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In this paper, we are concerned with finding exact
solutions for the stress fields of nonlinear solids
with non-symmetric distributions of defects (or
more generally finite eigenstrains) that are small
perturbations of symmetric distributions of defects
with known exact solutions. In the language of
geometric mechanics, this corresponds to finding a
deformation that is a result of a perturbation of
the metric of the Riemannian material manifold. We
present a general framework that can be used for
a systematic analysis of this class of anelasticity
problems. This geometric formulation can be thought
of as a material analogue of the classical small-
on-large theory in nonlinear elasticity. We use the
present small-on-large anelasticity theory to find exact
solutions for the stress fields of some non-symmetric
distributions of screw dislocations in incompressible
isotropic solids.

1. Introduction

Mechanics of residually stressed solids has been of
interest to many researchers in solid mechanics for
quite some time. In an anelastic deformation, any
measure of strain has a non-elastic component. This
means that a non-vanishing strain does not necessarily
correspond to a non-vanishing (conjugate) stress; only
the elastic part of strain—the elastic strain—enters the
constitutive equations. The remaining part of strain is
called pre-strain or eigenstrain as coined by Mura [1].
One source of anelasticity is defects. Line defects in
solids were mathematically introduced by Vito Volterra
more than a century ago [2]. Volterra realized that
such defects, which he called distortions, induce a self-
equilibrated state of residual stresses. His calculations
were done in the setting of linear elasticity. He
introduced six types of line defects, three of which
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are now called dislocations (translational defects) and the other three are called disclinations
(rotational defects). Other examples of anelasticity sources include non-uniform temperature
distributions [3-5], bulk growth [6-10], accretion (surface growth) [11,12] and swelling [13-15].
Following the pioneering works of Eckart [16] and Kondo [17], the multiplicative decomposition
of deformation gradient was proposed by Bilby et al. [18] and Kroner [19] and has been extensively
used in the literature to solve anelasticity problems (see [20,21] for a further discussion on the
origins and the use of the multiplicative decomposition in the mechanics literature). Alternatively,
rather than using the conceptually ambiguous intermediate configuration in the framework of
the multiplicative decomposition (cf. [4,9] for detailed discussions), eigenstrains can be modelled
using an abstract manifold (material manifold) that is possibly non-Euclidean [22,23].

Evolution of defects in solids is an important and difficult problem when strains are finite. The
complexity of the equations of anelasticity leaves little hope for finding exact solutions. A handful
of exact solutions have been found using semi-inverse methods assuming some symmetric classes
of deformations (these are all somewhat related to Ericksen’s universal deformations [24]). In
the case of defects, examples can be seen for dislocations and disclinations in [25-30], and
for point defects and discombinations in [31-33]. The existing exact solutions correspond to
highly symmetric distributions of defects. As soon as this symmetry is broken, the governing
equations start to be utterly complicated leaving no choice but for numerical computations. One
possibility for extending the class of problems amenable to exact solutions is to study those defect
distributions that are perturbations of the highly symmetric ones. This is what we call small-
on-large anelasticity in this paper, which is a material analogue of the small-on-large theory of
Green et al. [34] (further discussion and several applications of this theory can be found in [35,36]).
Given a distribution of some source of anelasticity with a known exact solution, we perturb the
distribution and solve for the induced small elastic deformations. This is achieved by linearizing
the governing equations about the known solution with respect to the perturbation. Even in the
case when one fails to find exact solutions in this framework, the linearized governing equations
are much easier to solve numerically. In this paper, we are concerned with the change of the
state of stress (residual stress) of a hyperelastic body with a given distribution of defects, or
more generally a source of anelasticity, under a perturbation of the defect distribution. A change
of the defect distribution changes the geometry of the material manifold, and consequently
changes the metric of the underlying Riemannian material manifold. Such calculations have
two immediate applications: (i) suppose one has an analytic solution for the stress field of
a given distribution of defects (dislocations, disclinations, point defects or a combination of
them—discombinations [33]). Can one calculate the residual stress field of the body if the defect
distribution is perturbed slightly? (ii) One may be interested in stability of a defect distribution.
If the defect distribution is allowed to perturb, would the total energy of the system change?
Any reduction of the energy of the system may indicate instability of the defect distribution.

This paper is organized as follows. In §2, we briefly review the basic concepts of Riemannian
geometry and geometric elasticity needed in our formulation of small-on-large anelasticity. In §3,
we formulate the governing equations for the small deformations induced by a perturbation of the
distribution of finite eigenstrains. In our geometric framework, such a perturbation is equivalent
to perturbing the material metric. In §4, we solve several examples of screw dislocations that are
perturbations of an axi-symmetric distribution of screw dislocations in an infinite body made of
an incompressible isotropic solid. Conclusion is given in §5.

2. Anoverview of nonlinear elasticity

We briefly review in the following some elements of the geometric formulation of nonlinear
elasticity and anelasticity. For more details, see, for example, [29,37]. Let B be a three-dimensional
body identified with a three-dimensional Riemannian manifold (5, G)!—the material manifold

I The material manifold need not be Riemannian, e.g. dislocations can be modelled by torsion [29,38], and point defects by
non-metricity [32]. Note, however, that only the underlying Riemannian metric is needed to calculate (residual) stresses.
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where the body is stress-free. Let (S,g) be a Riemannian ambient space manifold, which we
assume is Euclidean, i.e. S=R3 and g its usual Euclidean metric.2 We adopt the standard
convention to denote objects and indices by uppercase characters in the material manifold B
(e.g. X € B) and by lowercase characters in the spatial manifold S (e.g. x € S). We denote by {X*}
and {x?} the local coordinate charts on B and S, respectively, by 94 =9/ X4 and 9, =0 /9x", we
denote the corresponding local coordinate bases, respectively, and by {dX4} and {dx?}, we denote
the corresponding dual bases. We also adopt Einstein’s repeated index summation convention,
e.g. u'v;:= Y, u'v;. Let VC, and V8 be the Levi-Civita connections of (B, G) and (S, g), respectively.
We denote their respective Christoffel symbols by I'4pc, and ¥, in the local coordinate charts
{(XAyand {x*}. By a configuration of B, we mean a smooth embedding ¢ : B— S. We denote the set
of all configurations of B by C. A motion of Bis a smooth curve in C, i.e.a mapping t € R™ — ¢; € C.
We introduce the notations ¢(X, t) := ¢x(f) := ¢¢(X).

The deformation gradient F is defined as the tangent map of ¢;: B— S, i.e. F(X, t) :=Tgi(X):
TxB — Ty, x)S- We denote the transpose of F by F' and it is defined such that ¥ (W, w) € (TxB x
T )S) : 8(FW,w) = G(W, F'w). In components, (FNA, = gube BGAB. The Jacobian | relates the
material and spatial Riemannian volume elements dV(X,G) and dv(x,g) by dv(¢x(X),g)=
J(X,F,G,8)dV(X,G). It can be shown that [=,/detg/detGdetF. The right Cauchy-Green
deformation tensor is defined as C=F'F. In components, CAg =GAKRa KFngﬂb. Note that C°
agrees with the pull-back of the spatial metric g by ¢, i.e. C” =¢*g, where (.) denotes the flat
operator for lowering tensor indices. The left Cauchy-Green deformation tensor (also called
Finger tensor) is defined as b = FF'. In components, b%, = F? 4 [*3G4Bg ;.. Note that b agrees with
the push-forward of the material metric G by ¢, i.e. b~ = .G, where ()~ denotes the inverse
operator followed by the flat operator. We define the convective manifold as the Riemannian
manifold (B, C"). Let VC be the Levi-Civita connection of (B, C"). We denote its corresponding
Christoffel symbols in the local coordinate chart x4 by I'pe.

The material velocity of the motion is defined as the mapping V:B x Rt — TS such that
V(X, t) = x40t € Tyy(nS, which in components reads V*(X, t) = (3¢?/dt)(X, t). The spatial velocity
is defined as the mapping v : ¢;(B) x Rt — TS such that v(x, t) := V(g L(x), t) € TyS. The material
acceleration is defined as the mapping A: B x R — TS such that A(X,t) := D;g V(X,t) e Tyx)S,
where D‘tg denotes the covariant derivative along ¢x. In components, A? =9V?/3t + Y VPve,
The spatial acceleration is defined as the mapping a:¢(B) x Rt — TS such that a(x,t):=
A((pt_l(x), t) € TxS. In components, a” = 9v? /9t + (0 /9xP)l + 7 b0l

We denote the material and spatial mass densities by p, and p, respectively. The conservation
of mass in local form reads p] = p,, which is equivalent to

dp

a + pdivgo =0,

where divg denotes the spatial divergence operator.

We assume that the body is made of a hyperelastic material, so that the constitutive model is
given by an energy function W = W(X, F, g, G)? per unit undeformed volume, and the Cauchy
stress tensor is given by [40]

o= %a—w, (2.1)
] og

which in components reads % =2/N(OW/d 94p)- We can alternatively consider W = WX, C,G)
and the convected stress tensor X = ¢/ is written as [41]

29W
=2 (22)
Jac
2See [39] for an example of a non-Euclidean ambient space.

3The dependence of the energy function V' on the metrics follows from the fact that W is a scalar that depends on the
deformation gradient F. This requires the metrics to obtain a scalar out of it, e.g. tr(F'F) = F 4 F' s GB .
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which in components reads x% — (2/1)(0W/9Cap). If the material is incompressible, we have ] =1
and the stress tensors o and X are written as

AW AW

0=2——pg’ and X=2— —pC7H 2.3

og 24 9C p (2.3)
where p is the Lagrange multiplier associated with the incompressibility constraint, and (.)~*
denotes the inverse operator followed by the sharp operator for raising tensor indices. If the
material is isotropic, the strain-energy function is expressed as a function of the principal
invariants [1 =tr C, I = %(tr(C)2 — tr(Cz)), and |, ie. W=W(X,1I1,1»,]), and the stress tensors o
and ¥ can be written as [36,40]

- 2l - 2 -
o= (w, + 72W12> g+ TWh b* — 2]\, b~ " (2.4a)
and
205 D GE 2y O o=t
Y= T(Wh +InW,)G — fwlzc +wC, (2.4b)

where Wy, =0W/dli, Wi, =9W/dlp, and Wy =93W/d]. If the material is incompressible and
isotropic, one has
o = QLW —p)g° + 2V, bF —2W,b ¢ (2.5q)

and
X =20/, +L1Wy,)G* — 2W,CF — pCF. (2.5b)

In spatial form, the balance of linear and angular momenta read
divgo + pf = pa, o' =0, (2.6)

where f denotes the body force per unit mass. The balance of linear and angular momenta
in terms of the convected stress tensor read [41]. (Note that, since V€ = w;kVG, the convective
balance of momenta (2.7) can alternatively be obtained directly from the classical spatial balance
of momenta (2.6).)

DivcX + pgfF=pgfA, S =S5, 2.7)

where Div¢ denotes the divergence operator with respect to C’, and F:=fo Ot

3. Small-on-large deformations due to a material metric perturbation

In this section, we formulate a theory of small superposed deformations due to a perturbation of
the material metric. Given a motion ¢; with respect to a reference configuration (3, G), we consider
a 1-parameter family of metrics G, such that Gy = G. We want to understand how the state of
stress in the body is affected by such a perturbation. Note that a perturbation of the material
metric is due to a perturbation of the source of anelasticity, e.g. a defect density. The variation of
the material metric is defined as

d
5G:= % €=0GE.
For a small enough ¢, one can write Gc = G + €8G + o(¢). Note that even though the deformation
is seemingly independent of the material metric, changing the material metric may affect the
equilibrium configuration of the body at any given time t. Hence a perturbation of the material
metric may lead to a perturbation ¢; of the motion, such that ¢;9=¢; is the equilibrium

configuration corresponding to the metric Go = G. We define its corresponding variation as
80i(X) := @1 X, 0cle=0 € Ty, x)S,

that is, 8¢; = 8¢9, and 8¢} (X) := dex +/de|c—o. Note that 8¢ o ¢ Lis the displacement field in the
classical theory of linear elasticity and we denote it by U = 8¢ o ¢~ 1. Since S = R3, using the linear
structure of R3, one can write for a small enough €: g = ¢ + €8¢ + 0(€). Given the configuration
¢ resulting in the stress field o, the perturbed configuration ¢. due to the material metric
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perturbation G. induces a stress field, which for a small enough ¢ reads o =0 + €80 + 0(¢).
In the following, we formulate the governing equations to solve for ¢ and find do is terms of
3G and S¢.

As e varies, for fixed X and t, the right Cauchy-Green tensor C? remains in the same space
T 2(T;‘(B), the set of (g)—rank tensors at X. Thus, it makes sense to define its variation as §C” =
dCE /de|c—o. One can write §C” as follows:

d
5C’ = —C
de €

= Lug = ¢} (VSW’ + [VEU"]") =20} €,

e=0

* d *
=g g[wt*wt,eg]

e=0

where ()7 denotes the transpose operator, and € = %(Vg U’ + [V8U"]" is the linearized strain.
The variation of the Jacobian of the motion reads*

|detC , 1 ]
= 19" — =8G:G" )], 1

where “” denotes the double contraction tensor product. Using p] = p, and (3.1), the variation of
the spatial mass density reads

d

Sp=—(e:g" — %BG :G")p. (3.2)

Note that when € varies, the terms in the balance of linear momentum (2.7) are vectors that remain
in the same vector space TXB.5 Hence, one can write its variation as

[pe ‘/’:,tAe]r
e=0

. d
[DlVCE Y.+ Ps‘P:,tB] = di
0 €

4d
de

=
which, by expanding the divergence term in local coordinates, transforms to read

d

- . d
ac (Z28 g+ 22K B g + 2B T A pk)0a + peo? Bl= —

e=0 de

[pe@ 1Al (3.3)
e=0

For different values of € and fixed X and t, ¥ lies in the same space 7° 2(TXB). Hence, one can
define §X =dX¥./de|c=o, which is computed in (3.4a) following (2.2). On the other hand, the
variation of the Cauchy stress can be defined as the push-forward of that of the convected stress,
i.e. 80 = 1,8 X. Therefore, one finds

4 MW 2 92W 1
8% = 13000 pfe+ vy :6G — (e g - 55G:G”> x (3.4a)
and
4 320 2 %0 1
a:f%:e—f—fac];v :6G—<e:gj—§6G:Gj>a. (3.4b)
898 4

We define the following fourth-order elasticity tensors:

4 92W A 2 %W

= f@ an = 7@, (35)

4Recall that if detA #0, one has d det A/dA = (det A) A". Here, det G # 0 and det C* #0.

SHowever, note that when ¢ varies, the terms in the balance of linear momentum (2.6) are vectors that lie in the vector space
Ty, .(x)S, in which the base point ¢;(X) depends on e.
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which in components read Cabed — (4/])(82V~V/8gab8gcd) and DAB = (2/1)(02W/3Gap 0gap)-
Using (2.7), (3.2), and (3.4a), the governing equation (3.3) for the incremental stress transforms to®

4 2w 2 W 1
Dive [ =——— :¢fe + = 5G| —d (e: Ij—f5G:Gtt)-E
C(Iacbacb T TaGae SN

—25BRCAL ke TM a4 + SBRC AL g €l k + i €lki,p — ¢i€lpr L]da

— 25 KCBL x| T o4 + SAKCTBL gt €l k + o €lkiB — vi€lpr L]0a

d
o =p a[(ﬂ:,tAe]

d *
+p &[we,tB] , (3.6)

e=0

where dp denotes the exterior derivative operator on B8, i.e. for a function f: B— R, one has
dsf = (3f /8X4) dX4. Denoting by a double stroke (.); the convective covariant derivative, i.e. the
covariant derivative in the convective manifold (B, C), one can write (¢;€)pr x + (¢} €)k1,B —
(97 €)BK.L = (9] €)BLIK + (9] kLB — (9] €)BK|L + 290} €)M M pK. One can also show that

C P (f €)pLik + (97 ki — (97 €)BKL]
=[C P (pfe)pLix + C P (@F )xeip — CPH (g €)piyi]
=l " gfe)x + C @ Org — Cpreril = (87 €) k-
On the other hand, one has ds(e: g%) - X = (g% : €) ¢ >KAj, . Therefore, (3.6) is simplified to read

4 2 92W 1
Dive (=22 gre+ 2222156 ) +d (%G:Gﬁ)-z
C(Iacbacb T Tacoe ) #\2

_ d d
+ ZBRC ALy elpryk + ¢i€lkis — ¢ elrL]da + p d*[wi,tB]‘ =p I[W?,tAS] . (37)
€ e=0 € e=0

Recall that, V€ = @; V8. Thus, one can write
(pf€)aic =F*AF’BF ceape = F* AF'BF c(Uajpe + Ubjac)-

Assuming that the ambient space is flat, it follows that U, . = Uy ep- Hence, it is straightforward
to show that (¢f€)pr 1k + (¢ €)kr B — (¥] €)BK|L = FbBFkKFlLU”bk. For the acceleration vector, one
has

a

d . A
. A — *L A — * €
de [0Z 1Ac] o ¢ Lu @t |: Je

=g [DEDSV — ViU] = ¢} [DSDEV + v[gu/v]v -viul

o + VHA — vf,u] = ¢/ [D3A - Vi U]
0

€=

g 8
=i [DSDSU + ViuyV - vaul,

where D‘g denotes the covariant derivative along € — ¢ ¢(X), for X and ¢ fixed, and where we used
DEDSV =DSDEV + V‘[gu,V] V, since we assume a flat ambient space. We also use the symmetry
lemma [42] to write D§ V= Df U. For the body force vector, one similarly has (d/ de)[(p:tB] le=0 =
¢/ LyB = gaf[VigIB — Vg U]. Finally, using the above results and pushing forward (3.7) by ¢, one
obtains the following balance of linear momentum for the perturbed motion:

divg(C: € +D:6G) + ¢1dp(36G: G*) - @

+V8V8U o + p(VEB — ViU) = p(DSDFU + Vfuy]v -viu, (3.8)

where V8VEU : 0 = o“bV‘ga V‘gb U=o" Ulcb 0c- If the material is incompressible, the variation of the
convected and the Cauchy stress tensors are written as

8 =¢f (C:e+D:8) —8pC " 4 2pgfe* (3.94)

%Recall that the Christoffel symbols for the convective Levi-Civita connection, i.e. the Levi-Civita connection for the
convective manifold (B, C"), read ' pc = %C’AL (Carx + CkiB + Cai.L)-
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and
86 =C:e+D:8G —5pg* + 2pe”, (3.9b)
where 8p =d/delc=q pe is the resulting pressure variation, which can also be interpreted as the

Lagrange multiplier associated with the constraint §] = 0. Therefore, for an incompressible solid,
the balance of linear momentum for the perturbed motion reads

divgdo + <ﬂt*d3(%5G ‘G0 +VEVSU 0 + ,o(Vf,B - Vﬁu)
g g
= p(DfDfU + Vi, ,,V - VEWD). (3.10)

Remark 3.1. Note that for an isotropic solid, one can show that the components of the elasticity
tensors (3.5) read

Wi
] 2

_ _ - 41
Cbed _ (W] + Wy + 4D Wy, + =2 i i

41% 5 b _cd brcd
+ —=Whn, | 78 + W[ L b"b°
5 2D < ¢ bd | ad be x 4l bred | pab_cd
- WH—TWIZ (™¢™ + g™¢"™) + 2W11]+TW1112 ™Mb + b g™
— J@IWVy) + AW, + AW )b 4 b e 4Py, b p
+2]W[2(b ac bd b*[ldgbc_‘_bfhcgad_{_bfbdgtu) —4]W1112(b7”bb“i—|—bghb7Cd) (311%)

and

abAB 1. T« - 2, - 213 b ~AB
D =— EW]—F EWH+2IZWIZ]+TWIZ + TWIZIZ gﬂ G

_ %Wll (F PP GAKGEL 4 PPty GAKGBLY — 2Pyiy, b0 C—AB

+ J(PL) + 20, + 21 W, 1,) (b~ GAB ¢ CAB) — ;wh 1, b CAB

+ 2P, (7P CAP 4 P CAB) — (v‘v,l + %Wh ,2) (bGP + g CAB)

— W "M EAKE R+ g AR, (3.110)

For an incompressible isotropic solid, the components of the elasticity tensors can be obtained
from (3.11) by setting ] = 1 and removing the terms containing W].

4. Examples of material metric perturbationsin aninfinitely long cylindrical bar
with an axi-symmetric distribution of parallel screw dislocations

In this section, we solve examples of perturbed dislocation distributions. Starting from a
dislocation distribution with an existing equilibrium solution, we perturb it and solve for
the induced small elastic deformations due to the resulting material metric perturbation. We
consider the example of a cylindrically symmetric distribution of parallel screw dislocations
in a cylinder made of an incompressible, isotropic and radially inhomogeneous nonlinear
elastic solid, i.e. a solid with an energy function that can be written as W =W(R, Iy, ).
Using the geometric theory of nonlinear dislocation mechanics introduced in [29], we first
construct the stress-free Weitzenbdck material manifold for an arbitrary cylindrically symmetric
parallel screw-dislocations distribution. Next, considering a perturbation of the axi-symmetric
dislocation distribution following §3, we solve for the induced small elastic deformations and the
corresponding stress field.
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(a) Material metric perturbation

In a cylindrical coordinate system (R, ®, Z), we consider a distribution of cylindrically symmetric
screw dislocations parallel to the Z-axis by assuming a Z-oriented radially symmetric Burgers’
vector density b="5b(R). Let us consider a perturbation of this Burgers’ vector distribution,
i.e. we take a one-parameter family of Burgers’ vectors bc(R, ®,Z) such that by(R, ®, Z) = b(R).
We define its variation as éb=(d/de€)be|lc—g. The given distribution of Burgers’ vectors is
equivalent to having the following torsion 2-forms:

bG (R/ G)/ Z)
2

Following the method of Cartan’s moving frames [43], we look for an orthonormal coframe
field of the form ! =dR, 92 =Rd®, 93 =d4Z +fe(R,®,Z)dO, for some function fe =fc(R, ©,Z)
to be determined. Denoting by w”g the connection 1-forms, Cartan’s first structural equations,
T =do* + 0% A B, fora=1,2,3, give one the following non-zero connection coefficients:

1 1 b 1 b f
1 1 R € 2 3 €,R 3 2 €7
wopn=——, w32=—*< ;o= =g , and w33 ="—%".

T'=72=0 and T°= RN

R 2\ R 2 R 2 R

Hence, the connection 1-forms read

1 1 R b 1 f R f
1 2 €, € 3 2 €, 1 eZ
wr=—=0"—- |5 —— |9, o3=z|F% 2

2 R 2( R 27‘[) 3 2( R 27‘[)

lfeR be 2
d 3= (LR — <) p2,
an @ 2<R 2

Cartan’s second structural equations, R%g =dow®g + 0%, A w”g, for «,  =1,2,3, along with the
flatness of the material manifold yield,” f. g = R(b¢/27), f.z =0. Therefore, b. 7 =0, and hence
be =bc(R, ), i.e. a Z-dependent Burgers’ vector cannot be accommodated using the assumed
coframe field. It then follows that f.(R, ©®) = (1/2n) fg &be(§,0)dé, and the perturbed material
metric in the coordinate frame is written as

1 0 0
G6: 0 R2 +f52(R/@) fE(R/@)
0 £(RO) 1

Hence, the variation of the material metric is written as

0 0 0
5G=10 2f(R)f(R,O) &f(R,0O)]|,
0 (R 0O) 0

where

FR) = j EbE)de and Of(R, @)——j £sb(z, ©) de.

Knowing that by = b(R), we have fo =f(R) = (1/2x) jg £b(¢) d& and Gy = G(R) is the metric for the
axi-symmetric parallel screw dislocations

1 0 0
G=[0 R*+f*R) f(R)
0 f(R) 1

Note that tr (§G) =G : G* =

7For dislocations, the material manifold is by construction a Weitzenbéck manifold, i.e. it is flat and has a compatible
connection with a possibly non-zero torsion [38].
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(b) Stress perturbation

Let us first find the residual stress field for the finite axi-symmetric distribution assuming an
incompressible isotropic solid. Based on the symmetry of the problem, we look for an embedding
of the material manifold in the Euclidean ambient space such that, in cylindrical coordinates
(r,0,z), wehave ¢(R, ©,Z) = (r(R), ®, Z). Then, the deformation gradient reads F = diag(r'(R), 1, 1)
and the Jacobian is written as ] =r#/R. Using the incompressibility condition, i.e. J=1, and
assuming that 7(0) = 0 to fix the rigid body translation of the body, we find that r(R) = R. Hence,
the standard Euclidean metric for S = R? in cylindrical coordinates (r, 6, z) reads g = diag(1, R?, 1)
and the only non-zero Christoffel symbols are y"99 = —R and v%6 =1/R. The Finger deformation
tensor is written as

1 0 0
1 (R)
po|0 ® R
f(R) FAR)
0 7 1+ Rz

Following (2.54) and denoting a(R) = 2Wy, (R, I1(R), [2(R)) and B(R) = 2Wy, (R, I1(R), I(R)), the non-
zero Cauchy stress components read

2
"=—pR,0,Z)+a(R) + <1§2R) + 2) BR), o= % [-P(R,©,Z) + a(R) +2B(R)],

2(R 2(R
#=-pR,0,Z)+ <() + 1) a(R) + (() + 2) B(R), and %"= _fR )[ (R) + B(R)].

Note that I1(R)=1(R)=3+f 2(R)/R?. The 6 and z-equilibrium equations imply that p =p(R),
and the radial equilibrium equation is simplified to read o’" g + (1/R)o"" — Ro?? =0. Assuming
a traction-free boundary condition on the boundary of the cylinder at R = R,,, we solve the above
equation for p = p(R) and it follows that the non-zero Cauchy stress components are:

v (R A6 2§ *(R)
o JRf Do, o= U S F e de - ﬂ(R)}

(4.1)

R, £2
o[ L (R) o = IO ¢ per

O L

Next we formulate the governing equations for superposed small elastic deformation
and compute the incremental deformation and residual stresses due to the perturbation §b.
In cylindrical coordinates (r,60,z), we look for solutions of the form é&¢(R,®)=U(R,®)=
6r(R, ®), §0(R, ®), 5z(R, ®)). Hence, V8U reads

87 R 8ro —Rs6 0

50 Sr
uy, =160 — 0p+— O
b 'R+ R o+ R

8z R 8z0 0

Recalling that the linearized strain reads € = 3(VSU’ + [VEU"]"), one can write
1 , 1
SR 5(51’,@ + R°56 R) E(SZ'R

1 1 1
=| =(5ro + R250 R%2 (600 + =6 287 6
€ 2(f,o+ R) ( o+ ) S8z
1 1
) —8Z @ 0
2 Z,R 5 Z,0
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Note that §G : G* =0, and hence, the incompressibility condition §] = 0 using (3.1) is simplified to
read

1
g (RONR +860 =0. 4.2)

In the absence of body forces, the equilibrium equation (3.8) simplifies to read

divgdo + VEVEU: 6 =0, 4.3)
where we recall that §6 = (C:e +D:8G — spg” +2p€”), 8p = 5p(R, O) is the Lagrange multiplier
associated with the incompressibility condition §]=0 (4.2), and p=p(R) is the Lagrange

multiplier associated with the incompressibility condition | = 1. Note that V8 V8U can be written
in local coordinates as

SY,RR

0
—2R80,6 + 8706 + Ror g — 67 0
0 0 0
200 R Rérg — o1
R + 860 RR — R + 80 R 0
U e = Rérg — 8 28 . 4.4
lbe 7”'11;2 4 + 80 ro 8000 + RSO R + “re 0 (44
0
0 0
8z RR _ 8%@ 0
8z.6
——x Tozre 5z00 + Rézg 0
0 0 0

For the sake of simplifying the calculations, let us assume that the body is made of a generalized
neo-Hookean solid, i.e. the energy function has the form W = W(I;). Hence, it follows from (4.1)
that the Cauchy stress reads:

0 0 0
(R) ~
o=|0 0 —2f1Tth . (4.5)
R 2(R
o 2By 2 Ry

Thus, recalling that V8V8U :0 = LI“wCUbCB,Z, one finds from (4.4) and (4.5) that V8V8U :¢ = 0.
In addition, following (3.11), the elasticity tensors simplify to

C:e=4W,;,(b*:€)b® and D:8G= -2 (C*:8G)b* — 2V, 1. 8G*. (4.6)

However, using the incompressibility condition (4.2), we have b":e=(1/R)(Ré7) g + 80,0 —
(f/R?)8z,0 = —(f/R?)8z,6. Therefore,

—4AR?fWy,1,8z,0 0 0
C:e=— 0 —4]()/_\/1111 52,(-9 4f2V_V111] (SZ,(-)
0 4f2V_V[11182,@ —4f(R2 +f2)V_V[1[152,@
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On the other hand, C* : §G = —2(f/R?)8f, and one can easily obtain

4
2 Wi, 11f5f 0 0

4 1o
D:6G= 0 ﬁwllllfaf -2 <R2 Wh R4 Whh) 5f

1 272 _ 1 R? +f2
0 -2 <R2W11+R4W1111) Sf 4(R2WI +

Therefore, the equilibrium equations (4.3) simplify to read

V_V[111>f5f

divgdo =0, 4.7)

where
AW, _ _ (8
So™ = %((Sf —éz,0)+ 4DV, 8rR —8p, S0’ = 2Wr, ( ;O + 591{)

4FWr 1 _
80?7 = fijl(af —38z,0) — —Z(SP +4Wy, 87 R),
(4.8)
202F*W, R>W,) .
5007 = 2 11?{ + ROW) (6f —8z0), 80" =2W 2z,

4 _ _ 473w
and S0% = Ri;[(wh + WL1)Sf — Wi, 8z,0] + %w —8z0) — dp.

Writing (4.7) in components along with the incompressibility condition (4.2) gives the following
system of partial differential equations:

o 4 W -
BiR |: fR21 ! 8z — 4W116r,R + 5p]
2W; d [4WVn1
- 21 [4R57 R + 8700 + R*80 R0 ] = R [%(Sf] , (4.94)
] 2W11 5 4wy
— Sr R456 VL )
R [ (6ro + R) | — Ri 9ze00
2 1 4
+ V\;h & —2R87 R + 3R280R] — —8p.0 = — f W““ AL EY (4.9b)
R R?
- 2W
afR[ZW[] 5Z,R] + ! oz R
4f Wi, + 2RPWy, 420, 21/\111
R4 oz 060 = R4 R 6f@/ (49C)
and 87+ Rérg + Ré0o =0. (4.94)

The boundary conditions corresponding to zero incremental boundary traction read o™ (R,, ©) =
0, 80" (R,, ®) =0, and 86"%(R,, ®) = 0, which following (4.8) can be written as:

_ 4PN 4
[4w,15r,R - fLZIlHSZ,@ - 5;9] - [ f Wzml (ﬂ ) (4.10a)
R (Ro,®) R (R0,0)
5
[ Lo ] —0, (4.100)
R? (Ro,®)
and 8z R(Ro, ®) =0. (4.10c)

To fix the rigid body motion of the cylinder, we assume that

8r(0,0)=0, 686(0,0)=0, and 4z(0,®)=0. (4.11)
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Note that the continuity of the traction across any radial plane of constant ® gives 80%%(R, ) =
8c%*(R, 0 +27), 86 (R,©) =60 (R, ® + 27), and 86" (R, ®) =80 (R,® 4 27). In addition,
to preserve the structural integrity of the cylinder, one must have §7(R, ®)=4r(R, ® + 2x),
80(R, ®)=680(R, ® + 2x), and 8z(R, ©®) = §z(R, ® + 2x). Thus, it follows that ér, 86, 8z, and Sp are
2w -periodic functions with respect to ©.

Note that §z = 6§z(R, ®) can be obtained from (4.9¢). Given the solution §z = §z(R, ®) for (4.9¢),
we observe that the following functions are the unique solution for the system of linear ordinary
differential equations (4.9) satisfying the boundary conditions (4.10) and (4.11):

W
sr=0, 80=0, and dp= %(@f ) (4.12)

Therefore, following (4.8) and (4.12), the variation of the Cauchy stress tensor reads

0 0 2]/_\/11 (SZ,R
20, AW
| O 0 - ( Tt CRUT R4“1) (6f — 8z,0)
_ 2W; 420y 4wy 43w
DV szr  — ( o+ % (of — 62.0) %@w Yn (5f — 62,6)

(4.13)

Let us first solve (4.9¢) for 6z =§z(R, ®) to complete the solution (4.12). Recalling that 4z is
2m-periodic with respect to ® and assuming that §f is periodic as well, we can represent them by
the following Fourier series:

sz= Yy z(R)e*® and §f= Y 8fi(R)e?, (4.14)

k=—00 k=—o00

where i = +/—1, and for k € Z, §z and §f; are the complex-valued Fourier coefficients given by

2 . 21 .
Szk(R)ziL) 8z(R,¢)e * dr  and WR):%L Sf(R,c)e M de. (4.15)

Substituting the Fourier series (4.14) into the partial differential equation (4.9¢c) for k € Z, we find

_ - _
Sl } K282y = [M + ZWII} iksfi, (4.16)

dR R

A "
2Wy, 8z + |:2 A R

20, ;4w 2,
]8zk—|:+ 5 i =2

where 8z =(dsz;/dR) and 8z” = (d?6z;/dR?). Note that §fy can also be written as &fy =
(1/27) fg £8bi(£) dg, where 8by is the kth Fourier coefficient of §b. The boundary conditions for
8z from (4.10) and (4.11) transform in terms of its Fourier coefficients to the following relations:

82¢(0)=0, 6z (Ro)=0, keZ. 4.17)

Therefore, we have transformed the real partial differential equation (4.9¢) into a set of complex
ordinary differential equations (4.16).

(c) Energy of a perturbed dislocation distribution

We next calculate the change in energy due to a small perturbation of the defect distribution to
the first order in the defect perturbation. For a given distribution of screw dislocations, the energy
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per unit length in a cylinder made of a generalized neo-Hookean solid is written as

27 R,
W= J J W(IL(R, ©)R dR d©.
0 0

Therefore, the variation of the energy following an arbitrary perturbation §b = §b(R, ®) is written

as:
27 R, o 2w
sw= [ [+ (k0

0 0 de

RdRd® =J

Ra
J Wi, (11(R, ©))811(R, ©))R dR d6.
0 0

e=0
Note that 811 = 2¢ : b* + §G : C* = 2f(R)/R?)[6f(R, ©) — 82,6 (R, ©)]. Therefore®

R, 2w
SW= Jo Jo @Wh (I1(R))$f (R, ®)dO dR. (4.18)
Remark 4.1. Note that (4.18) can be written as
Ro4mf(R
SW = Jo JI;( )Wh (L(R))SfH(R)dR, (4.19)

where §fp(R) = (1/27) fg” 3f(R, ©) dO is the angular mean value of §f . On the other hand, one can
write

jj L jR £b(E, ©) dz 4O = - jR b0 (€) de,

1 (> 1
R =5 | " ar(R,0)de - =, =,

2
where

2
8bo(R) = % JO Sb(R, ©)d6. (4.20)

Hence, the energy variation depends only on 8bp(R)—the angular mean value of the perturbation
Sb(R, ©).

(d) Perturbed dislocations in incompressible neo-Hookean solids

Let us consider an incompressible homogeneous neo-Hookean solid, i.e. W(I1) = (11/2)(I; — 3),
where p is the shear modulus for infinitesimal strains, and an arbitrary perturbation éb = 5b(R, ©).

Remark 4.2. Note that even though the energy per unit length along a single screw dislocation
line in a neo-Hookean solid is unbounded as shown in [25] (see also [44]), energy is not necessarily
unbounded for distributed screw dislocations. In particular, for a radially symmetric distribution
of screw dislocations, the energy per unit length in a neo-Hookean solid is written as
K @)

(1 () — 3)¢ d§=7mJO o de.

Let us assume, as an example for computing the energy, the following Burgers’ vector
distribution:

R,
wzsz fad
0 2

b 0<R<R,
bR)={" "= 4.21)
0 R;<R<R,,

where R; <R, is the radius of a cylinder made of a solid with a uniform Burgers’ vector b;, while
the hollow cylinder R; < R <R, is dislocation-free. Thus, one finds

big?
1 13 4 0 < g: =< Ri/
f€)=5- | cwerde =1 =, @)
;nl R; <& <R,.

$Note that since §z = 6z(R, ®) is periodic with respect to @, one has fg” 8z,6(R,©)dO = 5§2(R,27r) — 8z(R,0) =0.
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Therefore,

2 2
Ri1 (bg? Roq (b;RZ pb?RY R,
_ - = 1+41 — .
Wi s(4ﬂ derme] () =G |1 aog ()] <o

In the following computation, we consider an arbitrary radially symmetric Burgers” vector
distribution b =0b(R) and an arbitrary perturbation §b =8b(R, ®). For a neo-Hookean solid, the
ordinary differential equations (4.16) for k € Z simplify and read

R%8z,” + Rézy — K*8z) = iksf. (4.23)

Solving (4.23), one finds that for k € Z

2k 2k 1 k k
SZk(R>:R+RD[ = @W&f)dg]

2RkRK & 2%

R — R2¥ P EF+ETRf(RE)

R — - 7 4.24
TR [dk IJR/RU 2% “) .

for some complex constants ¢, and di. By using the boundary condition (4.17) 8z;/(Ro) =0, it
follows that d = 0. We observe that ¢ = §zx(R,), and from (4.15), one observes that §z_; = (SZZ.9
Thus, ¢k = ¢f. In addition, note that §f_ = 6f;" . Therefore, following (4.24) and by using (4.14), it
follows that:

S Zk + 2k
5z(R, O)—co—l—Z [z(m(ck)cos(k()) 3(cy) sin(k®))
k=1

0

B Jl (6" — £ )ORBA(RoE)]sin(kO) + S[3fi(Ro)] cos(k®) dg}
R/R, &

o R%* — R2 Jl (& + £ *HR[8f(RoE)] sin(kO) + S[8fi(Ro&)] cos(k®)) d
P 2RkRE JR/R, 3
(4.25)

where 9i(z) and J(z) denote the real and imaginary parts of a complex number z, respectively.
Note that since 8fx(R) = (1/2x) fg” 3f(R,¢) e~k dz, one can write

21 2
R[Sf(R)] = % JO 3f(R,®)cos(k@)d® and [f(R)] = —% JO 3f(R, ©)sin(k®) doO.

Remark 4.3. Note that for a neo-Hookean solid, the incremental deformation is independent
of the finite radially symmetric dislocation distribution b=0b(R). Indeed, the governing
equation (4.23) holds for any b =b(R). However, as can be seen in (4.13), the incremental stress
field, and in particular §6**, depends on the initial dislocation distribution.

Let us now simplify the solution (4.25) for a particular Burgers’ vector perturbation given by

R R\?
Sb(R, ) =8hy(R) + o= (1 - R—) [b1 cos © + by sin O], (4.26)
0 0

for some R-dependent function §by = 8by(R), and constants by and b,. Note that the only non-zero
Fourier coefficients of §b in (4.26) are &by, b1, and 8b_1. For k= —1,1, one finds

1 R R\?
0 0

“We denote by x* the complex conjugate of a complex number x.
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(@) (b) 6zR, O)/R,
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Figure 1. Visualization of the solution (4.29) for a cylinder of radius R, with b;R, = 15 and b,R, = 10. (a) Three-dimensional
visualization of the deformation of a cross section of the cylinder. (b) Profile of deformation of different radial lines. (Online
version in colour.)

Therefore, the only non-zero Fourier coefficients of §f are &fy, 8f1, and 8f_1. They read

1
8fo(R) = EJ £8bo(¢)de and  Sfi(R) = N A

R by —ikb, (R® R* R3
0 4

) fork=-1,1. (4.27)

First, note that following (4.24), for k # —1, 1 one obtains §zx(R) = ck((R%* + ng )/ 2RkR’g ). However,
as we are looking for a solution that is bounded, it follows that for k # —1, 0, 1, one has ¢, = 0. Thus,
one finds following (4.25) that

b1(R — Rp)*(R* — 2R,R3 + 2R3R + R%) + 24073(c1)R2(R? + R?) .

2407 R3R sin©
N ba(R — Ry)*(R* — 2R,R3 + 2R3R + R%) + 24070 (c1)R3(R? + R2) w©
2407 R3R

8z(R,®@)=co —

sO.  (4.28)

Furthermore, to ensure that (4.28) is bounded, one must have b1Rg + 2407 3(c1) =0 and bzRg +
2407 NR(c1) =0. Thus, J(c1) = —ble/(24071) and N(c1) = —b2Rg/(2407r). Next, by enforcing the
boundary condition (4.17) §z(0, ®) =0 to fix the rigid body motion, one finds ¢y = 0. Therefore,
it follows that

by cos ® — by sin ®

PR, ) = = R

R(R* — 4R3R, + 5R*R2 — 4R%). (4.29)

In figure 1, we plot the solution (4.29) for a cylinder of radius R, subject to a perturbation (4.26)
such that bjR, =15 and bR, =10. Note that the numerical values shown in figure 1 should
be multiplied by a small € to give the incremental deformation. Given that z=Z for the finite
dislocation distribution, the total deformation reads: ze = Z + €38z + o(¢). Recall, as noted earlier,
that the state of deformation of a cylinder made of a neo-Hookean solid is independent of b = b(R);
it only depends on the perturbation—compare this to example §4e, where the deformation of a

cylinder made of a power law material actually depends on the finite dislocation distribution
b=0b(R).
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Using (4.1) and (4.13), one finds the following total stress in the perturbed configuration (recall
that the total stress in the perturbed configuration for a small enough € is 0« =0 + €50 + 0(¢).)

0 0 G,uSZ/R
fR)  n
o= 0 0 “HRE T eﬁ(ﬁf —dz0) | 4 oe),
fR)y  n FAR)  2u
€UdzZ R _HF —eﬁ@f—&zﬁ) M? +Eﬁf8f

where

1 (R RS R* R3\ bicos® +bysin®
§f=— | E8by(&)d — ,
= Jo S0bo(E)ds + (5123 2R2 ' 3R, 2

b1sin® — by cos ®
2407 R3

8z g = (5R* — 16R°R, + 15R*R3 — 4R})

7

b1 cos ® + by sin ®
2407 R3

1 R
8f —dz0 = o JO £8bo(&) d& + R(23R* — 56R®R, + 35R?R2 + 4R%)

Let us now compute the variation of the energy due to a dislocation distribution perturbation.
Following (4.19), one has

R 2
SW = Jo Tf(R)Bfg(R) dR.

Assuming the finite dislocation distribution (4.21), the variation of the energy reads

Ri . R Ru sz
awzJ “b’RJ 55b0(g)d$dR+J ]
0 4 0 R; 4Rw

R
JO £5bo(€) dé dR.

Let us assume that the total Burgers’ vector of the perturbation is zero so that the perturbation
does not change the total Burgers’ vector of the original finite dislocation distribution b(R),
ie. fg" Sﬂ Réb(R, ®)d® dR =0. In terms of the angular mean value of the perturbation this is

written as fg ? R8bp(R) dR = 0. We consider in particular a Burgers’ vector perturbation such that
its angular mean value—cf. (4.20)—is given by

R R\?2 R
Sbg(R)=15bp— (1 — — 1-2—, 4.30
o) ORD( Ro> ( Ro> (430
for some constant bg. For this perturbation, one obtains
W 11biby(35R? — 144R7R, + 210R¢R2 — 112R7R3 + 14Rl.2R§)‘
6727 R:

Note that for any R; such that 0 < R; <R,, the energy variation §W has the same sign as b;b,.
For R; =0, W =0 and §W/(b;b,) is monotonically increasing as a function of R;. In particular, for
R; >0, 8W #0, and hence the initial dislocation distribution is not in equilibrium.

(e) Perturbed dislocations in incompressible power-law solids

Let us consider an arbitrary perturbation b = §b(R, @) in the case of an incompressible power-law
solid for which the energy function is written as

W(ly) = 2% {[1 + %(11 _ 3)]’1 _ 1} ) (4.31)

where p is the shear modulus for infinitesimal strains, # is a hardening exponent, and c is another
material constant. Based on the work of Knowles [45] on anti-plane shear fields, Rosakis &
Rosakis [26] observed that when n = %, the energy per unit length along a single screw dislocation
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S(R. O)R, 0.04 '
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0 0.01
0,02 0
0,04 001
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Figure 2. Visualization of the deformation 6z = 6z(R, ®)—solution of (4.32)—of a cylinder of radius R, with the finite
dislocation distribution (4.21) such that b;R, = 25 and R; /R, = 0.5, and subject to the Burgers’ vector perturbation (4.26)
such that bR, = 15 and bR, = 10. (a) Three-dimensional visualization of the deformation of a cross section of the cylinder.
(b) Profile of deformation of different radial lines. (Online version in colour.)

line is finite. We assume in what follows that n = % and ¢ = 1. For such a power-law material, the
ordinary differential equation (4.16) for k € Z is simplified to read

@Rf? + Rz, + (R? + 4f% — 2Rff")8z — k*Roz = ikR6fy, (4.32)

along with the boundary conditions (4.17): §zx(0) =0, 8z;'(Ro) = 0. In this example, we assume
the Burgers’ vector distribution (4.21) and the Burgers’ vector perturbation (4.26). Therefore, f
and the non-zero Fourier coefficients of éf are again given by (4.22) and (4.27), respectively. We
numerically solve (4.32) and in figure 2 plot the profile of the deformation §z = §z(R, ®) of a cross
section of a cylinder of radius R, with the finite dislocation distribution (4.21) such that b;R, =25
and R;/R, = 0.5, and subject to the Burgers’ vector perturbation (4.26) such that b;R, =15 and
byR, =10.

The total stress in the perturbed configuration is computed following (4.1), and (4.13). Its non-
zero components read. (Recall that f is given by (4.22).)

O‘gz — LSZJ{ + O(E)’
2f(R)?/R? +1
0'9Z = —¢
R2,/2f(R)?/R% +1
1 2f2
) - 5f —8z,0) + 0e), 433
" L{Z YRPR2+1 R FR/R +1)” 2} O =oze)wol (433
2
and 0P = w2 (R) e 2uf .
REJOfRP/RE+1  R2\2f(R2/R? +1
2uf3
~ RigrRp/RE + 1pn & T 0ze) Foe)
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The variation of the energy is written as

R; R R R, b;R? R
8W=J LJ gabo(s)dstJrJ o J £8bo(£) d& dR.
0 47 /b?R?/872+170 Ri 4Rm [b?R}/8m2R% +1 70

Assuming a dislocation perturbation with a vanishing total Burgers” vector such that its mean
angular value is given by (4.30) one can compute the energy variation and find that it is not zero,
i.e. the initial dislocation distribution is not in equilibrium.

5. Conclusion

In this paper, we introduce a geometric theory of small-on-large anelasticity to study the
induced small deformations due to a perturbation of a given distribution of (finite) eigenstrains
superposed on the finite deformation that corresponds to the original distribution. Given a
nonlinear solid with a given distribution of eigenstrains, a perturbation of the eigenstrains
changes the equilibrium configuration and its state of stress. In the geometric formulation
of anelasticity, a perturbation of the anelasticity source corresponds to a perturbation of the
geometry of the material manifold. We find the incremental residual stresses due to the
perturbation fields and derive the governing equations for the induced small deformations
superposed on the original finite deformation. Finally, to illustrate the capability of the theory,
we consider an axi-symmetric distribution of parallel screw dislocations in an incompressible
isotropic solid and calculate the perturbation fields when the body undergoes an arbitrary small
perturbation in the Burgers’ vector distribution. For generalized neo-Hookean solids, we are able
to reduce the governing equations to a single ordinary differential equation. Furthermore, when
the solid is neo-Hookean, we find a closed-form solution for the governing equations. We also
consider the power-law solid constitutive model for which we solve the governing equations
numerically.
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