRzed,d), the above
equation can be written as

9%egy 9% (egpsing) a2e¢¢ dego

.
sin” ¢ a¢2 009 aez TS0,

2¢ ¢ + (sin2¢ — 1)egp = 0.

Note that instead of using the Calabi complex and the linearization of the Rie-
mannian curvature, it is possible to derive the compatibility equations of the lin-
ear strain on manifolds with constant curvature by a less-systematic elimination
approach discussed in [29, Section 11].

3.2. Stress Functions

Next, we study the applications of the complexes we derived earlier to the
existence of stress functions. Let ¢ : B — S = R3 be a motion of a 3-manifold
B c R3? and suppose ¢ € I'(S>T¢(B)) is the associated symmetric Cauchy
stress tensor. Since (p(B), g) is a flat manifold, one obtains a diagram similar to
(2.17) on (¢(B), g). Potentials induced by the operator curl o curl for ¢ are the
Beltrami stress functions. The necessary and sufficient conditions for the existence
of Beltrami stress functions are given by (2.19): ¢ must be equilibrated and the
resultant forces and moments on any closed surface in ¢(8) must vanish. Such a
stress tensor is called totally self-equilibrated [17]. Note that the operator grad®
in the linear elasticity complex on (¢(B), g) does not have any obvious physical
interpretation.

If o is not symmetric, one can obtain curl” -stress functions for & by considering
the ged complex on (¢(B), g), that is curl " -stress functions are potentials induced
by curl”. Theorem 3 implies that o admits a curl”-stress function if and only if
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dive = 0, and the resultant force on any closed surface in ¢(BB) vanishes. If the
closure B of B is a compact subset of R3, then Theorem 3 would be identical to
Theorem 2.2 of [9]. If 0 admits a Beltrami stress function, then it also admits a
curl -stress function. Unlike Beltrami stress functions that are symmetric tensors,
even if o is symmetric, curl” -stress functions are not necessarily symmetric.

For the 2D case B C R?, Airy stress functions and s-stress functions for sym-
metric and non-symmetric Cauchy stress tensors are induced by the complex (2.21)
and the sd complex, respectively. Note that if B is compact, then the complex (2.21)
and the sd complex are the dual complexes of the 2D linear elasticity complex and
the g¢ complex with respect to the proper L2-inner products [2].

In the above discussions, by replacing (¢(B), g) with the flat manifold (B, C)
together with its global orthonormal coordinate system endowed with the Carte-
sian coordinate system of ¢(3), one obtains stress functions for the second Piola—
Kirchhoff stress tensor § as well. In summary, we observe that the complexes for
o and § only describe the kinetics of motion.

The GCD complex allows one to introduce Curl” -stress functions for the first
Piola—Kirchhoff stress tensor P € I' (T ¢(B) ® T B). More specifically, Theorem
5 implies that P admits a Curl"-stress function if and only if Div P = 0, and the
resultant force induced by P on any closed surfaces is zero. This together with
Theorem 14 show that the GCD complex describes both the kinematics and the
kinetics of motion. Similarly, one can define S-stress functions for 2-manifolds by
using the SD complex.

As mentioned in Remark 4, the dimensions of the cohomology groups of the
de Rham complex determine the number of independent closed curves and sur-
faces that one requires in the integral conditions for the existence of potentials.
Suppose Hfi z(B) is finite dimensional. Then, for the linear and nonlinear com-
patibility problems for both 2- and 3-manifolds, one merely needs to use by (5)
independent closed curves. The same is true for the existence of stress functions on
2-manifolds. For 3-manifolds, we need to consider b, (B) independent closed sur-
faces. Here, independent closed curves and surfaces are those that induce distinct
cohomology classes in H]:i r(B).

3.3. Further Applications

In this paper, we assumed that a body B is an arbitrary submanifold of R”, for
example it can be unbounded or has infinite-dimensional de Rham cohomologies.
We also assumed that all sections and mappings on 5 are C*°. One way to relax
this smoothness assumption is to impose certain restrictions on the topology of
B. In particular, suppose B is the interior of a compact manifold 5. Then, B is a
compact manifold with boundary and hence all HZ R(B)’s are finite dimensional.
The compactness of /3 allows one to define L>-inner products for smooth tensors
on B and the completion of smooth tensors with respect to these inner products
gives us some Sobolev spaces that contain less smooth tensors as well. Using these
Sobolev spaces, one can extend smooth complexes discussed here to more general
Hilbert complexes.
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Asisdiscussed in [2], one can use the corresponding Hilbert complexes to intro-
duce Hodge-type and Helmholtz-type orthogonal decompositions for second-order
tensors. Moreover, one can also include Dirichlet boundary conditions in the com-
patibility problem. On the other hand, these Hilbert complexes can provide suitable
solution spaces for mixed formulations for nonlinear elasticity and inelasticity in
terms of the displacement gradient and the first Piola—Kirchhoff stress tensor. Sim-
ilar to the numerical schemes developed in [3,4] for the Laplace and the linear
elasticity equations, such mixed formulations may provide numerical schemes that
are compatible with the topology of the underlying bodies.
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