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Exact solutions for pure torsion of shape memory alloy circular bars
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a b s t r a c t

Shape memory alloy (SMA) structures are usually analyzed numerically; there are very few
closed-form solutions in the literature. In this paper, we study the pure torsion of SMA bars
with circular cross sections. First, a three-dimensional phenomenological macroscopic con-
stitutive model for polycrystalline SMAs is reduced to the one-dimensional pure shear case
and then a closed-form solution for torsional response of SMA bars in loading and unload-
ing is obtained. Several case studies are presented in order to investigate the influence of
different parameters, e.g. temperature and material properties on the torsional response
of SMA circular bars.

! 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Along with the recent increase in the use of shape mem-
ory alloy (SMA) devices in a wide variety of applications,
various numerical methods have been developed for ana-
lyzing these devices (Qidwai and Lagoudas, 2000; Liew
et al., 2002; Mahapatra and Melnik, 2007). Due to the com-
plexity of the nonlinear numerical algorithms that are cur-
rently used for modeling shape memory alloys, there are
numerous parameters that can affect the accuracy of these
methods in analyzing even a simple SMA structure. The
necessity of validating the outputs of numerical simula-
tions along with the difficulty of performing experimental
tests on SMAs, is the main motivation for seeking analyti-
cal or semi-analytical solutions for some SMA devices
(Mirzaeifar, 2009).

Recent studies have shown that SMAs can be efficiently
used in improving the response of structures, e.g. buildings
and bridges subjected to earthquake loads (DesRoches and
Smith, 2004; Andrawes and DesRoches, 2007, 2008). The
unique ability of SMAs in recovering large scale strains
(pseudoelasticity) makes them a desirable option for en-

ergy dissipating devices in multiple-frame structures like
bridges. Recently, Speicher et al. (2009) introduced a new
device with shape memory alloy helical springs that can
be used as bracing elements in buildings. SMA helical
springs were subjected to cyclic loads and it was shown
that Nitinol helical springs are efficient devices for recen-
tering and damping in a vast range of structures besides
their ability in minimizing the residual deformations in
structures after an earthquake. In addition of being poten-
tial energy dissipating devices, SMA helical springs have a
vast range of industrial applications as active actuators
(Dong et al., 2008; Leea et al., 2009).

The simplest method for analyzing helical springs is to
assume that eachportionof a springacts as a straightbar un-
der torsion. It can be shown that when the spring index (the
ratio of mean coil radius to the cross section radius) is large
and the helix angle is small, this assumption leads to fairly
accurate results (Wahl, 1944). In a series of studies Ancker
and Goodier (1958a,b,c) investigated the accuracy of this
assumption in some detail and modified it to obtain a more
accurate solution for helical springs considering the curva-
ture effects. In one of thefirst studies on SMAhelical springs,
Tobushi and Tanaka (1991) considered the pure torsion
assumption for analyzing a helical spring under axial load.
They used Tanaka’s constitutive model (Tanaka, 1986) but
in the stress–strain relation the hardening during phase
transformation is ignored and the material is treated as

0167-6636/$ - see front matter ! 2010 Elsevier Ltd. All rights reserved.
doi:10.1016/j.mechmat.2010.06.003

* Corresponding author. Address: School of Civil and Environmental
Engineering, Georgia Institute of Technology, 790 Atlantic Dr., Atlanta, GA
30332, USA. Fax: +1 404 894 2278.

E-mail address: arash.yavari@ce.gatech.edu (A. Yavari).

Mechanics of Materials 42 (2010) 797–806

Contents lists available at ScienceDirect

Mechanics of Materials

journal homepage: www.elsevier .com/locate /mechmat



Author's personal copy

perfectly plastic. Although this assumption simplifies the
solution remarkably, experimental results show that the
hardening response in stress–strain relations for polycrys-
talline SMAs can not be ignored. In another effort for analyz-
ing SMA helical springs, Toi et al. (2004) modified the
Brinson’s one-dimensional constitutive model (Brinson,
1993) for SMAs and implemented it in an incremental finite
element formulation using Timoshenko beam elements. In
their study, helical SMA springs are modeled numerically
and simulation outputs are compared with experimental
results.

In the present study, pure torsion of SMA bars with cir-
cular cross sections is considered. This is the first step in
analysis of SMA helical springs with large spring index
and small helix angle. We should mention that torsion of
SMA bars have been studied by several researchers in re-
cent years. Lim and McDowell (1999) reported the behav-
ior of SMA thin-walled tubes subjected to axial–torsional
proportional and nonproportional loading by conducting
several experiments. Chung et al. (2006) presented a
numerical simulation for pseudoelastic behavior of shape
memory alloy circular rods under tension/torsion com-
bined loadings. Brinson’s phase transformation formula-
tion and an analogy with traditional plasticity were used.

Clearly pure torsion is an important benchmark prob-
lem that can be used in validating various numerical sim-
ulations of SMAs. Pure torsion is also important as a first
step in analysis of SMA springs. A general three-dimen-
sional constitutive relation for shape memory alloys is first
reduced to an appropriate one-dimensional form suitable
for implementation in pure torsion. An explicit expression
is derived for shear stress as a function of geometric spec-
ifications, material constants, and shear strain. Response of
circular bars in torsion is carefully analyzed by considering
different possibilities that may happen for various loading
levels and some case studies are presented for investigat-
ing the effect of material properties and temperature on
the behavior of circular bars in loading and unloading
conditions.

This paper is organized as follows. In Section 2 a general
three-dimensional constitutive equation for polycrystal-
line SMAs is briefly reviewed. The three-dimensional con-
stitutive relations are reduced to a one-dimensional
constitutive equation for pure torsion in Section 3 and an
explicit relation is derived for shear stress. Different case
studies are presented in Section 4. Torsion of an SMA
thin-walled tube is considered with the purpose of validat-
ing an incremental based finite element simulation. Sev-
eral case studies are presented. SMA solid bars with
circular cross sections subjected to torsion and different
parameters like temperature and material properties are
studied in both loading and unloading cases. Conclusions
are given in Section 5.

2. General constitutive model

We use Boyd and Lagoudas (1996) and Qidwai and
Lagoudas (2000)’s three-dimensional phenomenological
macroscopic constitutive model for polycrystalline SMAs.
In this constitutive model one starts with the following
expression for the total Gibbs free energy G:

Gðr; T;!t; nÞ ¼ $ 1
2qr : S : r$ 1

qr : aðT $ T0Þ þ !t! "

þ c ðT $ T0Þ $ T ln
T
T0

# $% &
$ s0T þ u0

þ 1
q f ðnÞ; ð1Þ

whereS, a, c, q, s0 and u0 are the effective compliance tensor,
effective thermal expansion coefficient tensor, effective
specific heat, mass density, effective specific entropy, and
effective specific internal energy at the reference state,
respectively. The symbols r, T, T0, !t and n represent the
Cauchy stress tensor, temperature, reference temperature,
transformation strain and martensitic volume fraction,
respectively.All theeffectivematerial properties are assumed
to vary with the martensitic volume fraction (n) as follows:

S ¼ SA þ nDS; a ¼ aA þ nDa; c ¼ cA þ nDc;

s0 ¼ sA0 þ nDs; u0 ¼ uA
0 þ nDu0; ð2Þ

where the superscripts A and M represent the austenite
and martensite phases, respectively. The symbol D(&) de-
notes the difference of a quality (&) between the martens-
itic and austenitic phases, i.e. D(&) = (&)M $ (&)A. In (1), f(n)
is a hardening function that models the transformation
strain hardening in the SMA material. In the Boyd–Lagou-
das’ polynomial hardening model, this function is given by

f ðnÞ ¼
1
2qb

Mn2 þ ðl1 þ l2Þn; _n > 0;
1
2qb

An2 þ ðl1 $ l2Þn; _n < 0;

(
ð3Þ

where qbA, qbM, l1 and l2 are material constants for trans-
formation strain hardening. The first condition in (3) repre-
sents the forward phase transformation (A?M) and the
second condition represents the reverse phase transforma-
tion (M? A). The constitutive relation of a shape memory
material can be obtained by using the total Gibbs free en-
ergy as

! ¼ $q @G
@r

¼ S : rþ aðT $ T0Þ þ !t: ð4Þ

Considering the fact that any change in the state of the sys-
tem is only possible by a change in the internal state vari-
able n (Bo and Lagoudas, 1999), the evolution of the
transformation strain tensor is related to the evolution of
the martensitic volume fraction as

_!t ¼ C _n; ð5Þ

where C represents a transformation tensor related to the
deviatoric stress tensor anddetermines theflowdirectionas

C ¼
3
2

H
rr

0; _n > 0;
H
!!tr !

tr ; _n < 0:

(
ð6Þ

In (6), H is the maximum uniaxial transformation strain
and !tr represents the transformation strain at the reverse
phase transformation. The terms r0; r and !!tr are the devi-
atoric stress tensor, the second deviatoric stress invariant
and the second deviatoric transformation strain invariant,
respectively, and are expressed as
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r0 ¼ r$ 1
3
ðtrrÞI; !r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3
2
r0 : r0

r
;

!!tr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
3
!tr : !tr

r
; ð7Þ

where I is the identity tensor.
An additional constraint on the material behavior is ob-

tained by using the Second Law of Thermodynamics in the
form of non-negativeness of the rate of entropy production
density (Qidwai and Lagoudas, 2000):

r : _!t $ q @G
@n

_n ¼ p _n P 0; ð8Þ

where p is a thermodynamic force and can be obtained by
substituting (1) and (5) into (8) as

p ¼ r : Cþ 1
2
r : DS : rþ Da : rðT $ T0Þ

$ qDc ðT $ T0Þ $ T ln
T
T0

# $% &
þ qDs0T

$ @f
@n

$ qDu0: ð9Þ

Now, the transformation function that controls the onset of
direct and reverse phase transformation is defined as

U ¼ p$ Y ; _n > 0;
$p$ Y; _n < 0;

(
ð10Þ

wheres Y is a measure of internal dissipation due to micro-
structural changes during phase transformation. The trans-
formation function represents the elastic domain in the
stress–temperature state. In other words, when U < 0 the
material response is elastic and the martensitic volume
fraction does not change ð _n ¼ 0Þ. During the forward phase
transformation from austenite to martensite ð _n > 0Þ and
the reverse phase transformation from martensite to aus-
tenite ð _n < 0Þ, the state of stress, temperature and mar-
tensitic volume fraction should remain on the
transformation surface, which is characterized by U = 0.
It can be seen that transformation surface in the stress–
temperature space is represented by two separate faces
that are defined by n = 0 and n = 1. Any state of stress–tem-
perature inside the inner surface (n = 0) represents the aus-
tenite state with an elastic response. Outside the surface
n = 1, the material is fully martensite and behaves elasti-
cally. For any state of stress–temperature on or in between
these two surfaces the material behavior is inelastic and a
forward transformation occurs. A similar transformation
surface exists for the reverse phase transformation.

3. Reduction of the constitutive equations for pure
torsion

Analysis of solid members with a uniform cross section
of general shape in torsion is a classical problem in elastic-
ity and is commonly referred to as the Saint–Venant’s
problem after the French mathematician Barré de Saint–
Venant. In 1784, Coulomb presented a solution for pris-
matic bars with circular cross sections in torsion. For many
years, this formulation was used for torsional analysis of
bars with arbitrary cross sections. Later it was shown that

the Coulomb’s formulation, which ignores the cross section
warpage1 is not valid, in general. There were many unsuc-
cessful attempts for formulating the torsion of a bar with a
general cross section consistent with elasticity equations
(for a historical review see Higgins, 1942). Finally, In 1874,
Saint–Venant published the correct formulation of the tor-
sion problem in a series of three papers (Higgins, 1942).
Based on the general solution of Saint–Venant, it can be
shown that the no warpage assumption is valid for bars with
circular cross section (Sokolnikoff, 1956) and some other
special cross sections (Chen, 2004). According to Saint–Ve-
nant’s solution the state of stress and strain is one-dimen-
sional and shear strain varies linearly from the central axis
toward the outer radius.2

In the case of circular bars, the general three-dimen-
sional constitutive relations introduced in the previous
section can be reduced to a one-dimensional constitutive
equation. The stress, strain, and transformation strain ten-
sors have the following forms:

r ¼
0 0 0
0 0 shz
0 shz 0

2

64

3

75; ! ¼
0 0 0
0 0 !hz
0 !hz 0

2

64

3

75;

!t ¼
0 0 0
0 0 !thz
0 !thz 0

2

64

3

75; ð11Þ

where shz, !hz and !thz are the shear stress, shear strain and
transformation shear strains, respectively. Using trr = 0 in
(7) the deviatoric stress tensor will be the same as the
stress tensor, r0 = r. The second deviatoric stress and trans-
formation strain invariants are reduced to read:

!r ¼
ffiffiffi
3

p
jshzj; !!tr ¼ 2ffiffiffi

3
p j!trhzj: ð12Þ

The transformation tensor for the pure torsion is expressed
as:

Cþ ¼
ffiffiffi
3

p

2
H sgnðshzÞ

0 0 0
0 0 1
0 1 0

2

64

3

75;

C$ ¼
ffiffiffi
3

p

2
H sgn !trhz

( )
0 0 0
0 0 1
0 1 0

2

64

3

75; ð13Þ

where sgn(&) is the sign function and the superscripts + and
$ for C represent the forward and inverse phase transfor-
mations, respectively. Substituting (13) into (9) and (10)
and using the following relation between the constitutive
model parameters:

1 In a cross section with warpage, the planar cross sections perpendicular
to the axis of the bar before deformation will not remain planar after
deformation.

2 Considering a cross section in the xy-plane (z is along the bar axis), the

state of shear strain at a point in the cross section is czx ¼ 2!zx ¼ h @w
@x $ y

* +

and czy ¼ 2!zy ¼ h @w
@y þ x

* +
, where h is the twist angle per unit length and w

represents the warping function that represents the cross section defor-
mation along the z-axis. Clearly, zero warpage leads to the linear
distribution of shear strains through the thickness (Sokolnikoff, 1956).
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qDu0 þ l1 ¼ 1
2
qDs0ðMs þ Af Þ;qbA ¼ $qDs0ðAf $ AsÞ;

qbM ¼ $qDs0ðMs $Mf Þ;Y ¼ $1
2
qDs0ðAf $MsÞ $ l2;

l2 ¼ 1
4
ðqbA $ qbMÞ;

ð14Þ

explicit expressions for the martensitic volume fraction in
direct and inverse phase transformation are obtained as

nþ ¼ 1
qbM

ffiffiffi
3

p
Hjshzjþ 2s2hzDS44 þ fþðTÞ

n o
; ð15Þ

n$ ¼ 1
qbA

ffiffiffi
3

p
Hshzsgnð!trhzÞ þ 2s2hzDS44 þ f$ðTÞ

n o
; ð16Þ

where

fþðTÞ ¼ qDc ðT $ T0Þ $ T ln
T
T0

# $% &
þ qDs0ðT $MsÞ; ð17Þ

f$ðTÞ ¼ qDc T $ T0ð Þ $ T ln
T
T0

# $% &
þ qDs0ðT $ Af Þ: ð18Þ

The parametersMs and Af are the martensitic start and aus-
tenite finish temperatures, respectively. By substituting
the explicit expression of the martensitic volume fraction
in (5) and after integrating from zero to an arbitrary time,
the transformation shear strain can be calculated. The con-
stitutive relation (4) is now reduced to read:

!hz ¼
1þ m

EA þ n'ðEM $ EAÞ
shz

þ 1
qb'

3
2
H2shz þ

ffiffiffi
3

p
Hs2hz@

'DS44 þ
ffiffiffi
3

p

2
H@'f'ðTÞ

( )

;

ð19Þ

where m is Poisson’s ratio that is assumed to be the same for
both phases. The + and$ symbols are used for the direct and
reverse phase transformations, respectively, and the other
parameters are: @þ ¼ sgnðshzÞ; @$ ¼ sgnð!trhzÞ; qb

þ ¼ qbM

and q b$ = qbA. For a bar with a circular cross section, the
shear strain in (19) can be related to twist angle per unit
length as !hz ¼ 1

2 rh, where r is the distance from the axis of
the bar. Substituting (15) into (19) and considering the spe-
cial case in which both the shear stress and the shear trans-
formation strains are positive (19) can be rewritten as:

s4hz þ F1s3hz þ F2 þ F(
2rh

( )
s2hz þ F3 þ F(

3rh
( )

shz
þ F4 þ F(

4rh
( )

¼ 0; ð20Þ

where,

F1 ¼ $
ffiffiffi
3

p
H

DS44
;

F2 ¼ 1
4
3DEH2 þ 4DEDS44f'ðTÞ þ 2qb'EADS44

DEDS244
;

F3 ¼
ffiffiffi
3

p

12
6DEH2f'ðTÞ þ 3qb'EAH2 þ 2ð1þ mÞðqb'Þ2

HDEDS244
;

F4 ¼ 1
4
f'ðTÞðDEf'ðTÞ þ qb'EAÞ

DEDS244
;

F(
2 ¼ $1

6
qb' ffiffiffi

3
p

DS44H
;

F(
3 ¼ $1

4
qb'

DS244
;

F(
4 ¼ $

ffiffiffi
3

p

12
qb'ðDEf'ðTÞ þ qb'EAÞ

HDEDS244
; ð21Þ

in which DE = (EM $ EA). The relation (20) is a quartic equa-
tion that can be solved analytically using Ferrari’s method3

for finding the shear stress shz as a function of twist angle in
an arbitrary radius as:

shz ¼ }'ðr; hÞ; ð22Þ

which is given explicitly in Appendix A.

4. Torsion of a SMA bar with circular cross section

In this section, several case studies are presented for
torsion of circular SMA bars. In these numerical examples,
two different sets of material parameters are used as
shown in Table 1. The first set of properties are some gen-
eric values given in Qidwai and Lagoudas (2000) and later
used by many researchers in reporting numerical simula-
tions of SMAs. The second set of parameters are based on
an experimental work by Jacobus et al. (1996) on Ni50Ti50
alloy. The required material constants for the reduced con-
stitutive model are extracted from the experimental data
by Qidwai and Lagoudas (2000).

4.1. Thin-walled SMA tube

As the first case study, a thin-walled SMA tube with ra-
dius R = 3 mm and length L = 4 cm is considered. The tube
is fixed at one end and the other end is twisted. Thematerial
properties (Material I) in Table 1 are used. The temperature
is assumed to be T = 315 K. We compare the results of the
present analytic solution with a finite element simulation.
The details of implementing the reduced constitutive equa-
tion in a displacement based finite element formulation is
given inMirzaeifar et al. (2009). The three-dimensional con-
stitutive relations of Section 2 are used and an appropriate
user subroutine (UMAT) is written by FORTRAN in the com-
mercially available finite element program ABAQUS that
enables this code to model SMA structures using solid ele-
ments and some two-dimensional elements. The developed
finite element code was validated by previously reported
works for SMA structures using some case studies like uni-
axial tension, bending of beams and deflection analysis of
cylindrical panels (Mirzaeifar et al., 2009). In modeling
torsion problems, quadratic axisymmetric elements with
additional twist degree of freedom are used.4

As the thickness of the tube is very small5 the radial
change of martensitic volume fraction and stress is negligi-

3 In 1540, Lodovico Ferrari found the solution of quartic equation by
reducing it to a cubic equation. However, because the solution for cubic
equations was not available at the time, his solution was not published. Four
years later Ferrari’s teacher, Gerolamo Cardano, published the solution of
both quartic and cubic equations in his book ArsMagna (Cardano et al., 2007).

4 Element CGAX8 in ABAQUS.
5 In the finite element model, a tube with inner and outer radii,

ri = 2.9 mm and ro = 3.1 mm is modeled.
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ble. As a result, only one element is used in the radial direc-
tion. Although the stress distribution is constant along the
axial direction, for avoiding high aspect ratio in the ele-
ments, 40 elements are used in the axial direction. The tor-
sional loading is divided into 200 steps and the tolerance of
1 ) 10$6 is considered for the convergence of transforma-
tion function (see Qidwai and Lagoudas, 2000).

Fig. 1 compares the results of the present formulation
with those of the finite element simulations. Note that in
the finite element results, the average stress value in the
middle of thickness is shown. As it is seen, the numerical
simulation predicts the completion of phase transforma-
tion in a larger twist angle compared to the exact solution.
This difference can be reduced by increasing the number of
finite elements, load steps, and iterations for achieving the
equilibrium in the finite element simulation. It is worth
mentioning that the results of the present closed-form
solution are obtained without a massive computation in
contrast with the finite element (or other numerical simu-
lations) that require a massive iterative computational
process. In the present case study, due to the small thick-
ness of the tube, only one element through the thickness
and a small number of elements (even one element) along

the length is adequate. However, in more complicated
problems such as solid bars, with the increase of the ele-
ment numbers in the model, the problem becomes chal-
lenging from the computational point of view and the
present analytical solution would be much more efficient.

4.2. SMA solid bars

In this section, the loading and unloading of SMA solid
prismatic bars with circular cross sections is considered.
All the cases are presented for a bar with radius
R = 25 mm with different material properties and different
temperatures. In the first case we consider the loading of a
bar, which is in the fully austenite phase at rest. In torsion
of such a bar, in general, a cross section may be divided
into three regions as shown in Fig. 2. In the inner region
(Region I), the material is in the austenite phase and the
relation shz = GArh with GA ¼ EA

2ð1þmÞ is valid. In Region II,
the phase transformation has started (0 < n < 1) and the
relation shz = }+(r,h) expressed in (22) is valid. In the outer
region (Region III) the phase transformation is completed
and the material is in the martensite phase. In this region
stress is calculated as shz ¼ sfhz þ GMrðh$ hf Þ, where sfhz
and hf are the shear stress and the twist angle at which
the phase transformation is completed (n = 1). For a bar
in the austenite phase with h = 0, increasing the twist angle
the phase transformation starts from the outer radius and
spreads toward the center. With more increase of the twist
angle, the third region with fully transformed martensite
spreads from the outer radius toward the center. For any
value of the twist angle, as the material response in the
austenite core is elastic, r1 can be calculated by setting
n = 0 in (15)1 and replacing shz with GArh. The radius of
the inner elastic region r is calculated as:

r1 ¼ $1
4

ffiffiffi
3

p
H $

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3H2 $ 8DS44fþðTÞ

q

DS44GAh
: ð23Þ

This equation can also be used for calculating the value of
twist angle required for the start of phase transformation,
which will obviously happen in the outermost layer r = R.

Consider an SMA solid bar with radius R = 25 mm and
the material properties (Material I) in Table 1. All the

0 10 20 30 40 50 60 70 80
0

0.5

1

1.5

2

2.5
x 108

Twist angle (degrees)

τ θz
 (P

a)
 

Exact Solution
Finite Element

Fig. 1. Torsion of a SMA thin-walled tube in loading.

I
II

III

r

σΖθ

R

r1

r2

Fig. 2. Schematic of stress distribution in a circular bar. Regions I, II, and
III are the austenite core, transition region, and the martensite outer layer,
respectively.

Table 1
SMA material parameters.

Material
constants

A generic SMA
(Material I) (Qidwai
and Lagoudas, 2000)

Ni50Ti50 (Material II)
(Qidwai and Lagoudas,
2000; Jacobus et al., 1996)

EA (Pa) 70.0 ) 109 72.0 ) 109

EM (Pa) 30.0 ) 109 30.0 ) 109

mA = mM 0.3 0.42
aA 22.0 ) 10$6/K –
aM 10.0 ) 10$6/K –
qDc = cM $ cA

(J/(m3K))
0.0 0.0

H 0.05 0.05
qDs0 (J/

(m3K))
$0.35 ) 106 $0.42 ) 106

Af (K) 315.0 281.6
As (K) 295.0 272.7
Ms (K) 291.0 254.9
Mf (K) 271.0 238.8
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results are presented for different twist angles per unit
length. Temperature is assumed to be T = 315 K. The shear
stress distribution for various twist angels is shown in
Fig. 3. Distribution of the martensitic volume fraction for
these twist angles is depicted in Fig. 4.

As it is shown in Figs. 3 and 4 for the twist angle
h = 4 rad/m, the cross section is divided into three regions.
For the inner region with 0 < r < 0.84 mm, the material is in
the austenite phase. The annulus 0.84 mm < r < 23.7 mm is
the phase transformation region and for r > 23.7 mm the
phase transformation is completed and the material is in
the martensite phase.

In the unloading of the SMA bar, all the points inside the
elastic region will unload elastically in the stress–strain
space with the rate of GA (Dshz = GArDh). For any point out-
side the elastic core with a martensitic volume fraction of
0 < n* 6 1 an elastic unloading with the rate of
Geff = GA + n(GM $ GA) occurs until the stress level at the
point reaches the value of 6:

shz ¼ $1
4

ffiffiffi
3

p
H $

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3H2 $ 8DS44f$ðTÞ þ 8DS44n(qbA

q

DS44
: ð24Þ

After reaching this stress, the stress–strain relation
shz = }$(r,h) for unloading expressed in (22) will determine
the shear stress for any twist angle. The cross section will
be divided into three regions in unloading: the austenite
core with elastic unloading, the transition region with
0 < n 6 1, which has inelastic loading but elastic loading,
and the outer region with inelastic loading and unloading.
It is clear that in some special unloaded twist angles the
third region does not exist. As another case study, the bar
of the previous example loaded to h = 4 rad/m is unloaded
to different twist angles. The stress distribution for the
unloading is shown in Fig. 5. The martensitic volume frac-
tion distribution corresponding to these twist angles are
shown in Fig. 6.

As it is shown in Figs. 5 and 6, in the unloading up to
h = 3.8 rad/m all the points in the cross section have an
elastic unloading and phase transformation does not start
during unloading (the martensitic volume fraction does
not change). However, for larger values of unloading twist,
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Fig. 3. Shear stress for various twist angels in loading.
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6 This stress level is calculated by replacing n$ with n* in (15)2 and
solving for shz.
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all the three regions can be distinguished. It is obvious that
stress and martensitic volume fraction distributions in this
case are history dependent and are not identical in loading
and unloading for the same values of twist angle (compare
Figs. 5 and 6 with Figs. 3 and 4). Note that, at the present
temperature (T = Af = 315 K) all the loading induced stres-
ses recover during a complete unloading.

In the next case study, the effect of temperature on the
response of the bar is studied. Shear stress distribution for
the twist angle of h = 3.8 rad/m is depicted in Fig. 7 for
three different temperatures. It is seen that increasing tem-
perature, the stress corresponding to the onset of phase
transformation increases and consequently the radius of
the elastic core increases as well. Also, for lower tempera-
tures Region III starts to spread toward the center for lower
values of twist angle per unit length.

Next we study the effect of material properties on the
response of circular bars in torsion. Two identical bars with
material constants I and II are considered. Both bars are
initially in the austenite finish temperature (T = 315 K for
Material I and T = 281.6 K for Material II). As it is shown
in Fig. 8, in loading for Material II the phase transformation

starts at a higher stress level and the radius of the elastic
core is larger. In unloading, the bar made of Material II
has a lower stress level in the region with reverse phase
transformation. As it will be shown shortly, the difference
between shear stress distribution for these two materials
will significantly affect the torque applied to the bar in
loading and unloading. It is worth noting that, as the elastic
properties of these two materials are almost the same, the
difference in material response is mainly caused by the dif-
ference in the parameters f±(T).

All the previous case studies were presented for differ-
ent twist angles. In some cases, it is necessary to calculate
the response of the bar with respect to the applied torque.
For this purpose the present formulation can be used for
calculating the necessary torque for producing a specific
twist angle as:

Tþ ¼ 2p
Z r1

0
GAhr3dr þ 2p

Z r2

r1

}þðr; hÞr2dr

þ 2p
Z R

r2

sfhz þ GMrðh$ hf Þ
* +

r2dr; ð25Þ
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Fig. 5. Shear stress for various twist angels in unloading.
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T$ ¼ 2p
Z r(1

0
GAhr3dr þ 2p

Z r(2

r(1

s‘hz $ Geff rDh
( )

r2dr

þ 2p
Z R

r(2

}$ðr; hÞr2dr; ð26Þ

where r1 and r2 are the inner and outer radii of Regions II as
shown in Fig. 2 in loading. The parameters r(1 and r(2 are the
inner and outer radii of Region II with phase transforma-
tion during the loading phase but in an elastic unloading.
The parameter s‘hz represents the value of shear stress for
any point at the end of the loading phase and Dh is the
amount of reverse twist angle during unloading. The load-
ing–unloading cycle for a bar with the same geometry as
those of the previous examples is depicted in Fig. 9 for
three different temperatures. Material I is used for this case
study. As it is shown in this figure, the twist angle is fully
recovered during unloading for temperatures above the
austente finish temperature and after removing the ap-
plied torque no residual twist is remained in the bar. For
T = 305 K, which is below the austenite finish temperature,
when the applied torque is removed, a residual twist is ob-

served. In all the three temperatures, the area of the hys-
teresis loop remains constant; the loops are rigidly
translated in the torque-twist plane.

As shown in Fig. 9, for temperatures below the austenite
finish temperature a residual twist angle and consequently
a residual stress distribution exists after removing the ap-
plied torque. As another case study, a bar at T = 305 K is
loaded to different maximum twist angles and the applied
torque is removed to study the residual twist and stress
distributions. Fig. 10 shows the applied torque versus twist
angle for this bar. As it is shown, for a bar loaded to h = 4
and 6 rad/m after removing the torque, the bar has a resid-
ual twist angle of h = 2.31 rad/m. In the case of loading the
bar to h = 2 rad/m, after removing the external torque, the
residual twist angle is h = 1.78 rad/m. Distribution of resid-
ual shear stress for these bars is shown in Fig. 11. As it is
shown, removing the external torque the bar is in a state
of self-equilibrated residual stress distribution.

The loading–unloading hysteresis loop in torsion for dif-
ferent material properties is studied in the next case study.
Fig. 12 shows the applied torque versus the twist angle for
a bar of the previous examples made of Materials I and II
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(both bars are in the austenite finish temperature). As it is
shown in this figure, the hysteresis loop area is larger for
Material II. This can be explained by looking at the stress
distribution shown in Fig. 8. ForMaterial II, the phase trans-
formation starts at a higher stress level in loading and the
reverse phase transformation occurs at lower stress levels
in unloading.

5. Conclusions

In this paper, an analytical solution is presented for the
pure torsion of SMA bars with circular cross sections. We
reduced a general phenomenological macroscopic consti-
tutive model for polycrystalline SMAs and obtained an ex-
plicit expression for the shear stress in circular SMAs bars
in pure torsion. It is shown that in the most general case,
the cross section in loading and unloading may be divided
into three regions with different responses. The stress–
strain relation in these regions is derived and the shear
stress distribution is calculated for different twist angles
both in loading and unloading. Several case studies are

presented for analyzing the response of SMA bars with dif-
ferent material properties at various temperatures. The
twist angle is obtained as a function of the applied torque
in loading–unloading cycles. The presented solution can be
used as a benchmark problem for validating numerical
simulations of SMAs. This method can also be exploited
to analyze SMA helical springs, which have various appli-
cations in engineering. This will be the subject of a future
communication.

Appendix A. Analytical expressions for shear stress in
loading and unloading

In this appendix, the explicit expression for the shear
stress is given. Using the constants in (21), the following
parameters are introduced:
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The quartic Eq. (20) has four roots. Among these, only one
satisfies the continuity condition for the shear stress distri-
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Fig. 11. Residual stress distribution for T = 305 K for identical bars loaded
to different maximum twist angles.
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bution at R1 (see (23)). This admissible solution is ex-
pressed as:

shz ¼ }'ðr; hÞ

¼ $1
4
F1 þ

1
2
W $ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
$3a$ 2Y $ 2

b
W

r
; ðA:3Þ

where }+ and }$ are solutions for loading and unloading,
respectively. In loading, }+(r, h) is calculated by considering
the parameters with (+) sign in (21) and in unloading }$(r,
h) is calculated by considering the parameters with ($)
sign in (21).
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