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Abstract

In this article, bending of nonuniform Euler-Bernoulli and Timoshenko beams with jump discontinuities in the
slope, deflection and mechanical properties are studied. The governing equations are obtained in the space of genera-
lized functions, and the expression of its governing differential equations in terms of a single displacement function and
a single rotation function is shown always to be possible. In contrast, for a nonuniform Euler-Bernoulli beam with
jump discontinuities in slope and deflection and abrupt changes in flexural stiffness, the governing equation can be
written in terms of a single displacement function only under certain conditions. It is observed that for most discon-
tinuous nonuniform Euler-Bernoulli beams we cannot write the governing differential equation in terms of a single
displacement function: usually, if there are n discontinuity points on a nonuniform Euler-Bernoulli beam, n + 1 dis-
placement functions appear in the governing equilibrium equation. © 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction

In an optimal design, structural sections are usually nonuniform. Hence, the analysis of nonuniform
structural forms, such as beams, is of practical importance. Analytical solutions for nonuniform beams
have been obtained by several authors (Hetényi, 1937; Fertis and Keene, 1990; Lee et al., 1990; Romano
and Zingone, 1992; Al-Gahtani and Khan, 1998). In all these investigations continuous, nonuniform beams
were considered. Obviously, when a nonuniform beam has jump discontinuities in deflection or slope and/
or has abrupt changes in mechanical properties, the analysis techniques that are used for continuous non-
uniform beams should be modified.

There are two alternatives for analyzing discontinuous beams. The first approach, which is commonly
used, is to partition the beam into continuous beam segments. In this method the analysis has two steps: in
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Nomenclature

El(x)

flexural stiffness of a nonuniform Euler-Bernoulli or Timoshenko beam

EI (x), EL(x) flexural stiffness of nonuniform beam segments

GA,(x) shear stiffness of a nonuniform Timoshenko beam

GA;1(x), GAp(x) shear stiffness of nonuniform Timoshenko beam segments
Ji(x), Ki(x) functions defined for nonuniform Euler-Bernoulli beams

KrO
K
Ko
L

stiffness of a rotational spring

shear correction factor for a Timoshenko beam
stiffness of a translational spring

length of a beam

M, M, M, bending moments

N
P, P
", 1
ap, by
by (x)
q(x)

a positive integer

axial forces

shear forces

constants for nonuniform beams

function by (x) for the ith subsystem of a mechanical system
a distributed force

u,, uy, uy displacement components

longitudinal axis of a beam

position of a discontinuity point

X + ¢ for a very small positive ¢

xo — ¢ for a very small positive ¢

deflection of a nonuniform Euler-Bernoulli beam

deflection of a nonuniform Timoshenko beam

strength of a jump discontinuity in deflection of a nonuniform Euler—Bernoulli beam
strength of a jump discontinuity in deflection of a nonuniform Timoshenko beam
strength of a jump discontinuity in the ith derivative of a function f(x) at x = xg
strength of a jump discontinuity in the slope of a nonuniform Euler-Bernoulli beam
strength of a jump discontinuity in the slope of a nonuniform Timoshenko beam

@ (x), ®,(x) slope of nonuniform Timoshenko beam segments
o;(x), Bi(x), y;(x) functions defined for nonuniform Timoshenko beams

H

a mechanical system

Mathematical symbols

D

set of all good functions

H(x — xp) Heaviside’s unit step function

3N
|
0

fg
f(x)
FAEY

abbreviations for left side of some equations
set of positive integers

Launda’s order symbol

distributions

a classic function

the generalized function corresponding to f(x)

0(x — xo) Dirac delta function
0" (x — xo) the nth distributional derivative of the Dirac delta function

@
W

a good function
a fairly good function
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the first step each beam segment is analyzed separately, and in the second step continuity and boundary
conditions are enforced.

The second approach, which was recently introduced by Yavari et al. (2000, 2001), and Yavari and
Sarkani (2001), is to formulate the boundary value problem describing the beam bending in the space of
generalized functions. Because in the space of generalized functions piecewise, continuous functions have
derivatives, the bending of beams with jump discontinuities can be formulated without the need of parti-
tioning the beam into continuous beam segments.

In this article, the bending of nonuniform Euler—Bernoulli and Timoshenko beams with jump discon-
tinuities is studied in the space of generalized functions. We show that the governing equilibrium equations
of a nonuniform Timoshenko beam can always be expressed in terms of a single deflection and a single
rotation function, and we obtain the explicit forms of the governing differential equilibrium equations.
Then the bending of nonuniform Euler-Bernoulli beams with jump discontinuities is studied in the space of
generalized functions. Surprisingly, unlike the Timoshenko beam’s governing equilibrium equation, that of
an Euler-Bernoulli beam with jump discontinuities cannot always be written in terms of a single deflection
function. Conditions under which the governing equilibrium equation of the beam can be simplified to a
differential equation in terms of a single deflection function are obtained. The mathematical reason is
shown to be the appearance of higher-order derivatives in the governing equilibrium equation of the Euler—
Bernoulli beam, and the lack of a definition for the product of generalized functions.

This paper is structured as follows. Section 2 presents some definitions and concepts of the theory of
generalized functions used in our investigation. In Section 3, the governing equilibrium equations of a
nonuniform Timoshenko beam with jump discontinuities are obtained and compared with those of con-
tinuous Timoshenko beams. The same problem is studied for Euler—Bernoulli beams in Section 4. Con-
clusions are given in Section 5.

2. Theory of generalized functions

In classical mathematical analysis, continuous functions are not necessarily differentiable. Distributions
(or generalized functions), roughly speaking, generalize the concept of functions such that a continuous
generalized function becomes differentiable; each generalized function is differentiable and its derivative is
another generalized function. There are two methods for defining generalized functions. The first method is
the method of functionals, used by Sobolev (1938) and Schwarz (1966). A disadvantage of this method is its
complexity, which can be daunting for users who are not mathematicians. The second method, which has
been adopted more recently, is to consider generalized functions as limits of a sequence of functions. The
sequential approach is not only simpler, but also more in agreement with the intuition of physicists. Here
we use the sequential method for defining generalized functions, following Lighthill (1958) and Jones
(1982). For an alternative method of definition, the reader may refer to Zemanian (1965).

Definition 1. A good function is infinitely smooth and the function and all its derivatives are O(|x| ") as
|x| — oo for all N € |. The set of all good functions is denoted by D.

As an example, f(x) = e~ is a good function.

Definition 2. A sequence {f,} of good functions is said to be regular if, for every good function ¢, the limit
400

lim Fulx)o(x) dx (1)

n—oo
—00

exists and is finite.
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Definition 3. Two regular sequences of good functions {f,} and {g,} are equivalent if for every good
function ¢:

+00 +o00

lim Sa(¥)p(x)dx = lim &n(x)(x) dx (2)

n—oo n—odo
—00 —0o0

Definition 4. An equivalent class of regular functions is a generalized function.

Definition 5. If two generalized functions f'and g are defined by sequences {f,} and {g,}, /' + g is a gene-
ralized function defined by the sequence {f, + g,}.

Definition 6. A fairly good function is infinitely smooth and the function and all its derivatives are O(|x|") as
|x| — oo for some N € |.

Polynomials are examples of fairly good functions.

Definition 7. The product of a generalized function f'and a fairly good function i is defined by the sequence

{fuib}.

Definition 8. If /(x) is a function of x in the ordinary sense and (1 +x?) " f(x) is absolutely integrable in
(—00,+00) for some N € |, then the generalized function fS(x) is defined by a sequence {f,} such that:

+00 +o0
lim fi(x)p(x)dx = lim fX)ex)dx Ve eD (3)
Definition 9. The sequence {(n/m)"/>e ™} is regular and defines a generalized function &(x) such that:
+00
| swetidr=p0) vocp @

This generalized function is known as the Dirac delta function (Dirac, 1930). The sequences defining o, oW,
6%, and 8 are shown in Fig. 1.
Similarly, 6(x — x¢) is defined as:

/_ﬂc O(x —xo)p(x)dx = @(x9) Ve €D (5)

oo

Definition 10. A generalized function f(x) is said to be even (or odd, respectively) if

/ 7 ) dx = 0 ©

for all odd (or even, respectively) good functions in D.

The Dirac delta function is an even generalized function.

Suppose that f(x) is a generalized function and f(x,) is defined. The product of f(x) and é(x — xo) is
defined as:
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Fig. 1. Functions in the sequence /n/me ™" used to define Dirac delta function and its first three derivatives.
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Hence:

S (x)6(x = x0) = f(x0)d(x — x0) (8)

Definition 11. The sequence {df;(x)/dx} is regular and defines a generalized function denoted by /" (x) and
called the distributional derivative of f

= df)
n n 9
[ owa=wew| - [ ao ©)
Because ¢(x)f,(x) is a good function, it vanishes at +o0o. Also de(x)/dx is a good function. Hence:
+00 d " +00 d(p X
/ {b(c) (x)dx:—/ £.0) di)dx Ve D (10)
Similarly:
400 dn ( ) x
() ——= dx D 11
[ pac= 1y [ g v € (i)
Corollary 1. For the delta function we have:
oo d"5(x — x 5 (n
| i ae = (170 vpeD (12)
Definition 12. The Heaviside function H(x — x,) is defined as:
_J0 x<xo
H(x—xo)—{l; >0 (13)

This function has a jump discontinuity at x = xo. Its value at this point is usually taken to be one-half. The
reason for choosing one-half at the point of discontinuity is explained later. The Heaviside function is very
useful in working with functions with jump discontinuities. As an example, consider a function f'(x) which
is continuous everywhere on the real line except at the point x = x,, where it has a jump discontinuity, i.e.:

_JAik); x<xo
o= {20 S5 14)
This function can be written in a more compact form as:
S (x) = fi(x) + [f2(x) = f1(x)|H (x = xo0) (15)
Substituting H(x — x,) in Eq. (10) yields:

/+°°dH():1;xo x)dy = — / H(x —x)) di)dx: /X(]Md(giﬂdx@(m)

o0

:[ 8(x — x)p() dx (16)
Thus:

aH(x—xo) = d(x —xp) (17)
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where a bar over the distributional differentiation symbol distinguishes it from the classical differentiation.
Now we show why the value of Heaviside’s function at the discontinuity point is assumed to be one-half. It
is known that the Dirac delta function is an even function. Hence:

+00

/ OO5(xfx0)dx:%:/i 5(x7x0)H(xfxo)dx:H(xfxo)|x:xo (18)

X0 o0

It is desirable to define the product of two generalized functions f; and f; in a manner consistent with a
definition of the conventional product f;f, when f] and f; are classical functions. Unfortunately, it is not
possible to define such a product for all generalized functions. However, it is possible to define the product
of generalized function f'and a fairly good function . The problem with generalized functions is that they
are not defined pointwise. In some cases the product of two generalized functions is possible. As an ex-
ample, consider the following two products:

0; X1 # X2
_ _ - 1
O —x1)ox —x2) {not defined; x; =x, (192)
and
H(xy —x2);  x1 #x2
olx —x))H(x — = 19b
(= x1)H(x = x2) {%é(x—xl); x| =X (19b)

Definition 13. If f; and f> are generalized functions and {f,,} and {f,»} are sequences defining them, and if
{fuifi2} 1s a regular sequence, f1f is defined by the sequence {f,1f»}, and:

/ o) @)pl) dx = / alfae)ds Vo €D (20)

o0

Theorem 1. If [ is a generalized function and if f(xo) is defined, then:

£ — x10) = £ (x — 30) — £ (x0)5(x — x0) (21)
Proof.
/ " (£ (x — x0))plx) dx = £ (x0)plx0) = / " @0 (x) d3(x — x0)

= —[ Oof(l)(x)(s(x —Xxp)o(x)dx — [ Oof(x)é(x _XO)QD“)()C)dx
==/

D (x)0(x — x0), @(x)) + f (x0) (6(x — x0), — 0"V (x))
= — /W (x0)d(x — x0) + / (x0) 0" (x — xo)

Similarly, it can be shown that:

F)3" (x = x0) = (=1)"f " (x0)3(x — x0) + (—=1)"nf "D (x0)8" (x — x0) + (—=1)"
n(n—1)
M=l

2! £ (x0)0 (x = x0) 4 -+ 4 £ (%0)0" (x — x9) O (22)
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Corollary 2. The product of Heaviside's function and the nth distributional derivative of the Dirac delta
function can be expressed as:

— M (v _ )
H(x —x)0" (x — xo) = {Z(tx;eﬁioe); (x — x0); i: i;‘ﬁ n=1 (23)

Corollary 3. The nth distributional derivative of the product of a function f(x) and Heaviside’s function may be
expressed as:

L ()H (x = x0)] " = 1 (x0)H (x = x0) + £~ (x0)3(x = x0) + /" (x0)8" (x = x0) + - -
+f(x0)8" " (x = xo) (24)

2.1. Jump discontinuity

Let /' be a real valued function on I = [a, b]; i.e., f: [a,b] TV. The function f has a jump discontinuity at
xo € T'if f(x§) and f(x;) both exist, but f is not continuous at x = xy. The quantity Af(xo) = f(xg) — f(x7)
is called the strength of jump discontinuity at x = x,. There are two possibilities:

(@) f(xg) # /(x)
(b) f(xg) =/ (xg) # .S (x0)

In case (a), f has a jump discontinuity, while in case (b), f has a removable discontinuity. A jump dis-

continuity is also called a simple discontinuity or a discontinuity of the first kind. All other discontinuities
for which f(x{) or f(x;) does not exist are called discontinuities of the second kind.

2.2. Functions with jump discontinuities

Consider a classical function f(x) defined in the interval [0, L] with jump discontinuities at x = x,. The
function f(x) can be represented by Eq. (14) or Eq. (15). Assume that:

1) = flxg) = 4 (252)
df () df(x) A (25b)
dx dx
2 + 2 —
d g)(;o ) d J(;(;o ) _ A(()Z) (25¢)
d”gifé ) d”J;(ja ) _ o (25d)

where A(()k) is the strength of the jump discontinuity in the kth derivative of f(x) at x = x. Differentiating
both sides of Eq. (15) with respect to x in the space of generalized functions yields:

) 4, (4560 459
dx dx dx dx

From Eqgs. (8) and (26), we have:

}Ho« ~x0) + [e) — fi(x)10(x — x0) (26)
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/() _dfitx) . [dfz(X) _dfil)

]H<x o) 1) — i), 30x — x0)

dx dx dx dx
_ dg)(;) + [d’zix) - d’:;ix) ]H(x —x0) + 48 (x — xo) (27)

Similarly, differentiating both sides of Eq. (27) yields:

K1) 2 2 2
T = S [ SE SR )+ 40— x) + 400 ) (28)

Likewise, the kth distributional derivative of f(x) may be written as:

dY () _d'i) [dk 30 dAR)
dxv dxk dxk dxk

FAFV6D (x —xp) 4+ 4+ 4005V (x — xp) (29)

]H(x —x) + Aékil)(s(x —x0) + Aék72)5(1>(x — Xo)

3. Nonuniform Timoshenko beams with jump discontinuities

In this section, the governing equilibrium equations of a nonuniform Timoshenko beam with jump
discontinuities in deflection, slope, and mechanical properties are found in the space of generalized func-
tions. Timoshenko beam theory is based on the following displacement field:

uy (x,y,z) = z®(x) (30a)
ur(x,,2) =0 (30Db)
us(x,y,2) = w' (x) (30¢)

where u;, u,, and u3 are displacement components along the beam axis, the beam width, and the beam
depth, respectively, and w'(x) and @(x) are the transverse deflection and rotation about the y-axis, re-
spectively. This theory assumes that all the planar cross-sections perpendicular to the beam axis prior to
deformation remain planar after deformation. In this theory a constant shear stress distribution along the
beam depth is assumed, which obviously contradicts elasticity boundary conditions for the top and bottom
free surfaces of the beam. However, using a shear correction factor, this theory yields good engineering
approximations of deflections and forces. Using the principle of virtual work, the governing equilibrium
equations of a continuous nonuniform Timoshenko beam may be written as:

% <El(x) di(cx)) ~ GAL(x) <<P(x) + %) —0 (31a)
% {GAS(x) ((D(x) +$>} +qx)=0 (31b)

where EI(x) and GA,(x) are the respective flexural and shear stiffnesses and ¢(x) is a distributed lateral force.
Performing the differentiations in Egs. (31a) and (31b) yields:

d*®(x) El(x) do(x) GA.(x) dw(x))
& TEW dr  EW (qj(x) dx )O (322)
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Xy
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Fig. 2. A nonuniform beam with jump discontinuities in slope, deflection, and mechanical properties.

dw!(x)  dof)  GA() <¢(x) +dw%c)) AT (32b)

dx? dx GAs(x) dx GA,(x)

where (-)' denotes classical differentiation with respect to x.

Now consider the beam shown in Fig. 2. This beam has one point of discontinuity. At this point both
deflection and slope have jump discontinuities, and flexural and shear stiffnesses change abruptly. The
results obtained for this beam can easily be generalized for a beam with » points of discontinuity. This beam
is composed of two beam segments 1 and 2 in the intervals 0 <x < xo and xy <x < L with respective de-
flections and rotations w{ (x), ®; (x), wj (x), and ®,(x). For each continuous beam segment, Egs. (32a) and
(32b) are the governing equilibrium equations. Hence for 0 <x < xo:

d*®,(x)  EIl(x) do,(x) GA,(x) dwf(x)\
& TELx & EL(Y (‘pl("” dx )‘0 (33a)
Ewl() | di() Gy (o) W) . gt
g <<I>1(x)+ L >+GAS](X)_0 (33b)
and for xo <x < L:
@, (x)  EL(x) ddy(x) GA,(x) dwi(x)\
& TELGx) dr | EL(X) (‘Dz(xH dx )_O (342)
Ewi(x) | dPs(x) | GAL(x) dw; (x) q(x)
m e g (e 55 ) i o (340)
Now let:
EL(x) _ GAG(x) _ GAy(x) _ v
EI,(X) - ai(x)7 EI,(x) - ﬂi(x)7 GASI'(X) - Vi(x)7 1= 172 (35)

Substituting Eq. (35) into Egs. (33a), (33b), (34a) and (34b) yields:

d S;Z(x) () ddsdlx(x) . < () + dw(ix(x)> —0 (362)
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T S (e S50 ) g o
and

T4 a0 % ) (a0 + P ) - (372)

Tan S0 (a0 + P2 ) 4 HD o (37b)

Denote the deflection and rotation of the beam by w'(x) and ®(x), respectively. These functions have
jump discontinuities at x = x:

T
Ty Jwi(x); 0<x <xo _@(x); 0<x <xg
) = {Wg(x); xo <x<L and - &(x) = ®y(x); xo<x<L (38)

Proceeding as we did with Eq. (14), we can write:

wh(x) = wy (x) + [wy (x) = wy (x) ] H (x — x0) (392)

D(x) = D1(x) + [P2(x) — D1 (x)]H (x — xp) (39b)
Now let:

wh(xg) = wh(xg) = w) (x0) — wy (xo) = 4" (40a)

D(xy) — @(xy) = Pa(xo) — P (x0) = 67 (40b)

where A" and @7 are the strengths of jump discontinuities in deflection and slope, respectively. We also
know that:

M (xo) = EIL (x0) ddl(cx‘)) M) = Eh(xy) 32250 (41a)
V1 (Xo) = GASl (XO) (CDI (.X'Q) + %@())) 5 Vz(Xo) = GAsz()Co> (@2()(30) + dW?T(xO)> (41b)

where the M;s and Vs are bending moments and shear forces, respectively. From Egs. (40a), (40b), (41a)
and (41b), we obtain:

[% B $L_m =k ( GAsi(xo) - GA:(xO)) — 0" =a4d -0’ (42a)
[dqux(x) - dqjdlx(x) ]xm = k0! (Elzl(xo) a 1%(;@) =b®' (42b)

Using Egs. (29), (40a) and (40b), we obtain:

dw'(x)  dw(x) N {dw}(x) _dw{(x)

N dx dx

dx dx ]H(X —xo0) + 475(x — xo) (43a)

d*w™(x) _ d*wl (x) N {dzwg(x) B d*wl (x)

dx? dx dx? dx? }H(x —x0) + (apd" = ©")3(x = x0) + 476 (x —x)  (43b)
2
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do(x) _ do, (x) N {d@g(x) _do(x)

o o o o }H(x—xo) +0T5(x — xo) (43c)

d?o(x) do(x) [dPdy(x) d*@(x) T Is()
20 Lok, { e ]H(x—xo) @S (x — x0) + 47N (x — x,) (43d)
Denoting the left-hand sides of Egs. (36a) and (37a) by 3 and R, respectively, we can write:

I+ (R—3)H(x —x) = 0. (44)

Substituting for 3 and R from Egs. (36a) and (37a) into Eq. (44) yields:

dzziiz(x) () d<15d1x(x) B <¢1 () + dwjx(x)) N {dziczz(x) B dz(i;(x) + () d<15dzx(x)
=) S8 o) (010 + 24 ) 4y (00 + P Y - <0 (5)
or
d2¢1 (x) dszz(x) dzcbl(x) d<151(x) d(Dl(x) d(Dl(x)
di +< w2 ae )H(x—xo)-l-fxl(X)[ o +< o dr )H(x—xo)]
(o) — o () 2 () — By (0[81(6) 4 (@) — 1) H (5~ 0)]
(0~ ) P2 b ) =0 (46)
From Egs. (46), (43c), and (43d), we obtain:
d*®(x) do(x) do,(x) dw'(x)
20 19 22 (o) — () S22 ) — ) 2
dw; (x)

+ (Bi(x) = Bo(x) == Hx = x0) = [(Bo +01(x)) O — B, (x) 4] 5(x — x0) + 0" (x —x)  (47)

Multiplying both sides of Eq. (43a) and considering Eq. (19b) yields:

D0 b x) = 220 e ) 4 AT )0 - )
~dwj(x) AT
=—a H(x—xo)+75(x—xo) (48)
Thus:
dw] (x) _dw'(x) A"
25 H (= x0) = TS H (= x0) = 50— x0) )

Substituting Eq. (49) into Eq. (47) yields:

d;jch) + Joug () + (02 (x) — o1 (%)) H (x — x9)] diix) — [or (%) + (o2 (x) — o (x))H (x — x0)]
y (d)(x) N (_1wde(JC)> _ [(bo n o (x) —; % (x) ) or _ Bi(x) ‘;ﬁz(X) AT[5(x = x0) + 676W (x — x0)

(50)
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Similarly from Egs. (36b) and (37b), we obtain:

T 050+ () = )~ xo)] P SOy ) 4 ) — (e~ )0
_ (ao+Vl(x) _;yz(X)>AT5(X—X()) + A7 (x — xp) (51)

Egs. (50) and (51) are the equilibrium differential equations of a nonuniform Timoshenko beam with one
point of jump discontinuity in the space of generalized functions. As may be seen, the governing differential
equilibrium equations can always be expressed in terms of a single displacement function w(x) and a single
rotation function @(x).

In Section 4 we study the bending of nonuniform Euler-Bernoulli beams with jump discontinuities.
There we demonstrate that, unlike what we found for Timoshenko beams, the governing differential
equilibrium equation of the corresponding Euler—Bernoulli beams cannot always be written in terms of a
single deflection function w(x).

4. Nonuniform Euler—Bernoulli beams with jump discontinuities

In this section, bending of nonuniform Euler-Bernoulli beams with jump discontinuities is investigated.
Euler-Bernoulli beam theory, which neglects shear deformation, is the simplest theory of beams. This
theory assumes that any planar cross-section perpendicular to the beam axis prior to deformation remains
planar (no warping) and perpendicular to the beam axis after deformation. For this theory the following
displacement field is assumed:

w(ey.2) = 2200 (52a)
ur(x,,2) =0 (52b)
s, 2) = w() (52¢)

where u, uy, u3, and w have the same definitions as those presented for Timoshenko beams in the previous
section. The governing differential equilibrium equation of a continuous nonuniform Euler-Bernoulli beam
may be written as:

d? d*w(x
where EI(x) is the flexural stiffness and g(x) is a distributed force. Performing the differentiations in Eq.
(53), we obtain:

d*w(x) 2EI'(x) dPw(x) EI"(x) d*w(x) _ qx)

- 54
o T EI) 48 El) a2 EIQ) (54)
where (-)" and ()" denote classic differentiations with respect to x. Now let:
2EI'(x) El'"(x)
FI) J(x) and FI) K(x) (55)
Substituting Eq. (55) into Eq. (54) yields:
d*w(x) d*w(x) d*w(x)  qx)
oo T g TR T S E 56)
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Obviously Eq. (56) is not the governing equilibrium equation of a discontinuous Euler—Bernoulli beam; it
must be modified somewhat before it is relevant to discontinuous beams.

Consider the beam shown in Fig.2. Again, for the sake of simplicity, only one point of jump discon-
tinuity is considered. This beam is composed of two beam segments with respective deflections wy(x)
and w,(x). Each beam segment is continuous and hence Eq. (56) is the governing equilibrium equation.
Hence:

d*wi (x) d*wi (x) d'wi(x) _ qlx)

o +Ji(x) o + K (x) KR TASE 0<x <xo (57a)
d*w, (x) d*w, (x) d?w, (x) _qlx)

V100 R 2 —g5 = AR x<L (57b)

The displacement function of the beam is a piecewise continuous function that has the following compact
representation, which is similar to the representation of Timoshenko beams shown earlier:

w(x) = wi(x) + [wa(x) — wi(x)|H (x — xo) (58)
For this discontinuous beam we have:
w(xy) — wlxy) = walxo) — wi(x) = 4 (59)

Also we know that:

d’ d’
M (x0) = EI (xo) v;;(;o) . My(xo) = ED(x0) Zi(f‘)) (60a)
d’ d’
Vi(xo) = EI(xo) %, Vs(x0) = ED(xo) V;i(j‘") (60b)
Thus:
dI*wy(x)  d*wi(x) B 1 1 B
- e ) K ot
Ewy(x)  dPwi(x) B 1 1 B
- R ) e (o10)
Differentiating both sides of Eq. (58) and considering Eq. (29) yields:
d d d d
v;(cx) _ wd])Ex) n [ WdZ)EX) _ W(;)Ex) ]H(x ~x0) + A5(x — xo) (62a)
dI*wx)  d*wi(x) d®wy(x)  d*wi(x) )
i + o2 e H(x —x0) + ©0(x —x0) + 40" (x — xp) (62b)

d3w(x)_d3w1(x) Ewy(x)  EPw(x)
+{ & s

+ 409 (x — xo) (62c)

}H(x —x0) + K:ap©@d(x — x) + 03" (x — xo)
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d'w(x)  d'wi(x)  [d'wy(x) d*wi(x)
o T de¢ | Tad ae

+ 06% (x — xo) + 46 (x — xo) (62d)

H(x — xo) + Kiap45(x — xo) —|—Kra0@5(l)(x —Xo)

Denoting the left-hand sides of Egs. (57a) and (57b) by 3 and R, respectively, we can write:
I+R-I)H(x—x9) =0 (63)
Substltutmg for 3 and R from Egs. (57a) and (57b) into Eq. (63) yields:

& W1 ), (d4W2 0 dwx ))H(x )+ A [d W) (d3wZ(x) _dw (x))H(x —xo)}

dx? dx* dx? dx? dx?
2 2 2 3
+ K (x {d g X <d g;z(x) d ;V;Cz(x) >H(x - X())] + () — ()3 Zl”;fx)H(x — Xo)
# (Kat) = i) ) =g s+ (s~ g )] (64)
Multiplying both sides of Eqgs. (62b) and (62¢) by H(x — x) yields:

d*w(x) () 1

5 Hx—x0) ==L H(x = x0) + 05(x — xo)H (x = x0) + A6 (x — xo)H (x — xo) (65a)
d ZIV)SX) H(x —xo) = d vgi(x) H(x — x0) + K:ao@(x — x0)H (x — xo) + 00" (x — x0)H (x — x0)

+ 46% (x — x0)H (x — x0) (65b)

From Egs. (64), (65a), (65b) and considering Egs. (19b) and (23), it can be concluded that w;(x) can be
eliminated from the governing differential equilibrium equation if and only if:

A=0 or K(x)=K(x) (66a)
and
©=0 or J(x)=J(x) (66b)

In other words, the governing equilibrium equation of a nonuniform Euler-Bernoulli beam with jump
discontinuities can be expressed in terms of a single deflection function w(x) in the space of generalized
functions if and only if both of the following conditions hold:
BN EB()

ElL(x) EL(x)

EL(x) _ EL(x)

©=0 or (x)  EbL(x)

(67b)

Apparently, conditions (67a) and (67b) are very restrictive, and for most nonuniform Euler—Bernoulli
beams with jump discontinuities it is not possible to express the governing differential equilibrium equation
in terms of a single function; two deflection functions or more appear in the governing equations. Clearly,
uniform Euler-Bernoulli beams satisfy both Eqs. (67a) and (67b) and hence the governing equilibrium
equation can always be written in terms of a single displacement function w(x), as was shown by Yavari
et al. (2000).

Now a more general result can be reached. Consider a mechanical system H whose governing differential
equation has the following form:
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df(x) 41 () &*f(x) df(x) _
o T by-1(x) o] w T bi(x) o T bo(x)f (x) = g(x) (68)

+o ot ba()

for x € [a, b]. It is assumed that the response of the system is represented by a function f(x) when there are
no discontinuities. Now suppose that this system has a discontinuity point at x = x; the system is composed
of two continuous subsystems. Generalization to the case of n discontinuity points is straightforward.
Denoting the respective responses of subsystems by fi(x) and f>(x), Eq. (68) is the governing differential
equation for each of them, i.e.:

n n—1 o 2 .
LA 415 T gy I, ) S 4,0 10) = g0 (69)
for x € [a,x], and
n n—1 2
42t gi}(qx) +2b,_1(x) d* o) dx{iEX) + e 4 2by(x) d é’;gx) + by (x) L:;(Cx) + 2bo(x)f5(x) = q(x) (69Db)
for x € [xo,b]. For this system we have:
£G0) = fxy) = falxo) = fi(xo) = A (70a)
FO@) = W) = £ (x0) = /i (x0) = 4f (70b)
FO00) = fO) = A7) = 17 (%) = 45 (70c)
S = ) = 4 o) = AV ) = 4g Y (70d)

Theorem 2. The governing differential equation of system H can be written in the space of generalized functions
in terms of f(x) if and only if:

be(x) =2bi(x) or AP =AY = =40 =0; k=n—-1,n-2,...2 (71)

Proof. Consider the terms 'b,(x)d*f; (x) /dx* and 2b;(x)d* f3(x)/dx*. Again following a procedure similar to
that used with the Timoshenko and Euler—Bernoulli beams, consider the following combination of these
terms:

d*fi(x d*fo(x d*fi(x
Ui (x) (’;‘C,E n {2bk(x) Tiﬁ ) i) ({;E )}H(x_xo)
d*fi(x dfAx)  dfikx d* fo(x
= buo)| S (L2 SO )|+ Coute) - ut) T ™)
The problem is the last term. Multiplying both sides of Eq. (29) by H(x — xo) yields:
d* d* - -
dJ;(kx) H(x —x0) = d)zc’EX) H(x —xp) + A(()k V8(x — x0)H(x — xo) + A(()k 260 (x — x0)H (x — x0)

+ Aék73)5(2) (x —x0)H(x —x0) +---+ Aéo)é(k_l)(x —x0)H (x — xp) (73)

Hence, conditions (71) must be satisfied. [
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Example 1. Consider an Euler—Bernoulli beam column with jump discontinuities in the deflection and slope
and an abrupt change in flexural rigidity with an axial load at the point of discontinuity. Also assume that
for each beam-column segment the flexural stiffness is constant. For this mechanical system the governing
equilibrium equations of beam-column segments may be written as:

d*w; (x) n P d*wi(x)  qx)

) IV < 4
dt " EL  dx? EI 0Sx<x (74a)

d'wy(x) P, d*wa(x)  glx)
— = < L 4
¢ EL e EL0 °STS (740)
For this mechanical system n = 4, 'hs3(x) = 2b3(x) = 0, and 'b,(x) = P, /El,, and %b,(x) = P,/EL.
According to the above theorem the governing equilibrium of the beam column can be written in terms
of a single deflection function w(x) if and only if:

PP

— A9 — 0o 75
EI,  EL 0 (75)

which is exactly what was obtained by Yavari and Sarkani (2001).

5. Conclusions

In this article the bending of nonuniform Euler-Bernoulli and Timoshenko beams with various dis-
continuities is studied. Bending equations for a nonuniform Timoshenko beam with jump discontinuities in
deflection and slope, and with abrupt changes in flexural and shear rigidities, are found in the space of
generalized functions. It is shown that the governing differential equilibrium equations can always be ex-
pressed in terms of a single deflection function and a single rotation function.

Because the product of two generalized functions is not defined in general, for nonuniform Euler—
Bernoulli beams with jump discontinuities the governing equilibrium equation cannot always be written in
terms of a single deflection function. Conditions under which the governing equilibrium equation can be
simplified in terms of only one deflection function are found. Then the same problem is investigated for a
more general mechanical system and a theorem is derived. This theorem justifies the results obtained by
Yavari and Sarkani (2001) for Euler—Bernoulli beam columns with jump discontinuities.
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