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Summary. In this article, the edge-zone equation of Mindlin-Reissner plate theory, for composite plates
laminated of transversely isotropic layers is studied. Analytical solutions are obtained for both circular
sector and completely circular plates with various boundary conditions. The boundary-layer function and
its effect on the stresses are numerically studied. Effects of plate thickness and boundary conditions are
investigated. The results for circular and completely circular plates are exactly the same as those of rec-
tangular plates in our previous work. Therefore, this boundary layer phenomenon seems to be geometry
independent.

1 Introduction

The classical plate theory put forward by Kirchhoff [1] neglects transverse shear strains and
results in a fourth-order equation for the plate transverse deflection. Kirchhoff’s theory is
plagued by inconsistency between the order of the governing equation and the number of
boundary conditions (Stoker [2]). The physical intuition leads one to expect three edge condi-
tions and thus to expect a sixth-order rather than a fourth-order differential equation to
govern the plate problem. As a result of attempts to solve this paradox and also because of
the inadequacy of classical theory when it is applied in such cases as laminated composites,
where shear deformations are not negligible, several shear deformation theories have been
proposed to date.

The simplest shear deformation theory is the first-order shear deformation theory.
Depending on whether or not the variation of displacement components or stress components
with respect to the thickness coordinate is assumed to be known a priori, first-order theories
are categorized into two groups: displacement-based or stress-based theories. The displace-
ment-based theory was introduced by Mindlin [3]. Stress-based theories generally take one of
the two approaches. In the approach first described by Reissner [4], assumptions are made
about the variation of in-plane components of stress, while in the approach attributed to
Ambartsumyan [5] the variation of the transverse stress components with respect to the plate
thickness coordinate is assumed to be known at the outset. Both displacement-based and
stress-based first-order theories result in a system of three differential equations in terms of
three dependent variables with a total degree of six. Reissner [4], [6], [7], and [8] was the first
to determine that his sixth-order equations can be uncoupled into two equations for a homo-
geneous isotropic plate. He called these uncoupled equations edge-zone and interior equa-
tions. The solution of the edge-zone equation has boundary layer characteristics. For an
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introduction to asymptotic phenomena in mathematical physics and classical plate theory, the
reader may refer to Friedrichs [9] and Schneider [10].

Nosier and Reddy [11] showed that the bending equations of many refined linear theories
of symmetric laminated plates made of transversely isotropic layers can be uncoupled into
two equations, one in terms of the transverse displacement, w, and the other in terms of a
potential function, @, called the boundary layer function. They demonstrated that all displace-
ment-based theories except Reddy’s [12] can be uncoupled to form a fourth-order interior
equation and a second-order edge-zone equation. However, the eighth-order bending equa-
tions of Reddy [12], when uncoupled result in a sixth-order interior equation and a second-
order edge-zone equation. They also showed that for a simply supported plate the edge-zoune
solution is identically zero if the rotatory inertia terms are ignored.

Nosier and Reddy [13] considered the tenth-order equations of the nonlinear first-order
shear deformation plate theory [14] and the twelfth-order nonlinear equations of the third-
order plate theory of Reddy {15] and showed that, for symmetric laminated composites with
transversely isotropic layers, the edge-zone equations of both plate theories are second-order
equations similar to the one obtained in [11]. Again they demonstrated that, for a simply-
supported plate with arbitrary in-plane boundary conditions, and in the absence of rotatory
inertia, @ is identically zero.

Nosier et al. [16] studied the boundary layer function @ in bending of rectangular Mindlin-
Reissner plates with two opposite edges simply-supported. They considered simply-supported,
clamped, and free boundary conditions for two other opposite edges of plates. They demon-
strated that for simply-supported, clamped, and free edges there exists no boundary layer, a
weak boundary layer, and a strong boundary layer effect. They showed that the boundary
layer function has boundary layer effects on the stress components. They also observed that
the width of the boundary layer function is approximately equal to the thickness of the plate
and is larger for free edges. For explaning why the boundary layer phenomenon is not
observed in Timoshenko’s beam theory, they showed that when the size of a rectangular plate
is reduced to that of a beam, the boundary layer phenomenon disappears.

This article utilizes the linear theory to consider the bending problem of a laminated circu-
lar sector and completely circular plates with various boundary conditions and demonstrates
analytically the contribution to the solution made by the edge-zone or boundary layer equa-
tion. All the investigations that were done in [16] for rectangular plates are performed for a
circular sector and completely circular plates. It is demonstrated that the boundary-layer
function ¢ has similar effects in both cases.

2 Governing equations

According to the first-order shear deformation theory (FSDT) in polar coordinates, the bend-
ing equations of a plate are obtained from the following displacement fields (see [17]):

ur(r, 8, 2) = ulr,8) + 22, (r, 9},
ua(r, 8, 2) = v(r,0) + 2(r,0) (1)
u(r, 0, 2) = w(r,6),

where z is the thickness coordinate; w and v are, respectively, the displacements of the
middle surface of the plate in the r- and f#-directions; and %, and 1, are known as the rota-



Mindlin-Reissner plate theory 151

tion functions [18]. Using the strain-displacement relations in polar coordinates [19], it may
be shown that: '

emr=e"+20°,  em=el+a’, e,=0,
0 0 0 0 0 0 )
2e4 =€ + 24g, 2e., = €5° + 25", 289, = £4° + 204,
where
1 1

0 0 0 ,
g1 = Up, &g —:;(H—Hw)a g4 =;w,6+’€09,

0 _ Ohl 1 0 3
€5 _w17’+¢7”7 € “;Uﬂ‘l'v,r“;'ua Ll :?ﬁm, ()

1 1 1

0 _ 0__ 0 _ L0

%2 —;(’Qbr”iﬂwa,a)» g =xs =0, g —-;¢r7a+we,r—;¢9-

In relation {3), a comma followed by a variable denotes partial differentiation with respect to
that variable. Using (3) in the integral principle of equilibrium (i.e., the principle of minimum
total potential energy) vields the equilibrium equations of the plate and the appropriate
boundary conditions at the edges of the plate [19]:

1 1

ou : Npy+ - Nrgg + - (Npy — Ngg) =0, {4.1)
2 1

vt Nypgy+ " Nyo + p Nogg =0, (4.2)
1 1 A

Sty lwrm‘ + ‘,; Alr@ﬁ + ; (ﬂ/’fw - MQG) ~Qr=0, (43)

) 2 1 A
b r Mgy + - Mg+ - Maop— Qs =0, (4.4)
N 1 4 1.
A = Q- ‘i‘; Qop + P(r, ) =0, (4.5)

where & represents the variational symbol and P, denotes the transverse load. The stress and
moment resultants in Eqgs. (4) are defined as follows:

h/2
(Nrﬁ 17\79(97 NY‘Q) = f (O-T’T7 0697 UTG) dZ 3
~h/2
k2
(Mrrv Mg, —‘Mr(f‘) = f (9—?“7": Tag, Uré) zdz, (5)
~h/2
. h/2
(QT?Q@) = K2 f (0_72:70-92) dZ,
—h/2

where h is the total thickness of the plate and K? is a shear cotrection factor, which is taken
here to be equal to 5/6. At any edge of the plate, with a normal @ = n,€, + nséy, the boundary
conditions require the specification of [19]:

either fu=0 or Nun.+ Nygng=0, 6.1
either dv=0 or Ngn,+ Ngng =20, (6.2)
either &, =0 or M.n, + Myng =0, (6.3)
either 61y =0 or Myn, + Mgng =20, (6.4)

either Sw=0 or Q.+ Qgng=0. (6.5)
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When the plate is symmetrically laminated with respect to its middle surface, the first two
equations in (4) will be uncoupled from the last three equations. The former equations are
then known as the stretching equations of the plate and the latter ones are known as the
bending equations of the plate. Furthermore, if each layer (or lamina) is made of a transver-
sely isotropic material, with the plane of isotropy parallel to the middle surface, then it may
be shown that:

A{MT = BZ‘«QD 4 {i’j’ - 2@} 3528 ) 55/[{;3 = {Jﬁ - 2@3 3610 + B%go N

_ . _ . _ 1)
Mg = {’};,;60 3 Qr = KZAE:ESO s QQ = K2A540 s
where the rigidity terms in (7) are defined as:
A
A= (G2)p (26 — 2n11) »
fe=1
N .
=3 () -2, ®)
c= 6 \1+v/,

- =1/ E .
D= 3 (‘r:{)’g) § (2" = Z41) s

-

where N is the total number of layers, £ and v are Young’s modulus and Poisson’s ratio in
the plane of isotropy (i.e., the r-6 plane), and G, is the shear modulus in the plane normal to
the plane of isotropy. Substitution of relations (7) into Egs. (4.3) through (4.5) yields the
governing equations of the plate in bending:

, f 1.1 1 1 /1 11
&t D (ww to e g ¥+ L w9,9> +¢ (T—z Yros — 3 vee = ?f‘f’é?,w)

~K*A(Yp+w,) =0, (9.1)
o= {1 1 1 =1 1 1 1 )
5106 2D (— "/f'r,r@ T ) %,9 + 3 w&%‘) + (—7)» wr,() 1 zyf)é + - Q[’Q,T o wr,ré + w9,w>
r 7 r? ra T r r
. f 1

- K24 (zﬁg + p w},;) =0, (9.2)

- 1,1 1 1
dw: KAy + ~ + - Pog+ Wer + S Wy -+ 5 W +P=0. {9.3)

These are three coupled equations in terms of 4, ¥, and w with a total order of six. Now, by
introducing a new function @, which will be referred to as the boundary-layer function, such
that

1 1, P
¢ = "’;5913 - if’f’&,r % I\}-O)
' T

and following a procedure as in [11], the bending equations (9) may be recast to yield two
uncoupled equations as follows:

CVP — K2 AP =0, (11.1)

D

=3 V2P, (11.2)

Dvviy =P, -
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where VZ is the two-dimensional Laplace operator in polar coordinates. Equations (11.1) and
(11.2) are known as the edge-zone (or boundary layer) and interior equations of the plate,
respectively ([11], [13], [20], and [21]). Also it may be shown that (see [20]):

C 1 D
ey -2y 4ot P p 2
o= gamg VU Y aa e P oAy T (123
1 D 1_. C D 1
Gy = — Wy — —e = Vg — e B, — = P, 12.2
P T RA T Y TR (eAE et 122

Clearly the boundary conditions corresponding to Eqgs. (9) are given by Egs. (6.3}, (6.4), and
(6.5).

3 Circular sector plates

The bending of a laminated plate in the form of a sector subjected to a uniformly distributed
load P,(= P;) will be studied in this section (see. Fig. 1a). To this end, it is assumed that the
edges at # =0 and 6 = 6, have simple supports with boundary conditions (see Egs. (6.3),
(6.4), and (6.5)):

=Mgp=w=0 at =0 and 8=0;, (13)

where My is given, from Eq. (7), by

o= (D~ 20)thy + 2 (3 + o). (14

Since at these two edges 1, = ¥, = 0, it can be concluded from Eq. (14) that ¢y = 0. There-
fore, the boundary conditions in Eq. (13) are equivalent to:

Yr=1Ypo=w=0 at 6=0 and 0=40. (15)

As far as Eqs. (11) are concerned the boundary conditions in Eq. (15) must be restated in
terms of ¢ and w. With the help of Egs. (15), (12.1), and (9.3) it can be shown that these con-
ditions are:

g P _ =w=0 at #=0 and =10, (16)

1
Po=m Wt mg

Next with §,, = nr/8y, the uniformly distributed load may be represented as:

o0

Pr,0)= > ‘@smﬁn (17)

n=13,..

It is also seen that the solution representations

O(r,0) = 3 B,(r)cos B8, (18.1)
n=1,3,...

w('ﬁg): i wn(r}sin[)’né} (18.2)
n=13,.. .
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Fig. 1. a A circular sector plate with simple supports at § = 0 and 8 = y; b Variation of the boundary
layer function in a clamped circular plate (fy = 27 and 6 = 7/2)

satisfy identically the boundary conditions at ¢ = 0 and 6 = €. Substitution of Eq. (18.1) into
Eq. (11.1) yields:

2@, (r) dP,(r) K?A
2 n n _ 2 2 —
r 02 47 = (ﬂn + c r ) &,(r) =0, (19)

which is the modified Bessel equation with the general solution:
Py (r) = ConIp, (ur) + Cra K, (pir) (20)

where I3, and K, are the modified Bessel functions of the first and second kinds, respec-
tively, and
KA

22 21

p 5 (21)




Mindlin-Reissner plate theory 155
Since ¢ must be finite at r = 0, it should be concluded that C,o = 0. Thus:
&y, (1) = Crlp, (pr) - (22)

Also, substitution of Egs. (17) and (18.2) into (11.2) yields:

@ 1d BN [/Pw, 1dw, B.° 4P,

e i e - S =—, =1,3... 2:
(d?"2 rdr r? ) ( v a2 w”) s A 3 (23)
whose general solution may be represented as
wy (1) = we(r) + wy(r), (24)

where w, and w, represent, respectively, the complementary and particular solutions of
Eq. (23). When 3,2 # 4, 8,2 # 16, and 6y < 2, these solutions are given by:

We(r) = Cog?™ + Crgr™ + Cosr™ V2 4 Crgr™ 12, (25.1)
wy(r) =C 4 (25.2)
where
A2 5 4R
C = d NM=—, 26
G —4) (B2 —16) D 26)

When 3,2 = 4 or 3,2 = 16, relation (25.1) still remains valid but the particular solution will
be given by:

2 T T
wpzwggr‘ilm when 80:21‘—,3%,5{,{, (27.1)
2 2 6w
wp = 2 #inr  when 8= T i (27.2)
For 6y = m, w, is given by:
wer (1) = Ciar + Cpr™ + Cisr® + Cigrlnr. (28)

And for n > 2 Eq. (25.1) still holds. Also, since w and Q, must be finite at r = 0, it is con-
cluded that C,4 = C,s = 0. The remaining unknown constants of integration Cpi, Cys, and
Crs must be determined by imposing three boundary conditions at r = a. For example, when
the edge of the plate at r = a is simply supported, the following conditions are imposed:

w=M,=1=0 at r=a. (29)
Alternatively, in terms of w and & these conditions may be shown to be:

P,
w:ww—%m:@,r:O at r=a. (30)
In order to impose the boundary conditions in (29}, the general solutions for ¢, and ¢ must
be known. These solutions, on the other hand, are readily obtained by substituting the general
solutions of w and & into Egs. (12). In either case, whether the boundary conditions in (29)
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or in (30) are imposed, a set of three nonhomogeneous algebraic equations of the form:

3

Z aiangj_l = b@, y 1= 1, 2, 3 (31)
j=1

will be obtained whose solutions yield the integration constants C,q, Cha, Cps. Here, however,
it should be noted that the imposition of the last condition in (30) yields:

B(r,0) =0. (32)

That is, there is no boundary layer effect when the sector plate is completely simply sup-
ported. This is exactly what was found in [16] for rectangular plates. When the edge atr = ¢
is clamped, the following boundary conditions will be imposed:

w=t. =1 at r=a, (33)

where, again, the expressions for the rotation functions 1, and iy are obtained from
Eqgs. (12). When the boundary conditions in (33) are imposed, three relations will be obtained
as was done in (31) whose solution will yield the integration constants. The expressions for a;;
and b; are given in Appendix A. Finally, when the sector plate has a free edge at r = g, the
boundary conditions will be:

My=0Qr=Myy=0 at r=a (34)

with M,,, Qr, and Mg being given in (7). The constants a;; and b; appearing in Egs. (31) are
given in Appendix B. Once the expressions for w, 1., and ¢ have been obtained, the stress
components in any layer of the plate at (r, 8, z) are obtained from the relations:

-

; E
o =1 ('t val)z, o= (0" + o)z,

(35)

0 . o — 4
O = Hs 2, o = Gaes o, = GLeq”

2(1 +v)

where E and v are, respectively, Young’s modulus and Poisson’s ratio in the » — 4 plane, and
(i, is the shear modulus in the plane normal to the r — 8 plane.

4 Completely circular plates

Here a completely circular plate (i.e., 8y = 27) is considered. If the plate is subjected to a uni-
formly distributed load P,(= Fp), then the bending will be axisymmetric in which case it may
readily be shown that:

w(r,§) = w(r) = A; + Ayr? >, Bort (36.1)
- YY) & '

o0 KQA /2 o
B(r,8) = B(r) = Ay 1+n:§2: <n2 C) } (36.2)

where A;, A, and Aj are three unknown constants of integration. Also, from Eq. (12.2) it is
seen that:

@, (37)
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Now, when the edge of the plate at » = ¢ is either simply supported or clamped, the condi-
tions

Pe=0 at r=a (38)

will be one of the boundary conditions. It is clear from Egs. (36.2) and (37) that the imposi-
tion of the boundary conditions in (38) will yield A3 = 0; that is:

P(r,8) =2(r)=0. (39)

Therefore, in the axisymmetric bending problem there exists no boundary layer effect.

If the bending of the plate is no longer axisymmetric, the first boundary condition in (16)
still holds when the plate is simply supported at the edge r = a. With this conditions it may be
shown that, regardless of the loading function P,(r,8), the boundary-layer function &(r,6) is
identically equal to zero. Also, a free boundary at r = a is not admissible because the plate
will not be globally in equilibrium. Thus, there remains only the case where the plate is
clamped at r = a. In order to study the effect of the boundary-layer function on the response
quantities of the plate it is assumed that:

P(r,0) = % cos . (40)

That is, a load that has a linear variation in the r-direction and a sinusoidal in the #-direction
is assumed. With the loading function in (40), it may be shown that the general solutions of
Egs. (11) are given by:

@(r,0) = Cy L {pr)sing, (41.1)

P 5
w(r, §) = (C;?" + Cyr® + E%ZT?) cosé, (41.2)

where C), Cs, and Cs are three unknown constants of integration. By imposing the boundary
conditions (33), these constants are found to be:

P,D 3a® + 8my) Dy — a® D Dy~ D
C) =, sz(a—{—mI) 1= 2, Oy =221 {42.1)
au K2ACH (pa) Dy Dy
where
_ P0a3 . 5P0a3 _ 3m1P0a _ m1P0 mlpoll(ua)
YT 192D 27 T192D 8D a | patl(pa) ’

5 (42.2)

D3:2a2—!—8m1, my =-——5,
(K*4)

and I,/ denotes the derivative of I} with respect to r. With w{r, ) and &(r, #) known, the rota-
tion functions 1, and v are obtained from the relations (12).

5 Numerical results

In our numerical examples, the laminated plate is assumed to be a single-layer transversely
isotropic plate with the following properties:

E=5x%x10°, G,=015E, v=0.25. : (43)
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Fig. 2. a Effect of boundary layer function on the interlaminar stresses in a clamped circular plate
(h=1, 6y =27, and § = =/4); b Effect of boundary condition at 7 = @ on the stress components oz in a
circular sector plate (h = 1, 6y = n/3, and 4 = 7/6)

Also, it is assumed that K? = 5/6, a = 50, and Py = 1. It should be noted that the units must

be consistent. For example, if F is given in Psi, then a will be in inches.

The variation of & at = /2 in a completely circular plate with a clamped edge and sub-
jected to the loading represented in (40) is depicted in Fig. 1b. By assuming different values
for the thickness of the plate, it is seen that the boundary layer effect becomes significant only
in the edge zone of the plate. This is why & is called boundary-layer function. It is seen that
the width of this boundary layer is approximately equal to the plate thickness. This is exactly
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what was observed in [16] for rectangular plates. This conclusion is correct for circular sector
plates as well. But, for the sake of brevity, we do not present any more numerical results.

Next, the effect of the boundary layer funtion ¢ on the stress components is studied. To
this end, the following quantity is defined:

O — 05:(P = 0) ‘1

d0gy = —— 00, ’ (44)

Tz

where by g4,(® = 0) it is meant that in calculating oy, the function @ is set equal to zero. The
quantities 8cgg, 50,, 0.4, and éo,, are defined similar to the definition shown in (44). The
variations of o,, and 84, in a clamped completly circular plate with the loading function as
in Eq. (40) are shown in Fig. 2a. It is seen that the effect of & is confined to the edge zone of
the plate. Therefore, @ has a boundary fayer effect on the stresses. The effect made by the
boundary conditions may be studied with the help of Fig. 2b. It is seen that for a clamped sec-
tor plate the boundary layer effect is weaker than it is when the edge is free.

6 Conclusions

The bending problem for laminated circular sector plates and completely circular plates is
considered in the present work. It is assumed that cach lamina is made of a transversely iso-
tropic material. The theory considered is called the first-order shear deformation plate theory
(also known as the Mindlin-Reissner plate theory). Analytical expressions are obtained for
primary response quantities of laminated circular sector plates and completely circular plates
with various boundary conditions and loading functions. It is analytically shown that when
the edge of the completely circular plate and the edge of circular sector plates are simply sup-
ported, the boundary layer effect disappears. Numerical results indicate that the boundary-
layer function and its influence on the stress components are confined to the edge zone of the
plate. It is also seen that the boundary layer effect is stronger in the presence of a free edge
than it is near a clamped edge. It is seen that all the characteristics of @ and its influence on
the stresses in circular sector plates are exactly the same as those in rectangular plates studied
in [16]. Therefore, it can be concluded that the boundary layer characteristics of & are geo-
metry independent.

The numerical calculations consider a single-layer plate with transversely isotropic
material; however, the conclusions drawn here are also valid both for isotropic plates and for
laminated transversely isotropic plates.

Appendix A

The constants a;; and b; appearing in Eq. (31) when the edge of the circular sector at 7 = a is
clamped are:

2
a;; =0, app =1, a3 = a”,

- 5 D
91 = T Iﬂn (HCE> P Ggz = fgnan ! P o3 = &5n ! 45?1(487? -+ 1) —=t ag(gn + 2) y

K2A o 7 K2

pN
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a3 = KgA plp, (pa), ag = Bpa” 7, ags = fa0” " [a + 46, +1) K? 4}
bl = 'C@iﬂﬁn 62 = 2Ca (6 - 16) — 2a° :T 333 = Gjﬁ E_ D ( 16) — iﬁ
’ K2A " " LK? A

where (3, = nw/6y and the constant C is as defined in Eq. (26). For the special values of the
sector angle 8, discussed in Eq. (27) the a,;’s remain the same as in the above; however, the
constant b;’s are given by:

by =—-Da**na,
bz = 2aD [ﬂngml - 2(8m1 + CL2>] Ina + aD(ﬂT,le - 3277’11 — a2) )
by = —8m1aDB, + aB,D(B*m; — 16m; —a®) Ina,

where m; = D/(K%A)? and

2
D= _;)\—6 when 6y = n/4, 3n/4, Tn/4  and
/\2
=5 when 6y =2x/4 and 67/4.
Appendix B

The constants a;; and b; appearing in Eq. (31) when the edge of the circular sector at r = a is
free are:

a; = Tz—ﬂnlgn {ua) , aps =0, a3 = 4mp By (B + 1o’}

an = "2 (220 ) 1V )|, o = (B~ 1) (0= DY,

ax = a7 {48, mi(v = 1) + B2d* (v — 1) — G, dmi(v—1) +a*(v+3)] — 22 (v + 1)},
as = %I,sn (ua) — maply (na), = —Bu(Bn — 1) a2,

b = Qlea(ﬁnQ - 16),
by = C{Bu muv — 3,° [2ms (90 + 1) + a®v] + 4[8mi(v+1) +a*(v+ 3)] },
by = _,Bnc(ﬂn%nl - 16my — 3@2) s

where 3, = nn /0y, my = D/K?A, my = C/K?A, and C is defined in Eq. (26). For the special
values of 8, discussed in Eq. (27) the a;; remain the same as in the above; however, the con-
stant b;’s are given by:

by = 2aD(B,* — 16) Ina + aD(B,% — 32),
by = — D{,Bn4m1v - 3,2 [2m1(9v +1)+a v] + 4[8m1(v + 1)+ a*(v+ 3)] In a}
+ D[Bp*mi(9v + 3) — 82my (v +2) — a* (v +T7)],

by = —BnD(B, my — 16m; — 302 Ina — B D(B,%my — 24m, — a?),
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where
)\2
D= ~ 96 when 6y = w/4, 3n/4, 5x/4, Tx/4 and
)\2
D= T when 0y =27x/4 and 6x/4,

with A? defined in Eq. (26).
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