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Abstract
In this paper we formulate a geometric theory of nonlinear thermoelasticity that can be used to calculate the time
evolution of temperature and thermal stress fields in a nonlinear elastic body. In particular, this formulation can be
used to calculate residual thermal stresses. In this theory the material manifold (natural stress-free configuration of
the body) is a Riemannian manifold with a temperature-dependent metric. Evolution of the geometry of the material
manifold is governed by a generalized heat equation. As examples, we consider an infinitely long circular cylindrical
bar with a cylindrically symmetric temperature distribution and a spherical ball with a spherically-symmetric temperature
distribution. In both cases we assume that the body is made of an arbitrary incompressible isotropic solid. We numerically
solve for the evolution of thermal stress fields induced by thermal inclusions in both a cylindrical bar and a spherical ball,
and compare the linear and nonlinear solutions for a generalized neo-Hookean material.

Keywords
Geometric mechanics, nonlinear elasticity, nonlinear thermoelasticity, thermal stresses, coupled heat equation, referen-
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1. Introduction
Following the seminal work of Fourier [1] on thermal conduction, Duhamel [2, 3] was the first to study the
thermo-mechanical behavior of solids. He considered the superposition of the uncoupled elasticity and thermal
conduction problems and in this framework solved for radial temperature fields in the spherical and cylindrical
geometries. The linear heat conduction problem in solids, uncoupled from elasticity, has since been studied
extensively and several exact solutions have been found, in particular for the spherical and cylindrical geome-
tries (see [4]). Biot [5] derived the governing equations for coupled linear thermoelasticity by combining the
elasticity governing equations with the first and the second laws of thermodynamics. He also proved a vari-
ational principle based on his generalization of the definition of the free energy to nonuniform systems [6].
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Boley and Weiner [7] presented an extensive account on the theory of linear thermoelasticity and its applica-
tions. They introduced the coupling between thermal conduction and elasticity by considering the temperature
dependence of the free energy and using a power series expansion of it in terms of strain invariants and temper-
ature. Limiting the expansion to quadratic terms, they derived the coupled linear thermoelasticity equations. By
extending this expansion to the cubic order, Dillon [8] derived a nonlinear version of the theory including the
deviatoric components of strain and solved for the temperature field resulting from the torsion of a bar through
the thermoelastic coupling. Jaeger [9] numerically solved for the thermal stresses in circular cylinders.

Based on the contributions of Green et al. [10] on thermo-mechanical constraints, Trapp [11] studied an
incompressible elastic solid reinforced by inextensible cords and obtained several exact controllable solutions
for stress and displacement fields. Later, Erbe [12] introduced a temperature-dependent incompressibility condi-
tion to study the thermoelastic behavior of rubber. In this paper we will discuss this modified incompressibility
condition in our geometric formulation.

Petroski and Carlson [13, 14] explored universal/controllable states of elastic heat conductors and provided
a few exact homogeneous solutions to the equations of nonlinear thermoelasticity under steady-state conditions
in the absence of body force and heat supply. For this class of solutions, Petroski [15, 16] studied the deforma-
tion/heating of spherical sectors and the torsion/radial heating of a cylinder. Rajagopal et al. [17, 18] investigated
inhomogeneous deformations in nonlinear thermoelasticity and found, for a generalized neo-Hookean material
with elastic properties that depend on stretch and temperature, exact solutions that exhibit a boundary-layer
structure (i.e. the deformation in the core is homogeneous (or inhomogeneous) while in a layer adjacent to the
boundary it is inhomogeneous (or homogeneous)). Tanigawa et al. [19–21] studied the three-dimensional linear
coupled thermoelasticity and carried out numerical computations for hollow spheres and cylinders. Jabbari et
al. [22, 23] studied coupled linear thermoelasticity and gave exact solutions in the case of a radially symmetric
problem in both spherical and cylindrical geometries. Shahani et al. [24–26] analytically solved the steady-state
and the dynamical problem of uncoupled linear thermoelasticity in a thick-walled cylinder and a sphere.

Under nonuniform temperature fields, thermal stresses may arise. Because a body cannot leave the three-
dimensional Euclidean ambient space, it is therefore constrained to deform in its Euclidean geometry and this
can lead to thermal stresses. In the context of nonlinear thermoelasticity, the study of thermal stresses goes
back to Stojanović et al. [27, 28]. They suggested a multiplicative decomposition of the deformation gradient
F = FeFT based on a conceptual stress release of the material configuration from its current state under a
nonuniform temperature field to a local stress-free state. F is decomposed into a thermal relaxation FT , fol-
lowed by an elastic deformation Fe. For an orthotropic material, they gave a formula for FT that then allows
for the calculation of thermal stresses for a static temperature field [29–32]. However, to the best of our knowl-
edge, there has not been any previous study in the literature on the evolution of thermal stresses in nonlinear
thermoelasticity. We should also mention that the decomposition of the deformation gradient is not uniquely
determined and makes use of a mathematically ambiguous hypothetic relaxed state of the material. Ozakin and
Yavari [33] formulated a geometric theory of thermal stresses by considering a temperature-dependent material
configuration through a metric that explicitly depends on temperature. This geometric framework interpreted
the imaginary intermediate relaxed configuration for nonuniform temperature fields as a Riemannian manifold
not necessarily embedded in the Euclidean ambient space, and allowed for a mathematically meaningful for-
mulation of the multiplicative decomposition of deformation gradient. It also provided a systematic approach
to finding stress-free temperature fields in nonlinear thermoelasticity.

In this paper, following the idea of Ozakin and Yavari [33], we formulate a geometric theory of nonlinear
thermoelasticity by considering an evolving material metric that explicitly depends on temperature and the
thermal expansion properties of the medium to study the coupling of heat conduction with elasticity (see [34,
35] for other examples of an evolving material metric). In Section 2, we establish the connection between
the evolution of the geometry of the material manifold on the one hand, and the temperature field and the
thermal expansion properties of the medium on the other hand. We explicitly write the temperature-dependent
material metric and generalize it to the thermally inhomogeneous and anisotropic case. Then we discuss a
systematic approach following from Riemannian geometry to find the stress-free temperature fields in nonlinear
thermoelasticity. In Section 3, we establish the theoretical framework for geometric nonlinear thermoelasticity.
In doing so, we review the kinematics of nonlinear elasticity and derive the governing equations of motion in
the scope of our theory. We also derive the response functions for the hyperelastic constitutive model and find
the generalized nonlinear thermoelastic coupling equation based on the laws of thermodynamics. In Section 4
we illustrate the capability of the proposed geometric theory by solving for the thermal stresses induced by an
arbitrary radially symmetric temperature field in both a circular cylindrical bar and a spherical ball in the case
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of an incompressible isotropic elastic solid. We also numerically solve the generalized heat equation and show
the evolution of thermal stresses induced by radial thermal inclusions in both a circular cylindrical bar and a
spherical ball in the case of an incompressible neo-Hookean solid.

2. The material manifold in nonlinear thermoelasticity

2.1. The material metric

Let B be a three-dimensional body identified with a three-dimensional Riemannian manifold (B, G)—the mate-
rial manifold. Also, let (S, g) be a three-dimensional Riemannian manifold—the ambient space manifold. We
adopt the standard convention to denote objects and indices by uppercase characters in the material manifold
B (e.g. X ∈ B) and by lowercase characters in the spatial manifold S (e.g. x ∈ S). Let {X A} and {xa} be local
coordinate charts on B and S, respectively. Also, let ∂A = ∂

∂X A and ∂a = ∂
∂xa denote the local coordinate bases

corresponding to {X A} and {xa}, respectively, and let {dX A} and {dxa} denote the corresponding dual bases. We
also adopt Einstein’s repeated index summation convention.

In the theory of elasticity, the stress is obtained through a constitutive equation relating it to some measure of
strain that quantifies the deformation of the body with respect to a stress-free reference configuration. However,
such a configuration does not necessarily exist in the physical three-dimensional Euclidean space. In particular,
in the case of thermoelasticity, a nonuniform temperature field may lead to a configuration of the body that
cannot be relaxed in the physical space resulting in thermal stresses. Assuming the existence of a hypothetical
intermediate relaxed (stress-free) configuration, Stojanović et al. [27] proposed a multiplicative decomposition
of the deformation gradient F = FeFT , where the elastic deformation gradient Fe is evaluated with respect to
the intermediate configuration in order to compute the thermal stresses. As was discussed in the introduction
section, the decomposition F = FeFT is not unique and assumes a mathematically vague notion of an inter-
mediate stress-free configuration. In this paper, for the purpose of formulating a geometric theory of nonlinear
thermoelasticity and coupling heat conduction with elasticity, following Ozakin and Yavari [33], we model the
thermal expansion of the medium by keeping the material manifold B fixed and defining a material metric that
explicitly depends on the temperature field T = T(X , t) and the thermal expansion properties of the material,
i.e. G = G(X , T), such that the Riemannian material manifold (B, G(X , T)) is an evolving stress-free reference
configuration. Let G0 be a metric for the configuration of B corresponding to a given stress-free temperature
field T0 = T0(X ) (see Section 2.2). The manifold (B, G0) is flat and by Riemann’s theorem there exists a local
coordinate chart {Y A} in which the metric is Euclidean, i.e.

G0(X ) = δAB dY A ⊗ dY B. (1)

In order to represent the thermal expansion properties, we introduce three real-valued functions of temperature
and position {ωA(X , T)}, A = 1, 2, 3, to describe the thermal expansion properties of the material in the direc-
tions { ∂

∂Y A } at every material point X . Following Ozakin and Yavari [33], we define the temperature-dependent
material metric as

G(X , T) =
∑

K

e2ωK (X ,T)dY K ⊗ dY K . (2)

Let ζ(K) : I → B (where I ⊂ R is an interval and K = 1, 2, 3) be a curve in (B, G) such that, in the coordinate
chart {Y A}, we have (ζ(K))A(s) = (δA

K)s, for s ∈ I . At a point X = ζ(K)(s), the arc length of the curve ζ(K)

measures the length in the direction ∂

∂Y K . It is given by (no summation on K)

dL[ζ(K)](s, T) =
√

G(ζ(K)(s), T)
(
ζ̇(K)(s), ζ̇(K)(s)

)
ds

=
√

GKK(ζ(K)(s), T) ds

=eωK (X ,T) ds.

(3)

Therefore
∂(dL[ζ(K)])

∂T
= ∂ωK

∂T
dL[ζ(K)], (4)
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and one can read the linear thermal expansion coefficient of the material in the direction ∂

∂Y K as

αK(X , T) = ∂ωK

∂T
(X , T). (5)

Note that for the stress-free temperature field T0, there is no stretching of the material and hence ωK(X , T0) = 0
for K = 1, 2, 3. Therefore, G(X , T0) = G0(X ). Following equation (2), one can equivalently represent G in {Y A}
as

G(X , T) =
∑
K,L

e2ωKδK
L
∂

∂Y K
⊗ dY L =

∑
K

e2ωK
∂

∂Y K
⊗ dY K . (6)

Let the change of basis between {X A} and {Y A} be written as

dY K = AK
J dX J and

∂

∂Y K
= (A−1)I

K
∂

∂X I
. (7)

Then

G(X , T) =
(∑

K

(A−1)I
Ke2ωK AK

J

)
∂

∂X I
⊗ dX J . (8)

Let ω be the (1
1)-tensor with the following matrix representation in {Y A}

ω̂ =
(
ω1 0 0
0 ω2 0
0 0 ω3

)
. (9)

Now its representation in {X A} reads off as

ωI
J =

∑
K

(A−1)I
KωKAK

J , (10)

and eω has the following representation in {X A}

(e2ω)I
J =

∑
K

(A−1)I
Ke2ωK AK

J . (11)

Therefore

G(X , T) = (e2ω)
I
J
∂

∂X I
⊗ dX J . (12)

Hence
G(X , T) = (G0)IK(e2ω)

K
J dX I ⊗ dX J , (13)

where (G0)IK are the components of G0 in {X A}. It finally follows that

G(X , T) = G0(X )e2ω(X ,T). (14)

As noted earlier, for the stress-free temperature field T0(X ) we have G(X , T0) = G0(X ), which corresponds to
ω(X , T0(X )) = 0. The Riemannian volume form associated with this metric is

dV (X , G) =
√

det G dX 1 ∧ dX 2 ∧ dX 3 =
√

det G0 etr(ω(X ,T)) dX 1 ∧ dX 2 ∧ dX 3 = etr(ω(X ,T)) dV0(X ), (15)

where dV0 is the Riemannian volume form associated with the metric G0. Thus

d

dT
dV (X , G) = ∂(tr(ω(X , T)))

∂T
etr(ω(X ,T)) dV0(X ) = ∂(tr(ω(X , T)))

∂T
dV (X , T). (16)
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Therefore, the volumetric thermal expansion coefficient β(X , T) of the material reads

β(X , T) = ∂

∂T
[tr(ω(X , T))] . (17)

If one further assumes that the material is thermally isotropic, the matrix ω reduces to a scalar function ω times
the identity matrix, and one recovers the metric introduced for the isotropic case by Ozakin and Yavari [33], i.e.
G(X , T) = G0(X )e2ω(X ,T). The Riemannian volume form associated with this metric is

dV (X , G) = e3ω(X ,T) dV0(X ), (18)

and the thermal expansion coefficient α(X , T) reads

α(X , T) = 1

3
β(X , T) = ∂ω(X , T)

∂T
. (19)

Therefore

ω(X , T) =
∫ T

T0

α(X , τ ) dτ . (20)

Remark 2.1. The material metric G is defined in such a way to include the thermal expansion properties of
the material in order to capture any change of shape due to the temperature field. In other words, the geometry
of the material manifold explicitly depends on the material thermal expansion properties and the temperature
field; it is not purely kinematic. This is in contrast with the material manifold of solids with distributed defects,
which is purely kinematic and only depends on the density of defects [35–39].

2.2. Riemannian geometry and the stress-free temperature fields

In the following we tersely review some elements from Riemannian geometry about linear connections and
curvature on a manifold. For more details see [40–42]. A linear connection on a manifold B is a map ∇ :
X (B) ×X (B) → X (B), where X (B) is the set of vector fields on B, such that ∀X, Y, Z ∈ X (B), ∀f , g ∈ C∞(B),
we have

∇X(Y + Z) = ∇XY + ∇XZ, (21a)

∇f X+gYZ = f ∇XZ + g∇YZ, (21b)

∇X(f Y) = f ∇XY + (Xf )Y. (21c)

The vector field ∇XY is called the covariant derivative of Y along X. In a local chart {X A}, we have ∇∂A∂B ∈ X (B),
and hence there exist scalars 	C

AB, called the Christoffel symbol of the connection, such that ∇∂A∂B = 	C
AB∂C.

We define the Lie bracket of two vector fields Z and Y as the vector denoted by [X, Y] such that ∀f ∈ C∞(B),
we have

[X, Y]f = X (Yf ) − Y (Xf ) . (22)

A linear connection is said to be compatible with a metric G on the manifold if

X (G (Y, Z)) = G (∇XY, Z) + G (Y, ∇XZ) . (23)

It can be shown that ∇ is compatible with G if and only if ∇G = 0, which in components reads

GAB|C = ∂GAB

∂X C
− 	K

CAGKB − 	K
CBGAK = 0. (24)

The torsion of a connection is defined as

T(X, Y) = ∇XY − ∇YX − [X, Y]. (25)

In components TA
BC = 	A

BC − 	A
CB. ∇ is said to be symmetric if it is torsion-free, i.e. ∇XY − ∇YX = [X, Y].

It can be shown that on any Riemannian manifold (B, G) there is a unique linear connection ∇ that is both
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compatible with G and is torsion-free. This result is the fundamental theorem of Riemannian geometry and
such a connection is called the Levi-Civita connection. It can be shown that the Christoffel symbol of the
Levi-Civita connection associated with the metric G reads

	A
BC = 1

2

∑
K

GAK (∂CGKB + ∂BGKC − ∂KGBC) . (26)

We denote in the remainder of the paper the Levi-Civita connections of the material manifold (B, G) and the
ambient space (S, g) by ∇ and ∇̄, respectively. The curvature tensor R of a Riemannian manifold (B, G) is
given in terms of the Levi-Civita connection ∇ by

R(X, Y)Z = ∇X∇YZ − ∇Y∇XZ − ∇[X,Y]Z, (27)

for X, Y, Z ∈ X (B). In components

RA
BCD = dX A(R(∂C, ∂D)∂B) = ∂	A

DB

∂X C
− ∂	A

CB

∂X D
+ 	A

CK	
K

DB − 	A
DK	

K
CB. (28)

In order to study the stress-free temperature fields of a body, let the material manifold B be given an arbitrary
temperature field T = T(X ) and let ϕ be an embedding of the material manifold into the ambient space. The
embedded configuration lies in the spatial manifold and hence distances are measured by the metric g. As noted
earlier, any change in the temperature field affects the geometry of the material manifold, and a configuration
of the body is stress-free when no stretch occurs as a consequence of such a temperature field if embedded
in the ambient space. A measure of stretch is provided by the right Cauchy–Green tensor, which is the pull-
back of the spatial metric by the embedding, i.e. C� = ϕ∗g. Therefore, a temperature field is stress free when
the material metric agrees with the pullback of the spatial metric by the embedding of the material manifold
in the ambient space, i.e. the material manifold is isometrically embedded in the ambient space. Since the
ambient space is flat, its pull back has to be flat as well. Therefore, a temperature field is stress free only if
the temperature-dependent material metric is flat. A classical result from Riemannian geometry states that a
Riemannian manifold is locally flat if and only if its curvature tensor vanishes identically (see [42]). Therefore,
a temperature field is stress-free only if the curvature tensor R of the temperature-dependent material metric
G is identically zero. Takamizawa and Matsuda [59] realized that, in the context of growth mechanics, a stress-
free configuration implies a vanishing Riemannian curvature tensor. Note, however, that following a theorem
on uniqueness of constant curvature metrics (see for example [42]), in a simply connected body, a temperature
field is stress-free if and only if the temperature-dependent material metric is flat. We can therefore find all the
stress-free temperature fields of a simply connected body by solving for T the tensorial equation R(T(X )) = 0.
See [33] for a more detailed discussion on stress-free temperature fields.

3. Geometric nonlinear thermoelasticity

3.1. Kinematics of nonlinear elasticity

We review in the following some elements of the geometric formulation of the kinematics of nonlinear elasticity.
For more details, see [43]. A configuration of B is a smooth embedding ϕ : B → S. We denote the set of all
configurations of B by C. A motion of B is a smooth curve t ∈ R

+ → ϕt ∈ C that assigns a spatial point
x = ϕ(X , t) = ϕt(X ) at any time t to every material point X . For a fixed X ∈ B we write ϕX (t) = ϕ(X , t). The
material velocity of the motion is defined as the mapping

V : B × R
+ → TS such that V(X , t) = dtϕX

[
∂

∂t

]
∈ TϕX (t)S. (29)

The spatial velocity is defined as the mapping

v : ϕt(B) × R
+ → TS such that v(x, t) = V(ϕ−1

t (x), t) ∈ TxS. (30)

The material acceleration is defined as the mapping

A : B × R
+ → TS such that A(X , t) = ∇̄V(X ,t)V(X , t) ∈ Tϕ(X )S. (31)
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In components, Aa = ∂Va

∂t + γ a
bcV bV c, where γ a

bc denote the Christoffel symbols of the connection ∇̄ in the
local coordinate chart {xa}, i.e. ∇̄∂b∂c = γ a

bc∂a. The spatial acceleration is defined as the mapping

a : ϕt(B) × R
+ → TS such that a(x, t) = A(ϕ−1

t (x), t) ∈ TxS. (32)

The deformation gradient F is defined as the tangent map of ϕt : B → S, i.e.

F(X , t) = dϕt(X ) : TXB → Tϕ(X )S. (33)

The adjoint FT of F is defined by

FT(X , t) : Tϕ(X )S → TXB,

∀(W, w) ∈ (TXB × Tϕt(X )S) : g(FW, w) = G(W, FTw).
(34)

In components, (FT)A
a = gabFb

BGAB. The Jacobian of the motion J relates the material and spatial Riemannian
volume elements dV (X , G) and dv(x, g) by

dv(ϕt(X ), g) = J (X ,ϕt, G, g) dV (X , G). (35)

It can be shown that [43]

J =
√

det g

det G
det F = e−tr(ω(X ,T))

√
det g

det G0
det F. (36)

Remark 3.1. In our geometric framework, the deformation gradient F is purely elastic and any temperature
evolution of the body is reflected in the geometry of the material manifold through the temperature depen-
dence of G. As a matter of fact, in the framework of the multiplicative decomposition F = FeFT introduced
in [27], Fe = FF−1

T corresponds to our purely elastic deformation gradient. For thermally isotropic materi-

als, Lu and Pister [30] suggested FT = e
∫ T

T0
α(X ,τ )dτ I, which gives an equation identical to equation (36), i.e.

det Fe = e−3
∫ T

T0
α(X ,τ )dτ det F. Given the purely elastic character of the deformation gradient in our formulation,

the incompressibility condition is simply written as J = 1. In terms of the flat metric G0, the incompressibility

condition reads
√

det g
det G0

det F = etr(ω(X ,T)), which is similar to the condition for incompressible thermoelasticity

introduced in [12] written as det F = 1
g(T) , where g(T) �= 0 and is identical to the incompressibility condition

suggested by Lu and Pister [30] in the case of thermally isotropic materials, i.e. det F = e− ∫ T
T0

3α(X ,τ )dτ .

The right Cauchy–Green deformation tensor is defined as

C(X , t) = FT(X , t)F(X , t) : TXB → TXB. (37)

In components, CA
B = GAKFa

KFb
Bgab. We note that C� agrees with the pull-back of the spatial metric g by ϕt,

i.e. C� = ϕt
∗g, where � denotes the flat operator. The material strain tensor is defined as the difference between

the pull back of the spatial metric and the material metric, i.e.

E = 1

2
(ϕt

∗g − G) = 1

2
(C� − G). (38)

In components, EAB = 1
2 (CAB − GAB).

3.2. The governing equations of motion

Conservation of mass. We start by revisiting the transport theorem for the case of the temperature-dependent
metric considered in this paper.
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Lemma 3.1. (Transport theorem). If f is a real-valued smooth function of position x ∈ ϕt(B), temperature T,
and time, i.e. f = f (x, T , t), and U is an arbitrary open set in B, then

d

dt

∫
ϕt(U )

fdv =
∫
ϕt(U )

[
∂f

∂t
+ ∂f

∂T

∂T

∂t
+ div (f v)

]
dv, (39)

where div denotes the spatial divergence operator.

Proof. We have by a change of variable x = ϕt(X )

d

dt

∫
ϕt(U )

f (ϕt(X ), T , t)dv(ϕt(X ), g) = d

dt

∫
U

f (ϕt(X ), T , t)J (X ,ϕt(X ), G, g)dV (X , G)

= d

dt

∫
U

f (ϕt(X ), T , t)
√

det C�dX 1 ∧ dX 2 ∧ dX 3

=
∫
U

[
∂f

∂t
+ ∂f

∂T

∂T

∂t
+ 〈df , v〉 + 1

2
f trC�

(
dC�

dt

)]
JdV

=
∫
ϕt(U )

[
∂f

∂t
+ ∂f

∂T

∂T

∂t
+ 〈df , v〉 + f divv

]
dv,

where df (x) = ∂f
∂xa dxa denotes the differential of f , trC� is the trace taken with respect to the metric C�, 〈·, ·〉 is

the natural pairing of a one-form and a vector, and where we have used the identity

d

dt
[det A(t)] = det A(t) tr

[
A−1(t)

d

dt
A(t)

]
.

Let ρ and �, respectively, denote the material and spatial mass densities. For any open set U in B,
conservation of mass can be written as ∫

ϕt(U )
� dv =

∫
U
ρ dV . (40)

By applying the change of variable X = ϕ−1
t (x) to the right-hand side of equation (40) and by the arbitrariness

of U , we find that conservation of mass is equivalent to

ρ = J�. (41)

Note that even though both ρ and dV can be time dependent, the material mass form dM = ρ dV is time-
independent, and since dV = dV (X , G), it follows that the material mass density should depend on the position
and the material metric as well, i.e.

ρ = ρ(X , G). (42)

Note also that since J =
√

det g
det G det F = J (X ,ϕt, G, g) it follows from equation (41) that

� = �(X ,ϕt(X ), G, g). (43)

Note that both ρ and � depend implicitly on temperature via the material metric G. Therefore, we write dρ
dT =

∂ρ

∂G : ∂G
∂T and d�

dT = ∂�

∂G : ∂G
∂T .

Equation (40), along with the fact that dM is constant, yields

d

dt

(∫
ϕt(U )

�dv

)
= 0. (44)

Using equation (39) and arbitrariness of U , equation (44) is equivalent to

d�

dT

∂T

∂t
+ div (�v) = 0. (45)
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Combining equations (41) and (45), the conservation of mass in the material manifold reads1

dρ

dT
+ βρ = 0. (46)

It follows that
ρ(X , G) = ρ0(X )e−tr(ω)(X ,T) = ρ0(X )e− 1

2 tr(G)(X ,T), (47)

where for the stress-free material metric G0(X ) we have

ρ0(X ) = ρ(X , G0). (48)

Balance laws. The balance of linear and angular momenta read2

d

dt

∫
U
ρV dV =

∫
U
ρB dV +

∫
∂U

T dA, (49a)

d

dt

∫
U
ρX × V dV =

∫
U
ρX × B dV +

∫
∂U

X × T dA, (49b)

where B is the body force per unit of undeformed mass and T is the traction at the boundary. Assuming the
conservation of mass, equation (46), the governing equations of motion follow by localization of equations
(49a) and (49b) and read [43]

DivP + ρB = ρA, (50a)

PFT = FPT, (50b)

where P(X , t) denotes the first Piola–Kirchhoff stress tensor PaA = J (F−1)A
bσ

ab, σ is the Cauchy stress tensor,
and Div denotes the material divergence operator. In local coordinates

Div P = PaA|A∂a =
(
∂PaA

∂X A
+ 	A

ABPaB + γ a
bcF

b
APcA

)
∂a. (51)

Writing equations (50a) and (50b) in components, we find

ρAa = ρBa + PaA|A, (52a)

PaAFb
A = PbAFa

A. (52b)

3.3. The first law of thermodynamics

The first law of thermodynamics postulates the existence of a state function, namely the internal energy that
satisfies, in the case of a static material metric, the following balance of energy [43–47]

d

dt

∫
U
ρ

(
E + 1

2
g(V, V)

)
dV =

∫
U
ρ (g(B, V) + R) dV +

∫
∂U

(g(T, V) + H) dA, (53)

where E is the material specific internal energy, R(X , t) is the heat supply per unit of undeformed mass and
H(X , t, N) is the heat flux across a surface with unit normal N. Now, because we have a time-dependent metric
(implicit time dependence through the temperature dependence), the energy balance must be modified to include
the rate of change of the metric as a variable that contributes to the rate of change of internal energy in order to
capture possible changes of shape due to the temperature field and its energy contribution. The energy balance
is therefore modified to read (see [34, 48, 49] for the modified energy balance in the case of growing bodies)

d

dt

∫
U
ρ

(
E + 1

2
g(V, V)

)
dV =

∫
U
ρ

(
g(B, V) + R + ∂E

∂G
: Ġ

)
dV +

∫
∂U

(g(T, V) + H) dA, (54)
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and in localized form, the material balance of energy reads

ρĖ = S :D − Div Q + ρR + ρ
∂E
∂G

: Ġ, (55)

where a dotted quantity denotes its total time derivative, e.g. Ė = dE
dt , S is the second Piola–Kirchhoff stress

tensor, in components SAB = J (F−1)A
a(F−1)B

bσ
ab, D = 1

2 Ċ
�
(X , t) is the material rate of deformation tensor,

Q = Q(X , t) is the external heat flux vector per unit area, where DT = ∂T
∂X A dX A. In local coordinates, we write

the divergence of Q as

Div Q = QA|A = ∂QA

∂X A
+ 	A

ABQB. (56)

3.4. The second law of thermodynamics

The second law of thermodynamics postulates the existence of a state function, namely the entropy that satisfies,
in the case of a static material metric, the material Clausius–Duhem inequality [43–46]

d

dt

∫
U
ρNdV ≥

∫
U
ρ

R

T
dV +

∫
∂U

H

T
dA, (57)

where N = N (X , T , C�, G) is the specific entropy. In the case of a time-dependent material metric, the Clausius–
Duhem inequality needs to be modified to include the rate of change of the material metric. The Clausius–
Duhem inequality in our geometric formulation reads (see [34, 48, 49] for the modified Clausius–Duhem
inequality in the case of growing bodies3)

d

dt

∫
U
ρNdV ≥

∫
U
ρ

R

T
dV +

∫
∂U

H

T
dA +

∫
U
ρ
∂N
∂G

: ĠdV , (58)

and in localized form, the material Clausius–Duhem inequality reads

ρṄ ≥ ρ
R

T
− Div

(
Q

T

)
+ ρ

∂N
∂G

: Ġ. (59)

3.5. The response functions

Free energy. By considering the Clausius–Duhem inequality as a restriction on the constitutive behavior of
the material, Coleman and Noll [50, 51] derived the response functions for entropy and stress. We prove in the
following a version of this result in nonlinear thermoelasticity with a temperature-dependent metric inspired by
the proof given in [46, 51]. In thermoelasticity, the (hyperelastic) constitutive model is given by the specific free
energy function

� = �(X , T , C�, G), (60)

such that the specific internal energy E is the Legendre transform of −� with respect to the conjugate variables
T and N , i.e.

E = TN +�, (61a)

N = −∂�
∂T

. (61b)

It follows that the specific internal energy E is such that

E = E(X ,N , C�, G),
∂E
∂N = T ,

∂E
∂G

= ∂�

∂G
,

∂E
∂C�

= ∂�

∂C�
. (62)

In the following, we investigate the restrictions imposed by the Clausius–Duhem inequality (59) on the
constitutive equations. By using equations (55) and (62) in (59), we find

ρ
∂�

∂C�
: Ċ

� + ρTṄ − ρT
∂N
∂C�

: Ċ
� − ρT

∂N
∂T

Ṫ − S :D + 1

T
〈DT , Q〉 ≤ 0. (63)
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Therefore, recalling that D = 1
2 Ċ

�
, we can rewrite equation (63) as

(
2ρ
∂�

∂C�
− S

)
:D + ρT

∂N
∂G

: Ġ + 1

T
〈DT , Q〉 ≤ 0. (64)

The above inequality holds for all deformations ϕ and metrics G. In particular, if we choose ϕ to be time-
independent, equation (64) reads

ρT
∂N
∂G

: Ġ + 1

T
〈DT , Q〉 ≤ 0. (65)

Note that DT and Ġ = dG
dT Ṫ can be chosen arbitrarily and independently. Let T be homogeneous, i.e. DT = 0,

then ∂N
∂G : Ġ ≤ 0 must hold for every Ġ. Therefore, we must have

∂N
∂G

= 0. (66)

Now we assume that temperature is homogeneous and time-independent. Thus, the inequality (64) reads

(
2ρ
∂�

∂C�
− S

)
:D ≤ 0, (67)

and must hold for every D. It follows that

S = 2ρ
∂�

∂C�
. (68)

Consequently, the energy balance, equation (55), reduces to

ρTṄ = ρR − DivQ. (69)

Remark 3.2. Note that for a material with an internal constraint of the form κ(C, T) = 0, we have

N = −∂�
∂T

∣∣∣∣
κ(C,T)=0

− q

ρ

∂κ

∂T

∣∣∣∣
κ(C,T)=0

, (70a)

S = 2ρ
∂�

∂C�

∣∣∣∣
κ(C,T)=0

+ 2q
∂κ

∂C�

∣∣∣∣
κ(C,T)=0

, (70b)

where q is the Lagrange multiplier corresponding to the constraint κ . In the case of incompressibility we have
κ(C, T) = J − 1 and q = −p, where p is the pressure field due to the constraint of incompressibility.4

Heat conduction. It follows from equation (69) that the entropy production inequality (63) reduces to

〈DT , Q〉 ≤ 0. (71)

For an arbitrary isotropic solid the heat flux response function has the following representation [52]

Q = (φ0C−1 + φ1G + φ2C
)

DT , (72)

where φk = φk(X , T , DT , C, G), k = −1, 0, 1, are scalar functions.5 If we set KAB = −(φ0(C−1)AB + φ1GAB +
φ2CAB), then by equation (71), K is a positive semi-definite symmetric material (2

0)-tensor and we can write
a generalized version of the Fourier’s law of thermal conduction Q = −KDT . In components, Q = QA∂A =
−KAB ∂T

∂X B ∂A.
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3.6. Coupled nonlinear thermoelasticity

We substitute equations (61b) and (68) into equation (69) and obtain

Div Q = ρ
∂2�

∂T2
TṪ + 1

2
T
∂S

∂T
: Ċ

� + ρR. (73)

The specific heat capacity at constant strain cE is defined as the quantity of heat required to produce a unit

temperature increase in a unit mass of material at constant strain (Ċ
� = 0), i.e.

Div Q = −ρcEṪ . (74)

Comparing equations (73) and (74) at constant strain and without external heat supply (R = 0), we find

cE = −T
∂2�

∂T2
. (75)

Remark 3.3. Note that the partial derivative with respect to temperature in equations (73) and (75) is a partial
derivative with respect to temperature with C and G being fixed, i.e. ∂

∂T = ∂
∂T

∣∣
C,G

.

We can now rewrite equation (73) as

Div Q = −ρcEṪ + 1

2
T
∂S

∂T
: Ċ

� + ρR. (76)

Along with the boundary conditions for ϕ on ∂B (prescribed in terms of displacement or traction), the bound-
ary conditions for T on ∂B (prescribed in terms of temperature or flux), and the initial temperature field
T(X , t = 0) = Tinit(X ), the equations (46), (50a), (50b), and (76) constitute the governing equations for the
general nonlinear thermoelastic problem.

By using the generalized Fourier’s law of thermal conduction for an arbitrary isotropic solid (see equation
(72)), equation (76) takes the form of a second-order nonlinear partial differential equation that is a gener-
alization of the classical heat equation with the following extra forcing terms arising from the thermoelastic
coupling

Div (KDT) = ρcEṪ − 1

2
T
∂S

∂T
: Ċ

� − ρR. (77)

Remark 3.4. Note that the left-hand side of equation (77) can be written as (recall that K is symmetric)

Div (KDT) = K : �T + 〈DivK, DT〉, (78)

where DivK = KAB|B∂A, KAB|B = KAB
,B + 	A

BCKCB + 	B
BCKAC, and � denotes the Hessian operator, i.e.

�T =
[

∂2T

∂X A∂X B
− 	C

AB
∂T

∂X C

]
dX A ⊗ dX B. (79)

In components, equation (77) reads

KAB

[
∂2T

∂X A∂X B
− 	C

AB
∂T

∂X C

]
+ KAB|B

∂T

∂X A
= ρcEṪ − 1

2
T
∂SAB

∂T
: ĊAB − ρR. (80)

Linearization of the generalized heat equation. In the following we linearize the generalized heat equation
for a thermally isotropic material without external heat supply. The generalized heat equation in this case reads6

(
kGAB ∂(�T)

∂X B

)
|A

= ρcEṪ − 1

2
T
∂SAB

∂T
ĊAB. (81)
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Let Tε(X , t) be a 1-parameter family of temperature fields such that Tε=0(X , t) = T0 is a uniform temperature
field and let the temperature variation be defined as

δT(X , t) = d

dε

∣∣∣
ε=0

Tε(X , t). (82)

The corresponding 1-parameter family of metrics is Gε(X ) = G(X , Tε) = G0(X )e2ω(X ,Tε ). Variation of the
material metric is calculated as

δG(X ) = d

dε

∣∣∣
ε=0

Gε(X ) = 2α(X , T0)δT(X , t)G(X ). (83)

Let ϕε be the corresponding 1-parameter family of equilibrium configurations. The variation of the equilibrium
configuration is a spatial tangent vector [53]

U(X , t) = δϕ(X , t) = dεϕt,X [∂ε]
∣∣
ε=0

. (84)

Note that ε → ϕt,X (ε) := ϕε(X , t) is a curve in the ambient space S. u = U ◦ ϕ−1 can be thought of as the
geometric analogue of the displacement field in the classical theory of linear elasticity. Note that

Ua|A = Fb
Aua|b. (85)

The linearization of the generalized heat equation (81) is defined as [43, 53]

d

dε

∣∣∣
ε=0

[
kεGε

AB

(
∂2Tε

∂X A∂X B
− 	ε

C
AB
∂Tε
∂X C

)
+ (kεGε

AB)|A
∂Tε
∂X B

]
= d

dε

∣∣∣
ε=0

[
ρεcEε Ṫε − 1

2
Tε
∂SAB

ε

∂T
ĊεAB

]
. (86)

We assume that the ambient space is Euclidean. We also assume that, for a given uniform temperature field
T0, the material manifold is Euclidean. Thus, we have in Cartesian coordinates G0AB = δAB, and 	0

C
AB = 0.

Therefore, the linearized heat equation (86) is simplified to read

dkε
dε

∣∣∣
ε=0
δAB ∂2Tε

∂X A∂X B

∣∣∣
ε=0

− 2k0α0δTδ
AB ∂2Tε
∂X A∂X B

∣∣∣
ε=0

+k0δ
AB

(
d

dε

∣∣∣
ε=0

[
∂2Tε

∂X A∂X B

]
− d

dε

∣∣∣
ε=0

[
	ε

C
AB

] ∂Tε
∂X C

∣∣∣
ε=0

)
+ d

dε

∣∣∣
ε=0

[
(kεGε

AB)|A
] ∂Tε
∂X B

∣∣∣
ε=0

+(kεGε
AB)|A

∣∣∣
ε=0

d

dε

∣∣∣
ε=0

[
∂Tε
∂X B

]
= d(ρεcEε)

dε

∣∣∣
ε=0

Ṫε
∣∣∣
ε=0

+ ρ0cE0
dṪε
dε

∣∣∣
ε=0

−1

2
δT
∂Sε

AB

∂T

∣∣∣
ε=0

ĊεAB

∣∣∣
ε=0

− 1

2
T0

[
d

dε

∣∣∣
ε=0

∂Sε
AB

∂T

]
ĊεAB

∣∣∣
ε=0

− 1

2
T0
∂Sε

AB

∂T

∣∣∣
ε=0

dĊεAB

dε

∣∣∣
ε=0

.

(87)

Note that the parameter ε is independent of time t and position X , and hence

∂Tε
∂X C

∣∣∣
ε=0

= ∂T0

∂X C
= 0,

∂2Tε
∂X A∂X B

∣∣∣
ε=0

= ∂2T0

∂X A∂X B
= 0,

d

dε

∣∣∣
ε=0

[
∂2Tε

∂X A∂X B

]
= ∂2δT

∂X A∂X B
,

(kεGε
AB)|A

∣∣∣
ε=0

= ∂k0

∂X A
δAB, Ṫε

∣∣∣
ε=0

= Ṫ0 = 0,
dṪε
dε

∣∣∣
ε=0

= ∂(δT)

∂t
,

∂Sε
AB

∂T

∣∣∣
ε=0

= ∂S0
AB

∂T
,

dĊεAB

dε

∣∣∣
ε=0

= d

dt

(
dCεAB

dε

∣∣∣
ε=0

)
.

(88)

Therefore, the linearized heat equation simplifies to read(
k0δ

AB ∂(δT)

∂X B

)
|A

= ρ0cE0
∂δT

∂t
− 1

2
T0
∂S0

AB

∂T

d

dt

(
dCεAB

dε

∣∣∣
ε=0

)
. (89)
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Since CAB = Fa
AFb

Bδab, we find [34]

dCεAB

dε

∣∣∣
ε=0

= dFεa
A

dε

∣∣∣
ε=0

F0
b

Bδab + F0
a

B
dFεb

B

dε

∣∣∣
ε=0
δab

= Ua|AF0
b

Bδab + F0
a

AUb|Bδab

= F0
c

AF0
b

Bδabua|c + F0
a

AF0
c

Bδabub|c
= F0

c
AF0

b
Bub|c + F0

a
AF0

c
Bua|c

= 2F0
a

AF0
b

Bεab,

(90)

where εab = 1
2 (ua|b + ub|a) is the linearized strain. At ε = 0, we consider a natural embedding such that

F0
a

A = δa
A (J0 = 1). It follows that

d

dt

(
dCεAB

dε

∣∣∣
ε=0

)
= 2δa

Aδ
b

Bε̇ab, (91)

and the Piola transform gives us (
k0δ

AB ∂(δT)

∂X B

)
|A

=
(

k0δ
ab ∂(δT)

∂xb

)
|a

. (92)

Furthermore, since SABFa
AFb

B = Jσ ab, at ε = 0 we have S0
ABδa

Aδ
b

B = σ0
ab. Therefore, the linearized heat

equation (87) is simplified to read(
k0δ

ab ∂(δT)

∂xb

)
|a

= ρ0cE0
∂(δT)

∂t
− T0

∂σ0
ab

∂T
ε̇ab. (93)

Recalling that the linearized temperature change is δT , we recover the classical linear coupled heat equation for
a constant thermal conduction coefficient k0 (see [7, 8, 54])

k0�T = ρ0cE0Ṫ − T0
∂σ ab

∂T
ε̇ab, (94)

where � denotes the Laplacian operator in spatial Cartesian coordinates, i.e. δT = δab ∂2T
∂xa∂xb .

4. Examples
As applications of the geometric theory, we study in the following the nonlinear thermoelastic problem in the
case of an infinitely long solid circular cylinder and a spherical ball. We formulate the governing equations
and analytically solve for the thermal stress field for an arbitrary incompressible isotropic hyperelastic solid
with a radially symmetric temperature distribution. Then, we restrict the problem to the thermally isotropic
and homogeneous solids following the thermoelastic constitutive model for rubber-like materials described in
Appendix A, to numerically solve for the static and time-dependent temperature and the thermal stress fields
induced by a thermal inclusion. We will also compare the nonlinear solutions with their corresponding linear
elasticity solutions.

4.1. An infinitely long circular cylindrical bar made of an incompressible isotropic solid

In this section we consider the static problem (i.e. zero acceleration) in the absence of body forces for an
infinitely long solid circular cylinder of radius Ro made of an incompressible isotropic solid under uniform
normal traction on its boundary. Let (R,�, Z) be the cylindrical coordinate system for which R ≥ 0, 0 ≤
� ≤ 2π , and Z ∈ R. In cylindrical coordinates, the material metric for the configuration with the stress-free
temperature field T0 = T0(R) reads

G0 =
⎛
⎝ 1 0 0

0 R2 0
0 0 1

⎞
⎠ . (95)
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We assume a radially symmetric temperature field T = T(R, t) and let αR = αR(R, T) be the radial thermal
expansion coefficient and α� = α�(R, T) be the circumferential thermal expansion coefficient. As the cylinder
is infinite in the Z direction any dilatation in the Z direction leaves the cylinder unchanged. We can therefore
assume a zero thermal expansion coefficient in the Z direction, i.e. αZ = 0. The temperature-dependent material
metric for the cylinder, as introduced in Section 2.1, reads7

G =
⎛
⎝ e2ωR 0 0

0 R2e2ω� 0
0 0 1

⎞
⎠ , (96)

where for K ∈ {R,�}, ωK(R, T(R, t)) =
∫ T(R,t)

T0

αK(R, τ )dτ . The Christoffel symbols for G are given as

�R = [	R
AB

] =
⎛
⎝ ∂ωR

∂R

∣∣
t

0 0
0 −e2(ω�−ωR)

(
R + R2 ∂ω�

∂R

∣∣
t

)
0

0 0 0

⎞
⎠ ,

�� = [	�AB

] =
⎛
⎝ 0 1

R + ∂ω�
∂R

∣∣
t

0
1
R + ∂ω�

∂R

∣∣
t

0 0
0 0 0

⎞
⎠ , �Z = [	Z

AB

] =
(

0 0 0
0 0 0
0 0 0

)
,

(97)

where ∂ωK
∂R

∣∣
t

= ∂ωK
∂R

∣∣
t,T

+ αK
∂T
∂R . We endow the ambient space with the following flat metric in cylindrical

coordinates (r, θ , z)

g =
⎛
⎝ 1 0 0

0 r2 0
0 0 1

⎞
⎠ . (98)

The Christoffel symbols for g read

γ r = [γ r
ab] =

(
0 0 0
0 −r 0
0 0 0

)
, γ θ = [γ θ ab

] =
⎛
⎝ 0 1

r 0
1
r 0 0
0 0 0

⎞
⎠ , γ z = [γ z

ab] =
(

0 0 0
0 0 0
0 0 0

)
. (99)

Thermal stresses. In the following we solve for the stress field for an arbitrary radial temperature field. In
order to calculate the thermal stresses, we embed the material manifold into the ambient space and look for
solutions of the form (r, θ , z) = (r(R, t),�, Z). The deformation gradient reads

F =
⎛
⎝ ∂r

∂R 0 0
0 1 0
0 0 1

⎞
⎠ . (100)

For an incompressible solid, we have

J =
√

det g

det G
det F = r ∂r

∂R

ReωR+ω� = 1, (101)

and hence, assuming r(0, t) = 0 (to eliminate rigid translations), we find

r(R, t) =
(∫ R

0
2ξeωR(ξ ,T(ξ ,t))+ω�(ξ ,T(ξ ,t))dξ

) 1
2

. (102)

The right Cauchy–Green deformation tensor reads

C =
⎛
⎝ R2

r2 e2ω� 0 0

0 r2

R2 e−2ω� 0
0 0 1

⎞
⎠ . (103)
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For an incompressible isotropic solid, the free energy density per unit undeformed volume ψ = ρ� is expressed
as a function of I = trC and II = det C tr C−1 = 1

2 (tr(C2) − tr(C)2), i.e. ψ = ψ(R, T , I, II, J = 1). Therefore,
we can write [55]

σ ab = 2Fa
AFb

B

[
(ψI + IψII) GAB − ψIIC

AB
]− pgab, (104)

where ψI = ∂ψ

∂I , ψII = ∂ψ

∂II , and p = p(R, t) is the pressure field due to the incompressibility constraint. Thus,
the nonzero components of the Cauchy stress tensor are given by

σ rr = 2
R2e2ω�

r2

[
ψI +

(
1 + r2e−2ω�

R2

)
ψII

]
− p, (105a)

σ θθ = 1

r2

{
2

r2e−2ω�

R2

[
ψI +

(
1 + R2e2ω�

r2

)
ψII

]
− p

}
, (105b)

σ zz = 2

[
ψI +

(
R2e2ω�

r2
+ r2e−2ω�

R2

)
ψII

]
− p. (105c)

The only nontrivial equilibrium equation is σ ra|a = 0, which is simplified to read

re−ωR−ω�

R
σ rr

,R + 1

r
σ rr − rσ θθ = 0. (106)

This yields

∂p

∂R
= ∂

∂R

{
2

R2e2ω�

r2

[
ψI +

(
1 + r2e−2ω�

R2

)
ψII

]}
− 2

eωR

r

Reω�

r

(
r2e−2ω�

R2
− R2e2ω�

r2

)
(ψI + ψII) . (107)

Assuming that the boundary of the cylinder is under uniform normal traction, i.e. σ rr(Ro, T(Ro)) = −σo, the
pressure field at the boundary is

p(Ro) =
{

2
R2e2ω�

r2

[
ψI +

(
1 + r2e−2ω�

R2

)
ψII

]} ∣∣∣∣
R=Ro

+ σo, (108)

and it follows that

p(R, t) = 2
R2e2ω�

r2

[
ψI +

(
1 + r2e−2ω�

R2

)
ψII

]
+
∫ Ro

R
2
ξ

r2
eωR+ω�

(
r2e−2ω�

ξ 2
− ξ 2e2ω�

r2

)
(ψI + ψII) dξ + σo.

(109)

Finally, given a radially symmetric temperature field T = T(R, t), the thermal stress field is given by the
following nonzero components of the Cauchy stress tensor

σ rr = −
∫ Ro

R
2
ξ

r2
eωR+ω�

(
r2e−2ω�

ξ 2
− ξ 2e2ω�

r2

)
(ψI + ψII) dξ − σo, (110a)

σ θθ = 1

r2
σ rr + 2

r2

(
r2e−2ω�

R2
− R2e2ω�

r2

)
(ψI + ψII) , (110b)

σ zz = σ rr + 2

(
1 − R2e2ω�

r2

)(
ψI + ψII

r2e−2ω�

R2

)
. (110c)

Alternatively, the nonzero components of the second Piola–Kirchhoff stress tensor read

SRR = −r2e−2(ω�+ωR)

R2

[∫ Ro

R
2
ξ

r2
eωR+ω�

(
r2e−2ω�

ξ 2
− ξ 2e2ω�

r2

)
(ψI + ψII) dξ + σo

]
, (111a)

S�� = R2e2(ω�+ωR)

r4
SRR + 2

r2

(
r2e−2ω�

R2
− R2e2ω�

r2

)
(ψI + ψII) , (111b)

SZZ = R2e2(ω�+ωR)

r2
SRR + 2

(
1 − R2e2ω�

r2

)(
ψI + ψII

r2e−2ω�

R2

)
. (111c)

 by guest on September 15, 2015mms.sagepub.comDownloaded from 

http://mms.sagepub.com/


Sadik and Yavari 17

Heat equation. We assume that there is no external heat supply, i.e. R = 0, and that the heat conduction in
the material is isotropic, i.e. K = kG−1, where k = k(R, T(R, t)) is a scalar-valued function. Therefore, using
equation (47), the coupled heat equation (77) reads[

∂2T

∂R2
+
(

1

R
+ 1

k

∂k

∂R

∣∣∣∣
t

)
∂T

∂R
+ ∂ (ω� − ωR)

∂R

∣∣∣∣
t

∂T

∂R

]
ke−2ωR = ρocEṪe−ω�−ωR − 1

2
T
∂SAB

∂T
ĊAB, (112)

where ρo(X ) = ρ(X , Go) is the mass density in the stress-free configuration with uniform temperature T0. If
we further assume that the material is thermally isotropic (i.e. ωR = ω� = ω(R, T(R, t))), then equation (112)
reduces to

k

R

∂

∂R

(
R
∂T

∂R

)
+ ∂k

∂R

∣∣∣∣
t

∂T

∂R
= ρocEṪ − e2ω

2
T
∂SAB

∂T
ĊAB. (113)

Before solving the problem, we first find the stress-free temperature fields and obtain expressions for ωR and
ω� to explicitly specify the material metric G (see equation (96)). A temperature field T0(R) is stress-free if
and only if the Riemann curvature tensor of the cylinder is identically zero at T = T0. The nontrivially nonzero
components of curvature tensor for the cylinder with the metric G are

RR
��R = −RR

�R� = R

[
2
∂ω�

∂R

∣∣∣∣
t

− ∂ωR

∂R

∣∣∣∣
t

+ R
∂ω�

∂R

∣∣∣∣
t

(
∂ω�

∂R

∣∣∣∣
t

− ∂ωR

∂R

∣∣∣∣
t

)
+ R

∂2ω�

∂R2

∣∣∣∣
t

]
e2(ω�−ωR), (114a)

R�
RR� = −R�

R�R = 1

R

[
2
∂ω�

∂R

∣∣∣∣
t

− ∂ωR

∂R

∣∣∣∣
t

+ R
∂ω�

∂R

∣∣∣∣
t

(
∂ω�

∂R

∣∣∣∣
t

− ∂ωR

∂R

∣∣∣∣
t

)
+ R

∂2ω�

∂R2

∣∣∣∣
t

]
. (114b)

Therefore, T0(R) is stress free if and only if[
2
∂ω�

∂R

∣∣∣∣
t

− ∂ωR

∂R

∣∣∣∣
t

+ R
∂ω�

∂R

∣∣∣∣
t

(
∂ω�

∂R

∣∣∣∣
t

− ∂ωR

∂R

∣∣∣∣
t

)
+ R

∂2ω�

∂R2

∣∣∣∣
t

]∣∣∣∣
(R,T0)

= 0. (115)

If we assume that the material is thermally homogeneous, i.e. for K ∈ {R,�}, we have αK = αK(T) independent
of position, then ∂ωK

∂R

∣∣
t
= αK

∂T
∂R . Therefore, equation (115) becomes

(2α� − αR)
dT0

dR
+ Rα� (α� − αR)

(
dT0

dR

)2

+ Rα�
d2T0

dR2
= 0. (116)

We observe that a uniform temperature field is stress-free in the general anisotropic case. In the particular case
of a thermally homogeneous and isotropic material with a constant linear expansion coefficient α, we find two
possible stress-free temperature fields

T0(R) = T0, (117a)

T0(R) = a ln R + b, (117b)

for some constants a and b. We assume in the remainder of this section that the material is thermally homoge-
neous and that the metric G0 corresponds to the uniform stress-free temperature field of the cylinder T0(R) = To

(i.e. G|T=To
= G0), where To is the temperature of the outside medium surrounding the cylinder. For K ∈ {R,�}

we write following equation (20)

ωK(R, T(R, t)) =
∫ T(R,t)

To

αK(τ )dτ , K ∈ {R,�}. (118)

Example 4.1. In this example we solve for the stress field induced by a thermal inclusion in a homogeneous,
isotropic, thermally homogeneous and anisotropic solid cylinder. We then assume that the material is thermally
isotropic to compare with the linear elasticity solution. We consider a thermal inclusion of radius Ri < Ro

T(R) =
{

Ti R ≤ Ri,

To R > Ri.
(119)
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Thus, for K ∈ {R,�} we have

ωK(R) =
⎧⎨
⎩
∫ Ti

To

αK(τ )dτ R ≤ Ri,

0 R > Ri.

(120)

We substitute equation (120) into equation (102) to find

r(R) =
{

Re
1
2 (ωR(Ri)+ω�(Ri)) R ≤ Ri,[

R2
i

(
e(ωR(Ri)+ω�(Ri)) − 1

)+ R2
] 1

2 R ≥ Ri.
(121)

Following equation (110), the physical components of the Cauchy stress tensor read

σ̂ rr = −
∫ Ro

R
2
ξ

r2
e(ωR+ω�)

(
r2e−2ω�

ξ 2
− ξ 2e2ω�

r2

)
(ψI + ψII) dξ − σo, (122a)

σ̂ θθ = σ̂ rr + 2

(
r2e−2ω�

R2
− R2e2ω�

r2

)
(ψI + ψII) , (122b)

σ̂ zz = σ̂ rr + 2

(
1 − R2e2ω�

r2

)(
ψI + ψII

r2e−2ω�

R2

)
. (122c)

For R ≤ Ri, following equation (103), we have

C =
⎛
⎝ eω�(Ri)−ωR(Ri) 0 0

0 eωR(Ri)−ω�(Ri) 0
0 0 1

⎞
⎠ . (123)

Therefore, I and II are constant inside the inclusion. As the material is homogeneous and isotropic (i.e. ψ =
ψ(T , I, II)), the terms ψI and ψII are constant inside the inclusion and it follows that for R ≤ Ri, we have

σ̂ rr(R) = 2
[
e(ωR(Ri)−ω�(Ri)) − e−(ωR(Ri)−ω�(Ri))

]
(ψI + ψII) ln

(
R

Ri

)
+ σ̂c, (124a)

σ̂ θθ (R) = 2
[
e(ωR(Ri)−ω�(Ri)) − e−(ωR(Ri)−ω�(Ri))

]
(ψI + ψII)

[
ln

(
R

Ri

)
+ 1

]
+ σ̂c, (124b)

σ̂ zz(R) = 2
[
e(ωR(Ri)−ω�(Ri)) − e−(ωR(Ri)−ω�(Ri))

]
(ψI + ψII) ln

(
R

Ri

)
+ (e−ω�(Ri) − e−ωR(Ri)

) (
ψIe

ω�(Ri) + ψIIe
ωR(Ri)

)+ σ̂c,

(124c)

where σ̂c is a constant given by

σ̂c = −2
∫ Ro

Ri

(
1

ξ
− ξ 3

r4(ξ )

)
(ψI + ψII) dξ − σo. (125)

On the other hand, for R > Ri, we have

σ̂ rr(R) = −2
∫ Ro

R

(
1

ξ
− ξ 3

r4(ξ )

)
(ψI + ψII) dξ − σo, (126a)

σ̂ θθ (R) = σ̂ rr + 2

(
r2(R)

R2
− R2

r2(R)

)
(ψI + ψII) , (126b)

σ̂ zz(R) = σ̂ rr + 2

(
1 − R2

r2(R)

)(
ψI + ψII

r2(R)

R2

)
. (126c)

Remark 4.1. Note that in the absence of body forces, for a homogeneous, isotropic, thermally homogeneous
and isotropic infinite solid cylinder with a uniform normal traction on its boundary and with a radially symmetric
thermal inclusion, the thermal stress inside the inclusion is uniform and hydrostatic. However, if the material
is thermally anisotropic (i.e. ωR �= ω�) the thermal stress field has a logarithmic singularity on the axis of the
cylinder. Similar results have been observed for distributed eigenstrains in [35, 56].
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Comparison with the linear solution. Next, we compare the static thermal stress field with the classical
linear elasticity solution. We consider a homogeneous, isotropic, thermally homogeneous and isotropic, and
traction-free infinite solid circular cylinder. Note that the infinite cylinder corresponds to the case of a disk in
plane strain. In classical linearized elasticity, the solution in plane strain for a solid disk with a radial temperature
field and constant μo and αo reads [7, 54]8

σ̂ rr = 2αo
μo

1 − ν

[
1

R2
o

∫ Ro

0
T(ξ )ξdξ − 1

R2

∫ R

0
T(ξ )ξdξ

]
, (127a)

σ̂ θθ = 2αo
μo

1 − ν

[
1

R2
o

∫ Ro

0
T(ξ )ξdξ + 1

R2

∫ R

0
T(ξ )ξdξ − T

]
, (127b)

σ̂ zz = ν
(
σ̂ rr + σ̂ θθ

)
. (127c)

Incompressible linearized elasticity corresponds to ν = 0.5, and considering the thermal inclusion equation
(119), we find

R ≤ Ri : σ̂ rr = σ̂ θθ = σ̂ zz = −2μoαo�iT

(
1 − R2

i

R2
o

)
,

R > Ri :

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

σ̂ rr = −2μoαo�iT

(
R2

i

R2
− R2

i

R2
o

)
,

σ̂ θθ = 2μoαo�iT

(
R2

i

R2
+ R2

i

R2
o

)
,

σ̂ zz = 2μoαo�iT
R2

i

R2
o

,

(128)

where �iT = Ti − To.
In order to compare the nonlinear solution with the linear one, we consider the thermoelastic model presented

in Appendix A and enforce the incompressibility condition. Hence, following equation (210), we find for the
thermal inclusion equation (119)

ω(R) =
⎧⎨
⎩

1

2
ln

[
(1 + 2αoTo)�iT + To

�iT + To

]
R ≤ Ri,

0 R > Ri,
(129)

and from equations (122) and (206) the thermal stress field reads

R ≤ Ri :

{
σ̂ rr = σ̂ θθ = σ̂ zz = −μo

∫ Ro

Ri

(
1

ξ
− ξ 3

r4(ξ )

)
dξ ,

R > Ri :

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

σ̂ rr = −μo

∫ Ro

R

(
1

ξ
− ξ 3

r4(ξ )

)
dξ ,

σ̂ θθ = μo

(
r2(R)

R2
− R2

r2(R)

)
+ σ̂ rr,

σ̂ zz = μo

(
1 − R2

r2(R)

)
+ σ̂ rr,

(130)

where

r(R) =

⎧⎪⎨
⎪⎩
[

(1+2αoTo)�iT+To
�iT+To

] 1
2

R R ≤ Ri,[
2αoTo

�iT
�iT+To

R2
i + R2

] 1
2

R ≥ Ri.
(131)
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Therefore

R ≤ Ri :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

σ̂ rr = σ̂ θθ = σ̂ zz = μo ln

(
Ri

Ro

)
+ μo

2
ln

⎡
⎢⎣2αoTo

�iT
�iT+To

(
Ri
Ro

)2
+ 1

(1+2αoTo)�iT+To
�iT+To

(
Ri
Ro

)2

⎤
⎥⎦

+ μo

2

2αoTo
�iT

�iT+To

(
Ri
Ro

)2

2αoTo
�iT

�iT+To

(
Ri
Ro

)2
+ 1

− 2αoTo�iT

(1 + 2αoTo)�iT + To
,

R > Ri :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

σ̂ rr = μo ln

(
R

Ro

)
+ μo

2
ln

⎡
⎢⎣ 2αoTo

�iT
�iT+To

(
Ri
Ro

)2
+ 1

2αoTo
�iT

�iT+To

(
Ri
Ro

)2
+
(

R
Ro

)2

⎤
⎥⎦

+ μo

2

2αoTo
�iT

�iT+To

(
Ri
Ro

)2

2αoTo
�iT

�iT+To

(
Ri
Ro

)2
+ 1

− μo

2

2αoTo
�iT

�iT+To

(
Ri
Ro

)2

2αoTo
�iT

�iT+To

(
Ri
Ro

)2
+
(

R
Ro

)2 ,

σ̂ θθ = σ̂ rr + μo

2αoTo
�iT

�iT+To

(
Ri
Ro

)2
+
(

R
Ro

)2

(
R
Ro

)2 − μo

(
R
Ro

)2

2αoTo
�iT

�iT+To

(
Ri
Ro

)2
+
(

R
Ro

)2 ,

σ̂ zz = σ̂ rr + μo − μo

(
R
Ro

)2

2αoTo
�iT

�iT+To

(
Ri
Ro

)2
+
(

R
Ro

)2 .

(132)

For small �iT , we have the following asymptotic expansions

R ≤ Ri :⎧⎨
⎩σ̂

rr = σ̂ θθ = σ̂ zz = −2μo

(
1 − R2

i

R2
o

)
αo�iT + μo

[
2

αoTo

(
1 − R2

i

R2
o

)
+ 3

(
1 − R4

i

R4
o

)]
(αo�iT)2

+ o
(
(�iT)3) ,

R > Ri :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

σ̂ rr = −2μo

(
R2

i

R2
− R2

i

R2
o

)
αo�iT + μo

[
2

αoTo

(
R2

i

R2
− R2

i

R2
o

)
+ 3

(
R4

i

R4
− R4

i

R4
o

)]
(αo�iT)2

+ o
(
(�iT)3) ,

σ̂ θθ = 2μo

(
R2

i

R2
+ R2

i

R2
o

)
αo�iT − μo

[
2

αoTo

(
R2

i

R2
+ R2

i

R2
o

)
+ R4

i

R4
+ 3

R4
i

R4
o

]
(αo�iT)2 + o

(
(�iT)3) ,

σ̂ zz = 2μo
R2

i

R2
o

αo�iT − μo

(
2

αoTo

R2
i

R2
o

+ 3
R4

i

R4
o

+ R4
i

R4

)
(αo�iT)2 + o

(
(�iT)3) .

(133)

We have therefore recovered, up to the first order in �iT , the classical linear elasticity solution.
We consider the case of rubber-like solids for which we typically have αo = 6 × 10−4 K−1 at 300 K,

i.e. αoTo = 0.18. In Figures 1 and 2, we plot the static thermal stresses for different values of the initial
relative temperature difference δT = �iT

To
in the thermal inclusion equation (119). We see, in Figure 1, that the

two solutions for the fields σ rr and σ θθ are very close for small values of δT (i.e. in the range of validity of
linearized elasticity). However, for larger values of δT , even though linearized elasticity captures the overall
stress behavior, it fails by overestimating the stresses σ rr and σ θθ (the relative difference of stress reaches 38%
inside the inclusion for δT = 30%). In Figure 2, we show the longitudinal stress field σ zz and note that, outside
the inclusion, it is two orders of magnitude smaller than the uniform hydrostatic stress inside the inclusion. We
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Figure 1. Nonlinear and linear solutions for σ rr and σθθ for Ri
Ro

= 0.1, αoTo = 0.18 and different values of δT = �iT
To

.

Figure 2. Nonlinear and linear solutions for σ zz for Ri
Ro

= 0.1, αoTo = 0.18 and different values of δT = �iT
To

(left: stresses inside
the thermal inclusion; right: stresses outside the thermal inclusion).

also note that, outside the inclusion, the nonlinear solution predicts a nonconstant σ zz stress field unlike the
constant stress predicted by the linear solution.

Example 4.2. In this example we numerically solve for the evolution of temperature and thermal stress fields
for a homogeneous, isotropic, thermally homogeneous and isotropic, and traction-free solid cylinder for which
we assume the thermoelastic model described in Appendix A. Following equation (210), we find

ω(R, T(R, t)) = 1

2
ln

[
1 + 2α0T0

(
1 − T0

T(R, t)

)]
. (134)

Thus

r(R, t) =
{∫ R

0
2ξ

[
1 + 2α0T0

(
1 − T0

T(ξ , t)

)]
dξ

} 1
2

=
[

(1 + 2α0T0) R2 − 4α0T0

∫ R

0

T0ξ

T(ξ , t)
dξ

] 1
2

. (135)
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Following equation (110) and the free energy density equation (206), the physical components of the Cauchy
stress field are given by

σ̂ rr = −μo

∫ Ro

R

[
1

ξ
−
(
1 + 2α0T0

(
1 − T0

T

))2
ξ 3

r4

]
T

To
dξ , (136a)

σ̂ θθ = μo

[
r2(

1 + 2α0T0

(
1 − T0

T

))
R2

−
(
1 + 2α0T0

(
1 − T0

T

))
R2

r2

]
T

To
+ σ̂ rr, (136b)

σ̂ zz = μo

[
1 −

(
1 + 2α0T0

(
1 − T0

T

))
R2

r2

]
T

To
+ σ̂ rr. (136c)

Now, let us find the time-dependent temperature field in order to evaluate thermal stresses by solving the coupled
heat equation (113). We assume that the heat conduction coefficient depends only on temperature and con-
sider the following empirical model for elastomer vulcanizates (see [57]), suggesting that the heat conduction
coefficient decreases with temperature

k(T(R, t)) = ko [1 − s(T(R, t) − To)] , (137)

where ko = k(To) and s is a softening parameter. Therefore, equation (113) reads

ko [1 − s(T − To)]
1

R

∂

∂R

(
R
∂T

∂R

)
− kos

(
∂T

∂R

)2

= ρocEṪ − e2ω

2
T
∂SAB

∂T
ĊAB. (138)

Following equation (111), the nonzero components of the second Piola–Kirchhoff stress tensor read

SRR = −μo
r2e−4ω

R2

∫ Ro

R

T(ξ , t)

To

(
1

ξ
− ξ 3e4ω(ξ ,T(ξ ,t))

r4(ξ , t)

)
dξ , (139a)

S�� = R2e4ω

r6
SRR + μo

T

To

(
e−2ω

R2
− R2e2ω

r4

)
, (139b)

SZZ = R2e4ω

r2
SRR + μo

T

To

(
1 − R2e2ω

r2

)
. (139c)

Hence (recall that ∂
∂T = ∂

∂T

∣∣
C,G

).

∂SRR

∂T
= 0, (140a)

∂S��

∂T
= μo

To

(
e−2ω

R2
− R2e2ω

r4

)
, (140b)

∂SZZ

∂T
= μo

To

(
1 − R2e2ω

r2

)
. (140c)

The nonvanishing components of Ċ are

ĊRR = ∂

∂t

(
Re2ω

r

)2

= 2

(
Re2ω

r

)2 (
2αṪ − 1

r

∂r

∂t

)
, Ċ�� = ∂r2

∂t
= 2r

∂r

∂t
. (141)

Also, from equation (135), we find

∂r

∂t
= 2αo

r

∫ R

0
ξ

(
To

T(ξ , t)

)2

Ṫ(ξ , t)dξ . (142)
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Thus, the coupled heat equation (113) reads

[1 − s(T − To)]
1

R

∂

∂R

(
R
∂T

∂R

)
− s

(
∂T

∂R

)2

= ρocE

ko
Ṫ

−2
μo

ko
αoToT

⎡
⎢⎣ 1

R2
− (1 + 2α0T0 (1 − T0/T))2 R2(

(1 + 2α0T0) R2 − 4α0T0

∫ R
0 ξT0/Tdξ

)2

⎤
⎥⎦∫ R

0

ξ Ṫ

T2
dξ .

(143)

On the boundary of the cylinder, we consider a convection boundary condition, i.e.

ko [1 − s(T(Ro, t) − To])
∂T

∂R

∣∣∣∣
(Ro,t)

= ho[To − T(Ro, t)], (144)

where ho is the surface heat transfer coefficient at the boundary of the cylinder. We assume that ho is constant
and introduce the parameter γ = hoRo/ko. As an initial temperature field, we consider a thermal inclusion of
radius Ri, i.e.

Tinit(R) =
{

Ti R ≤ Ri,
To R > Ri.

(145)

In the scope of the classical theory of linearized elasticity, the thermal stresses are given by [7]

σ̂ rr = 4αoμo

[
1

R2
o

∫ Ro

0
T(ξ , t)ξdξ − 1

R2

∫ R

0
T(ξ , t)ξdξ

]
, (146a)

σ̂ θθ = 4αoμo

[
1

R2
o

∫ Ro

0
T(ξ , t)ξdξ + 1

R2

∫ R

0
T(ξ , t)ξdξ − T

]
, (146b)

σ̂ zz = 1

2

(
σ̂ rr + σ̂ θθ

)
. (146c)

In the classical linear elasticity literature, the coupling term is neglected and the linearized heat equation
problem for the cylinder reads ⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1

R

∂

∂R

(
R
∂T

∂R

)
= ρocE

ko
Ṫ ,

T(R, 0) = Tinit(R),
∂T

∂R

∣∣∣∣
(Ro,t)

= γ

Ro
[To − T(Ro, t)].

(147)

The solution to equation (147) can be found analytically by using the Dini series expansion (see [4, 58] for a
detailed derivation)

T(R, t) = 2�iT
∞∑

n=1

ζnJ0

(
ζn

R
Ro

)
J1

(
ζn

Ri
Ro

)
(γ 2 + ζ 2

n )J2
0 (ζn)

Ri

Ro
e− ζ2

n t
τ + To, (148)

where ζn are the positive solutions of ζJ1(ζ ) = γ J0(ζ ) and Jk is the Bessel function of the first kind of order
k = 0, 1.

We consider a rubber cylinder of radius Ro = 15 cm for which the surface heat transfer coefficient for the
rubber-air convection is ho = 10 W/m2K. We let To = 300 K and δT = �iT

To
= 30% and assume the following

typical values of rubber-like materials: ρo = 103 kg/m3, cE = 1800 J/kgm, ko = 0.15 W/mK, s = 0, 004 K−1,
αo = 6 × 10−4 K−1 and μo = 0.54 GPa. We numerically solve the initial/boundary value problem equations
(143)–(145) for the temperature field T(R, t) and show its evolution in Figure 3 by plotting T(R,t)−To

To
at different

values of t/τ , where τ is a characteristic time defined as τ = ρocER2
o/ko. In Figures 4–6, we show the evolution

of nonlinear thermal stresses (136). For comparison purposes, we also show the evolution of the linearized
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Figure 3. Temperature field in the cylinder for Ri
Ro

= 0.1, γ = 10, αoTo = 0.18, μo/ρocETo = 0.001 and δT = 30% at different t
τ

(solid lines: nonlinear solution; dashed lines: linear solution).

Figure 4. Stress field σ rr for Ri
Ro

= 0.1, γ = 10, αoTo = 0.18 and μo/ρocETo = 0.001 at different t
τ (solid lines: nonlinear solution;

dashed lines: linear solution).

solution (146) and (148) in Figures 3–6. We observe that the initial irregularities in the initial temperature and
thermal stress fields are smoothed out, and at large times, both the temperature difference T − To and thermal
stress fields tend to zero. The nonlinear and linearized solutions for the temperature field (Figure 3) show a
similar trend. However, we observe a significant difference for thermal stress fields between the linear (146)
and nonlinear (136) solutions (the maximum relative difference is 38% in the core of the inclusion for σ̂ rr, σ̂ θθ ,
and σ̂ zz, see Figures 3–6). We also observe that in the nonlinear solution the maximum thermal stress does not
necessarily correspond to t = 0, i.e. we observe the maximum stress at a later time t > 0.

Remark 4.2. We observe numerically that the coupling term in the nonlinear heat equation (143) is negligible.
In fact, if we neglect the coupling term in equation (143), the resulting solution is only affected in the order of
10−6. We further note that if we neglect the coupling term and assume a constant heat conduction coefficient,
the nonlinear and linear uncoupled heat equations would be identical in the case of the infinite cylinder geom-
etry (we will see later in this section that this is not the case in the solid sphere geometry, see Remark 4.4).
Note however that the stress formulas are not affected by this simplification and that we would still observe a
significant difference in the thermal stresses between the linear and nonlinear solutions.

4.2. A spherical ball made of an incompressible isotropic solid

In this section we consider an incompressible isotropic solid sphere of radius Ro under uniform normal traction
on its boundary and ignore body forces. In spherical coordinates (R,�,�), for which R ≥ 0, 0 ≤ � ≤ π , and
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Figure 5. Stress field σθθ for Ri
Ro

= 0.1, γ = 10, αoTo = 0.18 and μo/ρocETo = 0.001 at different t
τ (solid lines: nonlinear solution;

dashed lines: linear solution).

Figure 6. Stress field σ zz for Ri
Ro

= 0.1, γ = 10, αoTo = 0.18 and μo/ρocETo = 0.001 at different t
τ (solid lines: nonlinear solution;

dashed lines: linear solution).

0 ≤ � < 2π , the material metric for the configuration with the stress-free temperature field T0 = T0(R), reads

G0 =
⎛
⎝ 1 0 0

0 R2 0
0 0 R2 sin2�

⎞
⎠ . (149)

We assume a radially symmetric temperature field T = T(R, t) in the ball and let αR = αR(R, T) be the radial
thermal expansion coefficient and α� = α�(R, T) be the circumferential thermal expansion coefficient of the
ball. The temperature-dependent material metric of the ball, as introduced in Section 2.1, reads

G =
⎛
⎝ e2ωR 0 0

0 R2e2ω� 0
0 0 R2e2ω� sin2�

⎞
⎠ , (150)

where for K ∈ {R,�}, ωK(R, T(R, t)) =
∫ T(R,t)

T0

αK(R, τ )dτ . The Christoffel symbol matrices of G read

�R = [	R
AB

] =
⎛
⎝

∂ωR
∂R

∣∣
t

0 0
0 −e2(ω�−ωR)(R + R2 ∂ω�

∂R

∣∣
t
) 0

0 0 −e2(ω�−ωR)
(
R + R2 ∂ω�

∂R

∣∣
t

)
sin2�

⎞
⎠ ,
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�� = [	�AB

] =
⎛
⎝ 0 1

R + ∂ω�
∂R

∣∣
t

0
1
R + ∂ω�

∂R

∣∣
t

0 0
0 0 − sin� cos�

⎞
⎠ ,

�� = [	�AB

] =
⎛
⎝ 0 0 1

R + ∂ω�
∂R

∣∣
t

0 0 1/ tan�
1
R + ∂ω�

∂R

∣∣
t

1/ tan� 0

⎞
⎠ ,

(151)

where ∂ωK
∂R

∣∣
t

= ∂ωK
∂R

∣∣
t,T

+ αK
∂T
∂R . We equip the ambient space with the following flat metric in the spherical

coordinates (r, θ ,φ)

g =
⎛
⎝ 1 0 0

0 r2 0
0 0 r2 sin2 θ

⎞
⎠ . (152)

The Christoffel symbol matrices for g read

γ r = [γ r
ab] =

⎛
⎝ 0 0 0

0 −r 0
0 0 −r sin2 θ

⎞
⎠ , γ θ = [γ θ ab

] =
⎛
⎝ 0 1

r 0
1
r 0 0
0 0 − sin θ cos θ

⎞
⎠ ,

γ φ = [γ φab

] =
⎛
⎝ 0 0 1

r
0 0 1/ tan�
1
r 1/ tan� 0

⎞
⎠ .

(153)

Thermal stresses. We next solve for the thermal stress field when the solid sphere is made of an arbitrary
incompressible isotropic solid and the temperature field is radially symmetric. In order to calculate the thermal
stresses, we embed the material manifold into the ambient space and look for solutions of the form (r, θ ,φ) =
(r(R, t),�,�). The deformation gradient reads

F =
⎛
⎝ ∂r

∂R 0 0
0 1 0
0 0 1

⎞
⎠ . (154)

For an incompressible solid, we have

J =
√

det g

det G
det F = r2

R2eωR+2ω�
r′ = 1, (155)

and hence, assuming r(0, T) = 0 (to eliminate rigid translations), we find

r(R, t) =
(∫ R

0
3ξ 2eωR(ξ ,T(ξ ,t))+2ω�(ξ ,T(ξ ,t))dξ

) 1
3

. (156)

The right Cauchy–Green deformation tensor reads

C =

⎛
⎜⎝

R4

r4 e4ω� 0 0

0 r2

R2 e−2ω� 0

0 0 r2

R2 e−2ω�

⎞
⎟⎠ . (157)
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Following equation (104), the nonzero components of the Cauchy stress tensor are given by

σ rr = 2
R4e4ω�

r4

(
ψI + 2ψII

r2e−2ω�

R2

)
− p, (158a)

σ θθ = 1

r2

{
2

r2e−2ω�

R2

[
ψI + ψII

(
r2e−2ω�

R2
+ R4e4ω�

r4

)]
− p

}
, (158b)

σφφ = 1

sin2 θ
σ θθ , (158c)

where p = p(R, t) is the pressure field due to the incompressibility constraint. The only nontrivial equilibrium
equation is σ ra|a = 0, which is simplified to read

r2e−ωR−2ω�

R2
σ rr

,R + 2

r
σ rr − 2rσ θθ = 0. (159)

This yields

∂p

∂R
= ∂

∂R

[
2

R4e4ω�

r4

(
ψI + 2ψII

r2e−2ω�

R2

)]
− 4

eωR

r

(
1 − R6e6ω�

r6

)(
ψI + ψII

r2e−2ω�

R2

)
. (160)

Assuming that the boundary of the solid sphere is under uniform normal traction, i.e. σ rr(Ro, T(Ro)) = −σo, the
pressure field at the boundary is

p(Ro) =
[

2
R4e4ω�

r4

(
ψI + 2ψII

r2e−2ω�

R2

)] ∣∣∣∣
R=Ro

+ σo, (161)

and it follows that

p(R, t) = 2
R4e4ω�

r4

(
ψI + 2ψII

r2e−2ω�

R2

)

+
∫ Ro

R
4

eωR

r

(
1 − ξ 6e6ω�

r6

)(
ψI + ψII

r2e−2ω�

ξ 2

)
dξ + σo.

(162)

Finally, given a radially symmetric temperature field T = T(R, t), the thermal stress field is given in terms of
the nonzero components of the Cauchy stress tensor as

σ rr = −4
∫ Ro

R

eωR

r

(
1 − ξ 6e6ω�

r6

)(
ψI + ψII

r2e−2ω�

ξ 2

)
dξ − σo, (163a)

σ θθ = 2
1

r2

(
r2e−2ω�

R2
− R4e4ω�

r4

)(
ψI + ψII

r2e−2ω�

R2

)
+ 1

r2
σ rr, (163b)

σφφ = 1

sin2 θ
σ θθ . (163c)

Alternatively, the nonzero components of the second Piola–Kirchhoff stress tensor read

SRR = −r4e−4ω�−2ωR

R4

[
4
∫ Ro

R

eωR

r

(
1 − ξ 6e6ω�

r6

)(
ψI + ψII

r2e−2ω�

ξ 2

)
dξ + σo

]
, (164a)

S�� = 2

r2

(
r2

R2e6ω�
− R4e4ω�

r4

)(
ψI + ψII

r2e−2ω�

R2

)
+ R4e4ω�+2ωR

r6
SRR, (164b)

S�� = 1

sin2�
S��. (164c)
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Heat equation. We assume that there is no external heat supply, i.e. R = 0, and that the heat conduction in
the material is isotropic, i.e. K = kG−1, where k = k(R, T(R, t)) is a scalar valued function. Therefore, recalling
equation (47), the coupled heat equation (77) is rewritten as[

∂2T

∂R2
+
(

2

R
+ 1

k

∂k

∂R

∣∣∣∣
t

)
∂T

∂R
+ ∂ (2ω� − ωR)

∂R

∣∣∣∣
t

∂T

∂R

]
ke−2ωR = ρocEe−ωR−2ω� Ṫ − 1

2
T
∂SAB

∂T
ĊAB, (165)

where ρo(X ) = ρ(X , Go) is the mass density in the stress-free configuration with uniform temperature T0. If we
further assume that the material is thermally isotropic (i.e. ωR = ω� = ω(R, T(R, t))), equation (165) reduces to[

k

R2

∂

∂R

(
R2 ∂T

∂R

)
+
(
∂k

∂R

∣∣∣∣
t

+ k
∂ω

∂R

∣∣∣∣
t

)
∂T

∂R

]
eω = ρocEṪ − e3ω

2
T
∂SAB

∂T
ĊAB. (166)

In order to solve for the temperature and stress fields, one needs to find ωR and ω� to explicitly specify
the material metric (see equation (150)). We first look for the stress-free temperature fields for the ball. A
temperature field T0(R) is stress-free if and only if the curvature tensor of the ball with the metric G is identically
zero at T = T0. The nontrivially nonzero components of the curvature tensor for the ball (see equation (150))
are

RR
��R = −RR

�R� = R

[
2
∂ω�

∂R

∣∣∣∣
t

− ∂ωR

∂R

∣∣∣∣
t

+ R
∂ω�

∂R

∣∣∣∣
t

(
∂ω�

∂R

∣∣∣∣
t

− ∂ωR

∂R

∣∣∣∣
t

)
+ R

∂2ω�

∂R2

∣∣∣∣
t

]
e2(ω�−ωR), (167a)

RR
��R = −RR

�R� = R

[
2
∂ω�

∂R

∣∣∣∣
t

− ∂ωR

∂R

∣∣∣∣
t

+ R
∂ω�

∂R

∣∣∣∣
t

(
∂ω�

∂R

∣∣∣∣
t

− ∂ωR

∂R

∣∣∣∣
t

)
+ R

∂2ω�

∂R2

∣∣∣∣
t

]
e2(ω�−ωR) sin2�,

(167b)

R�
RR� = −R�

R�R =
(

1

R
+ ∂ω�

∂R

∣∣∣∣
t

)(
1

R
+ ∂ω�

∂R

∣∣∣∣
t

− ∂ωR

∂R

∣∣∣∣
t

)
+ ∂2ω�

∂R2

∣∣∣∣
t

− 1

R2
, (167c)

R�
��� = −R�

��� =
[

1 − e2(ω�−ωR)

(
1 + R

∂ω�

∂R

∣∣∣∣
t

)2
]

sin2�, (167d)

R�
RR� = −R�

R�R =
(

1

R
+ ∂ω�

∂R

∣∣∣∣
t

)(
1

R
+ ∂ω�

∂R

∣∣∣∣
t

− ∂ωR

∂R

∣∣∣∣
t

)
+ ∂2ω�

∂R2

∣∣∣∣
t

− 1

R2
, (167e)

R�
��� = −R�

��� = 1 − e2(ω�−ωR)

(
1 + R

∂ω�

∂R

∣∣∣∣
t

)2

. (167f)

The temperature field T0(R) is stress-free if and only if all the components of the curvature tensor are identically
zero. In particular, if the material is thermally homogeneous, i.e. for K ∈ {R,�}, we have αK = αK(T), then
∂ωK
∂R

∣∣
t
= αK

∂T
∂R and it follows that a uniform temperature field is stress-free in any arbitrary thermally homo-

geneous anisotropic body. If the material is homogeneous and thermally isotropic, i.e. ωR = ω� = ω(T), then
T0(R) is stress free if and only if

dT0

dR

(
2 + αR

dT0

dR

)∣∣∣∣
(R,T0)

= 0. (168)

Equivalently
dT0

dR

∣∣∣∣
(R,T0)

= 0 or
dT0

dR

∣∣∣∣
(R,T0)

= − 2

αR
. (169)

In the particular case of a thermally homogeneous and isotropic material with a constant linear expansion
coefficient α, we find two possible stress-free temperature fields

T0(R) = T0(Ro), (170a)

T0(R) = − 2

α
ln R + b, (170b)
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for some constant b. We assume in the remainder of this section that the material is thermally homogeneous
and that the metric G0 corresponds to the uniform stress-free temperature field of the ball T0(R) = To (i.e.
G|T=To

= G0), where To is the temperature of the outside medium surrounding the ball. For K ∈ {R,�}, we
have

ωK(R, T(R, t)) =
∫ T(R,t)

To

αK(T) dT . (171)

Example 4.3. In this example we solve for the stress field induced by a static thermal inclusion in a homoge-
neous, isotropic, thermally homogeneous and anisotropic ball. Next, we assume a thermally isotropic material
to compare with the linearized elasticity solution. We consider a thermal inclusion of radius Ri < Ro

T(R) =
{

Ti R ≤ Ri,
To R ≥ Ri.

(172)

Thus, for K ∈ {R,�}, we have

ωK(R) =
⎧⎨
⎩
∫ Ti

To

αK(T)dT R ≤ Ri,

0 R > Ri.

(173)

We substitute equation (173) into equation (156) to find

r(R) =
{

Re
1
3 (ωR(Ri)+2ω�(Ri)) R ≤ Ri,[

R3
i

(
e(ωR(Ri)+2ω�(Ri)) − 1

)+ R3
] 1

3 R > Ri.
(174)

Following equation (163), the physical components of the thermal stress field read

σ̂ rr = −
∫ Ro

R
4

eωR

r

(
1 − ξ 6e6ω�

r6

)(
ψI + ψII

r2e−2ω�

ξ 2

)
dξ − σo, (175a)

σ̂ θθ = 2

(
r2e−2ω�

R2
− R4e4ω�

r4

)(
ψI + ψII

r2e−2ω�

R2

)
+ σ̂ rr, (175b)

σ̂ φφ = σ̂ θθ . (175c)

For R ≤ Ri, we have

C =

⎛
⎜⎝ e− 4

3 (ωR(Ri)−ω�(Ri)) 0 0
0 e

2
3 (ωR(Ri)−ω�(Ri)) 0

0 0 e
2
3 (ωR(Ri)−ω�(Ri))

⎞
⎟⎠ . (176)

Therefore, I and II are both constant inside the inclusion, and because the material is homogeneous and isotropic,
ψ = ψ(Ti, I, II). Thus, the terms ψI and ψII are both constant and it follows that for R ≤ Ri, we have

σ̂ rr = 4e
2
3 (ωR(Ri)+2ω�(Ri))

(
e−2ω�(Ri) − e−2ωR(Ri)

) (
ψI + ψIIe

2
3 (ωR(Ri)−ω�(Ri))

)
ln

(
R

Ri

)
+ σ̂c, (177a)

σ̂ θθ = 2e
2
3 (ωR(Ri)+2ω�(Ri))

(
e−2ω�(Ri) − e−2ωR(Ri)

) (
ψI + ψIIe

2
3 (ωR(Ri)−ω�(Ri))

) [
2 ln

(
R

Ri

)
+ 1

]
+ σ̂c, (177b)

σ̂ φφ = σ̂ θθ , (177c)

where σ̂c is a constant given by

σ̂c = −4
∫ Ro

Ri

1

r(ξ )

(
1 − ξ 6

r6(ξ )

)(
ψI + ψII

r2(ξ )

ξ 2

)
dξ − σo. (178)
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On the other hand, for R > Ri, we have

σ̂ rr = −
∫ Ro

R

4

r(ξ )

(
1 − ξ 6

r6(ξ )

)(
ψI + ψII

r2(ξ )

ξ 2

)
dξ − σo, (179a)

σ̂ θθ = 2

(
r2(R)

R2
− R4

r4(R)

)(
ψI + ψII

r2(R)

R2

)
+ σ̂ rr, (179b)

σ̂ φφ = σ̂ θθ . (179c)

Remark 4.3. Note that in the absence of body forces, for a homogeneous, isotropic, thermally homogeneous
and isotropic solid sphere with a uniform normal traction on its boundary and with a radially symmetric ther-
mal inclusion, the stress inside the inclusion is uniform and hydrostatic. However, if the material is thermally
anisotropic (i.e. ωR �= ω�), the stress field has a logarithmic singularity at the center of the ball. Similar results
were observed for distributed eigenstrains in [35, 36].

Comparison with the linear case. Next, we compare the thermal stress field with the classical linear elasticity
solution. We consider a homogeneous, isotropic, thermally homogeneous and isotropic, and traction-free solid
sphere. The classical linear elasticity solution of the sphere problem for constant μo and αo reads [7, 54]

σ̂ rr = 4μoαo
3λ+ 2μo

λ+ 2μo

[
1

R3
o

∫ Ro

0
T(ξ )ξ 2dξ − 1

R3

∫ R

0
T(ξ )ξ 2dξ

]
, (180a)

σ̂ θθ = σ̂ φφ = 2μoαo
3λ+ 2μo

λ+ 2μo

[
2

R3
o

∫ Ro

0
T(ξ )ξ 2dξ + 1

R3

∫ R

0
T(ξ )ξ 2dξ − T

]
. (180b)

Incompressible linearized elasticity corresponds to ν = 0.5, i.e. λ → ∞. Thus, in the case of the thermal
inclusion (172), we find

R ≤ Ri : σ̂ rr = σ̂ θθ = σ̂ φφ = −4μo

(
1 − R3

i

R3
o

)
αo�iT ,

R > Ri :

⎧⎪⎪⎨
⎪⎪⎩
σ̂ rr = −4μo

(
R3

i

R3
− R3

i

R3
o

)
αo�iT ,

σ̂ θθ = σ̂ φφ = 2μo

(
R3

i

R3
+ 2

R3
i

R3
o

)
αo�iT ,

(181)

where �iT = Ti − To.
In order to compare the nonlinear solution with the linearized one, we consider the thermoelastic model

presented in Appendix A and enforce the incompressibility condition. Hence, following equation (210), we find
for the thermal inclusion (172)

ω(R) =
⎧⎨
⎩

1

3
ln

[
(1 + 3αoTo)�iT + To

�iT + To

]
R ≤ Ri,

0 R > Ri,
(182)

and from equations (175) and (206) the thermal stress field reads

R ≤ Ri :

{
σ̂ rr = σ̂ θθ = σ̂ zz = −2μo

∫ Ro

Ri

1

r(ξ )

(
1 − ξ 6

r6(ξ )

)
dξ ,

R > Ri :

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩
σ̂ rr = −2μo

∫ Ro

R

1

r(ξ )

(
1 − ξ 6

r6(ξ )

)
dξ ,

σ̂ θθ = μo

(
r2(R)

R2
− R4

r4(R)

)
+ σ̂ rr,

σ̂ φφ = σ̂ θθ ,

(183)
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Figure 7. Nonlinear and linear solutions for σ rr and σθθ stress fields for Ri
Ro

= 0.1, αoTo = 0.18 and different values of δT = �iT
To

.

where

r(R) =

⎧⎪⎨
⎪⎩
[

(1+3αoTo)�iT+To
�iT+To

] 1
3

R R ≤ Ri,[
3αoTo

�iT
�iT+To

R3
i + R3

] 1
3

R ≥ Ri.
(184)

For small �iT , we have the following asymptotic expansions

R ≤ Ri :⎧⎨
⎩σ̂

rr = σ̂ θθ = σ̂ φφ = −4μo

(
1 − R3

i

R3
o

)
αo�iT +

(
1 − R3

i

R3
o

)[
4 + 11

(
1 + R3

i

R3
o

)
αoTo

]
αo

To
(�iT)2

+ o
(
(�iT)3) ,

R > Ri :⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

σ̂ rr = −4μo

(
R3

i

R3
− R3

i

R3
o

)
αo�iT − μo

(
R3

i

R3
− R3

i

R3
o

)[
4 + 11

(
R3

i

R3
+ R3

i

R3
o

+ 1

)
αoTo

]
αo

To
(�iT)2

+ o
(
(�iT)3) ,

σ̂ θθ = 2μo

(
R3

i

R3
+ 2

R3
i

R3
o

)
αo�iT − μo

[
2

(
R3

i

R3
+ R3

i

R3
o

)
+
(

4
R6

i

R6
+ 11

R6
i

R6
o

)
αoTo

]
αo

To
(�iT)2

+ o
(
(�iT)3) ,

σ̂ φφ = σ̂ θθ .

(185)

We have thus recovered, up to the first order in �iT , the classical linearized elasticity solution.
We consider the case of rubber-like solids for which we typically have αo = 6 × 10−4 K−1 at 300 K, i.e.

αoTo = 0.18. In Figure 7, we plot the static thermal stresses for different values of the initial relative temperature
difference δT = �iT

To
in the thermal inclusion (172). The two solutions for the stress field are very close for

small values of δT (i.e. in the range of validity of linearized elasticity). For larger values of δT , even though
linearized elasticity captures the overall behavior of σ̂ rr and σ̂ θθ , it fails by overestimating their values (the
relative difference of stress reaches 45% inside the inclusion for δT = 30%).

Example 4.4. In this example we numerically solve for the evolution of temperature and thermal stress fields
for a homogeneous, isotropic, thermally homogeneous and isotropic, and traction-free ball for which we assume
the thermoelastic model described in Appendix A. Following equation (210), we find

ω(R, T(R, t)) = 1

3
ln

[
1 + 3α0T0

(
1 − T0

T(R, t)

)]
. (186)
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Thus

r(R, t) =
{∫ R

0
3ξ 2

[
1 + 3α0T0

(
1 − T0

T(ξ , t)

)]
dξ

} 1
3

=
[

(1 + 3α0T0) R3 − 9α0T0

∫ R

0

T0ξ
2

T(ξ , t)
dξ

] 1
3

. (187)

Given the free energy density (206), it follows from equation (163) that the physical components of the Cauchy
stress field are

σ̂ rr = −2μo

∫ Ro

R

(
1 + 3α0T0

(
1 − T0

T

))1/3
r

(
1 − ξ 6

[
1 + 3α0T0

(
1 − T0

T

)]2
r6

)
T

To
dξ − σo, (188a)

σ̂ θθ = σ̂ rr + μo

[
r2
(
1 + 3α0T0

(
1 − T0

T

))−2/3

R2
− R4

[
1 + 3α0T0

(
1 − T0

T

)]4/3
r4

]
T

To
, (188b)

σ̂ φφ = σ̂ θθ . (188c)

Now, let us find the time-dependent temperature field in order to evaluate the thermal stress field by solving
the coupled heat equation (166). We assume the model (137) for heat conduction and hence the heat equation
(166) reads{

[1 − s(T − To)]

[
1

R2

∂

∂R

(
R2 ∂T

∂R

)
+ α

(
∂T

∂R

)2
]

− s

(
∂T

∂R

)2
}

eω = ρocE

ko
Ṫ − e3ω

2ko
T
∂SAB

∂T
ĊAB. (189)

Following equation (164), the nonzero components of the second Piola–Kirchhoff tensor are

SRR = −2μo
r4e−6ω

R4

∫ Ro

R

T

To

eω(ξ ,T(ξ ,t))

r(ξ , t)

(
1 − ξ 6e6ω(ξ ,T(ξ ,t))

r6(ξ , t)

)
dξ , (190a)

S�� = R4e6ω

r6
SRR + μo

T

To

1

r2

(
r2

R2e2ω
− R4e4ω

r4

)
, (190b)

S�� = 1

sin2�
S��. (190c)

Hence (recall that ∂
∂T = ∂

∂T

∣∣
C,G

).

∂SRR

∂T
= 0, (191a)

∂S��

∂T
= μo

To

(
1

R2e2ω
− R4e4ω

r6

)
, (191b)

∂S��

∂T
= 1

sin2�

∂S��

∂T
. (191c)

The nonvanishing components of Ċ are

ĊRR = ∂

∂t

(
R4e6ω

r4

)
= 2

R4e6ω

r4

(
3αṪ − 2

r

∂r

∂t

)
, (192a)

Ċ�� = ∂r2

∂t
= 2r

∂r

∂t
, (192b)

Ċ�� = Ċ�� sin2�, (192c)

and following equation (187), we find

∂r

∂t
= 3αo

r2

∫ R

0
ξ 2

(
To

T(ξ , t)

)2

Ṫ(ξ , t)dξ . (193)
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Thus, the coupled heat equation (166) reads{
[1 − s(T − To)]

[
1

R2

∂

∂R

(
R2 ∂T

∂R

)
+ α

(
∂T

∂R

)2
]

− s

(
∂T

∂R

)2
}

3

√
1 + 3α0T0

(
1 − T0

T

)

= ρocE

ko
Ṫ − 6

μo

ko
αoToT

⎡
⎢⎣ 1

R2
−

(
1 + 3α0T0

(
1 − T0

T

))2
R4(

(1 + 3α0T0) R3 − 9α0T0

∫ R
0 ξ

2 T0
T dξ

)2

⎤
⎥⎦

×
[

1 + 3α0T0

(
1 − T0

T

)
(1 + 3α0T0) R3 − 9α0T0

∫ R
0 ξ

2 T0
T dξ

]1/3 ∫ R

0

ξ 2Ṫ

T2
dξ .

(194)

On the boundary of the ball, we consider a convection boundary condition, i.e.

ko [1 − s(T(Ro, t) − To)]
∂T

∂R

∣∣∣∣
(Ro,t)

= ho[To − T(Ro, t)], (195)

where ho is the surface heat transfer coefficient at the boundary of the ball. We assume that ho is constant and
introduce the parameter γ = hoRo/ko. As an initial temperature field, we consider a thermal inclusion of radius
Ri, i.e.

Tinit(R) =
{

Ti R ≤ Ri,
To R > Ri.

(196)

In the scope of the classical theory of linearized elasticity, the thermal stresses are given by [7]

σ̂ rr = 12μoαo

[
1

R3
o

∫ Ro

0
T(ξ , t)ξ 2dξ − 1

R3

∫ R

0
T(ξ , t)ξ 2dξ

]
, (197a)

σ̂ θθ = σ̂ φφ = 6μoαo

[
2

R3
o

∫ Ro

0
T(ξ , t)ξ 2dξ + 1

R3

∫ R

0
T(ξ , t)ξ 2dξ − T(R, t)

]
. (197b)

In the classical linearized elasticity literature, the coupling term is neglected and the linearized heat equation
problem for the sphere reads ⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1

R2

∂

∂R

(
R2 ∂T

∂R

)
= ρocE

ko
Ṫ ,

T(R, 0) = Tinit(R),
∂T

∂R

∣∣∣∣
(Ro,t)

= γ

Ro
[To − T(Ro, t)].

(198)

The solution to (198) can be found analytically using a Fourier series expansion (see [4] for a detailed derivation)

T(R, t) = 2�iT
∞∑

n=1

ζ 2
n + (γ − 1)2

ζ 2
n + γ (γ − 1)

sin

(
ζn

R

Ro

)[
1

ζ 2
n

Ro

R
sin

(
ζn

Ri

Ro

)
− 1

ζn

Ri

R
cos

(
ζn

Ri

Ro

)]
e− ζ2

n t
τ + To, (199)

where ζn are the positive solutions of ζ cot ζ = 1 − γ .
We consider a rubber sphere of radius Ro = 15 cm for which the surface heat transfer coefficient for the

rubber-air convection is ho = 10 W/m2K. We let To = 300 K and δT = �iT
To

= 30% and assume the following

typical values for rubber-like materials: ρo = 103 kg/m3, cE = 1800 J/kgm, ko = 0.15 W/mK, s = 0, 004 K−1,
αo = 6 × 10−4 K−1, and μo = 0.54 GPa. We numerically solve the initial/boundary value problem (194)–(196)
for the temperature field T(R, t) and show its evolution in Figure 8 by plotting T(R,t)−To

To
at different values of

t/τ , where τ is a characteristic time defined as τ = ρocER2
o/ko. In Figures 9–10, we show the nonlinear thermal

stresses (188). For comparison purposes, we also show the linearized solution (197) and (199) in Figures 8–10.
We observe that the initial irregularities in the initial temperature and thermal stress fields are smoothed out;
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Figure 8. Temperature field in the sphere for Ri
Ro

= 0.1, γ = 1, αoTo = 0.18, μo/ρocETo = 0.001 and δT = 30% at different t
τ

(solid lines: nonlinear solution; dashed lines: linear solution).

Figure 9. Radial stress field for Ri
Ro

= 0.1, γ = 1, αoTo = 0.18 and μo/ρocETo = 0.001 at different t
τ (solid lines: nonlinear solution;

dashed lines: linear solution).

Figure 10. Circumferential stress field for Ri
Ro

= 0.1, γ = 1, αoTo = 0.18 and μo/ρocETo = 0.001 at different t
τ (solid lines:

nonlinear solution; dashed lines: linear solution).

at large times both the temperature difference T − To and thermal stress fields tend to zero. The nonlinear and
linear solutions for the temperature field (Figure 8) show a similar trend but we observe a significant difference
for thermal stress fields between the linear (197) and nonlinear (188) solutions (the maximum relative difference
is of 38% inside the inclusion for σ̂ rr and σ̂ θθ , see Figures 8–10). We also observe that in the nonlinear solution
the maximum thermal stress does not necessarily correspond to t = 0, i.e. maximum stress occurs at a later time
t > 0.
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Remark 4.4. We observe that the coupling term in the nonlinear heat equation (194) is negligible. In fact, if
we neglect the coupling term in (194), the resulting solution is only affected in the order of 10−6. However,
unlike the cylinder case (see Remark 4.2), even when k is assumed to be constant, the uncoupled nonlinear heat
equation does not reduce to the classical heat equation.

5. Concluding remarks
In this paper we have presented a geometric theory of nonlinear thermoelasticity to study the coupling of nonlin-
ear elasticity with heat conduction. We assumed that the material metric explicitly depends on temperature and
the thermal expansion properties of the body. In this geometric framework the body is always stress free in the
material manifold and there is no need, in the scope of this theory, to introduce a multiplicative decomposition of
the deformation gradient and the so-called intermediate configuration. We obtained the temperature-dependent
governing equations of motion and presented a modified energy balance equation and Clausius–Duhem inequal-
ity to include the rate of change of the evolving material metric. We derived the governing equation of the
evolution of temperature in the form of a generalized coupled heat equation. We showed that by linearization
of the geometric theory, one recovers the classical coupled heat equation from linearized elasticity. Finally, in
order to illustrate the capability of our method, we considered the cases of an infinite circular cylinder and a
spherical ball made of an isotropic, homogeneous, and thermally homogeneous hyperelastic material (a con-
stitutive model is presented in Appendix A). We showed that for a thermal inclusion, if the material thermal
expansion properties are anisotropic, the stress field inside the inclusion develops a logarithmic singularity but
if the material thermal expansion properties are isotropic, the stress field inside the inclusion is uniform and
hydrostatic. Assuming further that the material is thermally isotropic and initially contains a thermal inclusion,
we numerically solved for the evolution of temperature and thermal stress fields for a rubber-like material and
demonstrated the significant differences between the results of the nonlinear theory and those of the classical
linearized thermoelasticity.
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Notes

1. Note that from (40) and (44), we have
d

dt

∫
U
ρ(X , G)dV (X , G) = 0.

Therefore
dρ

dT
+ 1

2
ρ tr

(
∂G

∂T

)
= 0.

But since
1

2
tr

(
∂G

∂T

)
= ∂

∂T
[tr(ω(X , T))] = β,

the material conservation of mass (46) follows.

2. Note that the balance laws in the form of equations (49a) and (49b) make sense only if we consider a Euclidean ambient space.
One should note that integrating a vector field is meaningless in a general manifold, but we can make sense of it in a Euclidean
space by using its linear structure. In Appendix B, we present an alternative approach for deriving the governing equations of
motion for nonlinear thermoelasticity, equations (50a) and (50b), for a general manifold by using the Lagrangian field theory.
The covariance of the balance of energy can also be used in a general manifold [43, 47, 60, 61].
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3. Note that in [34], there was a typo in the modified Clausius–Duhem inequality (equation (2.37)), which should read

d

dt

∫
U
ρ0NdV ≥

∫
U
ρ0

R

T
dV +

∫
∂U

H

T
dA +

∫
U
N
[
∂ρ0

∂t
+ 1

2
ρ0tr

(
∂G

∂t

)]
dV +

∫
U
ρ
∂N
∂G

: ĠdV ,

where in the last term ∂N
∂G was mistakenly written as ∂E

∂G . This correction leads to a few changes in Section 2.4 of [34] without
affecting other sections of the paper. Equation (2.38) should read

ρ0
dN
dt

≥ ρ0
R

T
− Div

(
Q

T

)
+ ρ0

∂N
∂G

: Ġ.

Consequently, equations (2.40), (2.41) and (2.43) should, respectively, read

ρ0

T

dE
dt

− ρ0

T

d�

dt
− ρ0

Ṫ

T2
(E −�) ≥ ρ0

R

T
− Div

(
Q

T

)
+ ρ0

∂N
∂G

:
∂G

∂t
,

P :∇0V − ρ0
d�

dt
+ ρ0

∂�

∂G
:
∂G

∂t
− ρ0N Ṫ ≥ 1

T
DT .Q,

ρ0

(
∂�

∂T
+ N

)
Ṫ +

(
ρ0
∂�

∂F
− P

)
:∇0V + 1

T
〈DT, Q〉 ≤ 0.

Therefore, the entropy production inequality (after equation (2.44)) is reduced to read

1

T
DT .Q ≤ 0.

Also, in equation (2.60), ∂E′
∂G : ∂G

∂t should be substituted by ∂N ′
∂G : ∂G

∂t , and in equation (2.62) and what follows, ∂E
∂G : ∂G

∂t should be

substituted by ∂N
∂G : ∂G

∂t .

4. Note that the pressure field −p is the Lagrange multiplier corresponding to the incompressibility constraint and is, in general,
different from the mean stress 1

3 tr(σ ).

5. Truesdell and Noll [52] gave the spatial version of the heat flux response function q =
(
ψ0G + ψ1B + ψ2B2

)
dT , where

B = FFT is the left Cauchy–Green tensor and dT denotes the derivative of T(x, t) with respect to the spatial variable x. One can
easily find equation (72) by using the Piola transform Q = Jϕt

∗q and setting φk = Jψk , k = 0, 1, 2.

6. Note that
(

kGAB �T
∂X B

)
|A = kGAB

(
∂2T

∂X A∂X B − 	C
AB

∂T
∂X C

)
+ (kGAB)|A ∂T

∂X B .

7. Note that because ∂ωZ (R,T)
∂T = αZ = 0 and ωZ (R, T0) = 0, we have ωZ (R, T) = 0.

8. Equation (127) is obtained by replacing E by E
1−ν2 = 2μo

1−ν in equation (9.10.5) in [7] to recover the plane strain solution.

Note that αo remains unchanged because we have an infinite cylinder where the thermal longitudinal stretch does not affect the
solution (cf. discussion in the beginning of this section regarding αz = 0).

References

[1] Fourier, JBJ. Théorie analytique de la chaleur. chez Firmin Didot, père & fils, 1822.
[2] Duhamel, JMC. Mémoire sur le calcul des actions moléculaires développées par les changements de température dans les

corps solides. Mémoires présentés par divers savants à l’Académie Royale des Sciences de l’Institut de France - Sciences
Mathématiques et Physiques 1836; 5: 440–498.

[3] Duhamel, JMC. Second mémoire sur les phénomènes thermo-mécaniques. J École Polytech 1837; 15(25): 1–57.
[4] Carslaw, H, and Jaeger, J. Conduction of Heat in Solids. Oxford: Oxford Science Publications, Clarendo Press, 1986.
[5] Biot, MA. Thermoelasticity and irreversible thermodynamics. J Appl Phys 1956; 27(3): 240–253.
[6] Biot, MA. Variational principles in irreversible thermodynamics with application to viscoelasticity. Physical Reviews 1955; 97:

1463–1469.
[7] Boley, B, and Weiner, J. Theory of thermal stresses (Dover Civil and Mechanical Engineering Series). New York: Dover

Publications, 1960. ISBN 9780486695792.
[8] Dillon, Jr. OW. A nonlinear thermoelasticity theory. J Mech Phys Solids 1962; 10(2): 123–131.
[9] Jaeger, J. On thermal stresses in circular cylinders. Philos Mag 1945; 36(257): 418–428.
[10] Green, A, Naghdi, P, and Trapp, J. Thermodynamics of a continuum with internal constraints. Int J Eng Sci 1970; 8(11): 891–908.

 by guest on September 15, 2015mms.sagepub.comDownloaded from 

http://mms.sagepub.com/


Sadik and Yavari 37

[11] Trapp, J. Reinforced materials with thermo-mechanical constraints. Int J Eng Sci 1971; 9(8): 757–773.
[12] Erbe, HH. Thermoelastic effects in incompressible isotropic solids. Mech Res Commun 1974; 1(3): 137–142.
[13] Petroski, HJ, and Carlson, DE. Controllable states of elastic heat conductors. Arch Rat Mech Anal 1968; 31(2): 127–150.
[14] Petroski, H, and Carlson, D. Some exact solutions to the equations of nonlinear thermoelasticity. J Appl Mech 1970; 37(4):

1151–1154.
[15] Petroski, HJ. On the finite deformation and heating of thermoelastic spherical sectors. Int J Non-Lin Mech 1975; 10(6): 327–332.
[16] Petroski, HJ. On the finite torsion and radial heating of thermoelastic cylinders. Int J Solids Struct 1975; 11(6): 741–749.
[17] Rajagopal, K. Boundary layers in finite thermoelasticity. J Elasticity 1995; 36(3): 271–301.
[18] Rajagopal, K, Maneschy, C, and Massoudi, M. Inhomogeneous deformations in finite thermo-elasticity. Int J Eng Sci 1996;

34(9): 1005–1017.
[19] Tanigawa, Y, and Takeuti, Y. Coupled thermal stress problem in a hollow sphere under a partial heating. Int J Eng Sci 1982;

20(1): 41–48.
[20] Tanigawa, Y, and Takeuti, Y. Coupled thermoelastic problem in three-dimensions. ZAMM 1982; 62(6): 221–228.
[21] Tanigawa, Y, Takeuti, Y, and Noda, APN. On a general treatment for coupled thermal stress problems in a cylindrical coordinate

system. Ingenieur-Archiv 1983; 53(5): 317–327.
[22] Jabbari, M, Eslami, M, and Dehbani, H. An exact solution for classic coupled thermoelasticity in spherical coordinates. J Pressure

Vessel Technol 2010; 132(3): 031201.
[23] Jabbari, M, Dehbani, H, and Eslami, M. An exact solution for classic coupled thermoelasticity in cylindrical coordinates. J

Pressure Vessel Technol 2011; 133(5): 051204.
[24] Shahani, A, and Nabavi, S. Analytical solution of the quasi-static thermoelasticity problem in a pressurized thick-walled cylinder

subjected to transient thermal loading. Appl Math Modell 2007; 31(9): 1807–1818.
[25] Shahani, AR, and Bashusqeh, SM. Analytical solution of the thermoelasticity problem in a pressurized thick-walled sphere

subjected to transient thermal loading. Math Mech Solids 2014; 19(2): 135–151.
[26] Shahani, AR, and Bashusqeh, SM. Analytical solution of the coupled thermo-elasticity problem in a pressurized sphere. J Therm

Stresses 2013; 36(12): 1283–1307.
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Appendix

A. A nonlinear thermoelastic constitutive model
In this appendix we present, in the context of the proposed geometric theory with a temperature-dependent
material metric, a thermoelastic model for rubber-like materials following the models proposed in [62–66].

For a hyperelastic solid, the free energy provides the material constitutive information given by the indepen-
dent variables (X , T , C, G). The free energy density is defined as ψ = E − TN (E is the internal energy density
and N is the entropy density) and the (hyperelastic) constitutive model reads ψ = ψ(X , T , C, G). Note that
ψ = ρ�. The specific heat capacity at constant strain cE is defined as (see equation (75))

cE = −T
∂2(ψ/ρ)

∂T2
= T

∂(N/ρ)

∂T
= ∂(E/ρ)

∂T
. (200)

If we assume that cE depends only on temperature, then we can write (note that the material mass density ρ
depends only implicitly on temperature via the material metric (see (47)), i.e. ∂ρ

∂T = 0 but dρ
dT = −βρ)

E(X , T , C(X , T), G(X , T)) − E(X , T0, C(X , T), G(X , T)) = ρ(X , G(X , T))
∫ T

T0

cE(τ )dτ , (201)

and

N(X , T , C(X , T), G(X , T)) − N(X , T0, C(X , T), G(X , T)) = ρ(X , G(X , T))
∫ T

T0

cE(τ )
dτ

τ
. (202)
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We can therefore write

ψ(X , T , C(X , T), G(X , T)) = T

T0
ψ(X , T0, C(X , T), G(X , T)) −

(
T

T0
− 1

)
E(X , T0, C(X , T), G(X , T))

− ρ(X , G(X , T))
∫ T

T0

cE(τ )
T − τ

τ
dτ .

(203)

In the case of an isotropic solid, the specific free energy ψ depends on I = tr(C), II = det(C) tr(C−1) =
1
2 (tr(C2) − tr(C)2) and J =

√
det C�

det G , which are the principal invariants of C. Furthermore, experiments suggest
that for rubber-like materials, the internal energy density depends only on the volumetric part of deformation
[67], i.e. we can write E = E(T , J ). Note that this confirms the assumption made on cE = cE(T). Following the
works cited above, if we denote by κ0, μ0 and β0, the bulk modulus, the shear modulus, and the volumetric coef-
ficient of thermal expansion at T0, respectively, we consider the following constitutive model for a homogeneous
isotropic rubber-like material

ψ(T0, Ĩ(X , T), J (X , T)) = μ0

2
(Ĩ − 3) + κ0

2
(J − 1)2, E(T0, J ) = κ0β0T0(J − 1), (204)

where Ĩ = J−2/3I. It follows that [66]

ψ(T , Ĩ, J ) = μ0

2

T

T0
(Ĩ − 3) + κ0

2

T

T0
(J − 1)2 − κ0β0(J − 1) (T − T0) − ρ

∫ T

T0

cE(τ )
T − τ

τ
dτ . (205)

In the incompressible case, we have the constraint J −1 = 0 associated with the pressure field p as the Lagrange
multiplier

ψ(T , I, J ) = μo

2

T

To
(I − 3) − ρ

∫ T

To

cE(τ )
T − τ

τ
dτ − p(J − 1). (206)

One may now ask whether it is possible to find a relation between the function ω(T) appearing in the material
metric and the free energy (205). The answer is affirmative. Let us consider a homogeneous body modeled by
the free energy density (205) and assume that it is stress-free at the uniform temperature T0. Now let us assume
that the temperature of the body is changed to another uniform temperature T . The body undergoes a purely
volumetric deformation and remains stress free. Note that the mean Cauchy stress σ = 1

3 tr(σ ) is given by

σ = ∂ψ

∂J
= κ0

T

T0
(J − 1) − κ0β0(T − T0) = 0. (207)

Therefore

J = 1 + β0T0

(
1 − T0

T

)
. (208)

On the other hand, note that we have for this deformation

J = etr(ω(T)). (209)

It follows from equations (208) and (209) that

tr(ω(T)) = ln

[
1 + β0T0

(
1 − T0

T

)]
, (210)

and hence (note that we recover the result derived in [65, equation (102-c)])

β(T) = β0
T2

0
T2

1 + β0T0

(
1 − T0

T

) . (211)
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B. Lagrangian field theory of nonlinear thermoelasticity
In this appendix we derive the governing equations of motion using a modified Hamilton’s least action principle
for nonconservative systems in the form of Lagrange–d’Alembert’s principle as nonlinear thermoelasticity is,
in general, dissipative. We define the Lagrangian to be a map L : TC × R → R such that for a motion ϕt of B

L(ϕt, ϕ̇t, T) =
∫
B
L(X , T ,ϕt(X ), ϕ̇t(X ), C�(X , t), G(X , T))dV (X , G), (212)

where we assume the Lagrangian density L = L(X , T ,ϕ, ϕ̇, C�, G) is given by

L = 1

2
ρgabϕ̇

aϕ̇b − ρ�(X , T ,ϕ, C�, G). (213)

The action functional is defined as a map S : C × R → R such that for a motion ϕ of B

S(ϕ, T) =
∫ t2

t1

L(ϕt, ϕ̇t, T)dt. (214)

In order to take variations, we let ϕε be a 1-parameter family of motions such that (for fixed t and ε, we let
ϕε,t(X ) := ϕε(X , t))

ϕ0,t = ϕt,

ϕε,t

∣∣
∂B = ϕt|∂B ,

ϕε,t1 = ϕt1 , ϕε,t2 = ϕt2 .

(215)

For fixed X and t, we consider the curve ϕt,X : ε → ϕt,X (ε) := ϕε,t(X ), and define the variation of motion as the
spatial vector given by

δϕ(X , t) = dεϕt,X [∂ε]
∣∣∣
ε=0

. (216)

Let Tε(X , t) be a 1-parameter family of temperature fields such that Tε=0(X , t) = T(X , t) and for fixed X and t,
we define the variation of temperature as the scalar field

δT = dTε
dε

∣∣∣∣
ε=0

. (217)

We write the variation of S as a total derivative along the curve ϕt,X evaluated at ε = 0

δS(ϕ, T) = d

dε
S(ϕε , Tε)

∣∣∣∣
ε=0

. (218)

For a conservative system, Hamilton’s least action principle states that the physical motion ϕ and temperature
evolution of B between t1 and t2 is the critical point for the action functional, i.e. the variation of S at (ϕ, T)
vanishes

δS(ϕ, T) = 0. (219)

However, nonlinear thermoelasticity is, in general, dissipative. We assume the existence of a Rayleigh
dissipation potential R = R(ϕ, ϕ̇, T , Ṫ) such that

F = −∂R
∂ϕ̇

and FT = −∂R
∂Ṫ

, (220)

where F represent dissipation by damping and FT represents thermal dissipation. The Lagrange–d’Alembert’s
principle (see [34, 68]) states in the case of nonlinear thermoelasticity that

δ

∫ t2

t1

∫
B
L(X , T ,ϕ, ϕ̇, C�, G)dVdt +

∫ t2

t1

∫
B

(F.δϕ + FTδT) dVdt = 0. (221)
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It follows by Lagrange–d’Alembert’s principle that

∫ t2

t1

∫
B

(
∂L
∂ϕ
δϕ + ∂L

∂ϕ̇
.δϕ̇ + ∂L

∂C�
:δC� + 1√

det G

∂
√

det GL
∂G

:δG + ∂L
∂T
δT

)
dVdt

=
∫ t2

t1

∫
B

(
∂R
∂ϕ̇

.δϕ + ∂R
∂Ṫ
δT

)
dVdt.

(222)

For different values of ε, the velocity vector field ϕ̇ε lies in different tangent spaces Tϕε (X ,t)S. Therefore, the
variation of the velocity is given by its covariant derivative along the curve ϕt,X in S evaluated at ε = 0 (note
that we use the symmetry lemma, see [41, 69])

δϕ̇ = ∇̄δϕϕ̇ = Dϕ̇ε
dε

∣∣∣∣
ε=0

= Dδϕ

dt
. (223)

Unlike the velocity vector field, the material tensor fields G and C� lie in the same space when ε is varied.
Therefore, their variations are given by the total derivative with respect to ε evaluated at ε = 0

δG = dGε

dε

∣∣∣
ε=0

= dG

dT
δT , (224)

δC� = dC�ε
dε

∣∣∣
ε=0

= d

dε

(
ϕ∗
ε gε
)∣∣∣∣
ε=0

= d

dε

(
ϕ∗ϕ∗ϕ∗

ε gε
)∣∣∣∣
ε=0

= ϕ∗Lδϕg. (225)

In components, equation (225) reads

δCAB = Fa
Agacδϕ

c|B + Fb
Bgbcδϕ

c|A. (226)

Let us first consider the variation of motion only, and from equation (222), it follows by Stokes’ theorem and
arbitrariness of δϕ that

∂L
∂ϕa

− 1√
det G

D

dt

(√
det G

∂L
∂ϕ̇a

)
− 2

(
∂L
∂CAB

Fb
Bgab

)
|A

= ∂R
∂ϕ̇

. (227)

For the Lagrangian density equation (212), we have (recall that mass conservation (46) can be written as dρ
dT +

1
2ρ tr

(
∂G
∂T

) = 0)
1√

det G

D

dt

(√
det G

∂L
∂ϕ̇

)
a

= ρgabAb. (228)

Note that as in equation (68), we write

S = −2
∂L
∂C�

= 2ρ
∂�

∂C�
, (229)

Therefore, equation (227) yields the local form of the balance of linear momentum

ρB + DivP = ρA, (230)

where B = − ∂�
∂ϕa − 1

ρ
∂R
∂ϕ̇

is the total body force per unit undeformed mass, and P(X , t) is the first Piola–Kirchhoff
stress tensor P = FS. Note, however, that we obtain the local form of the balance of angular momentum as a
consequence of equation (229) and the symmetry of the right Cauchy–Green deformation tensor

PFT = FPT. (231)

Next, we consider the variation of temperature only, and from equation (222), it follows by arbitrariness of δT
that

∂L
∂T

+ 1√
det G

∂
√

det GL
∂G

:
dG

dT
= ∂R
∂Ṫ

. (232)
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Therefore, equation (232) is simplified to read (recall equation (46))

∂R
∂Ṫ

= −ρ ∂�
∂T

− ρ
∂�

∂G
:
dG

dT
. (233)

By integration of equation (233) with respect to Ṫ , we find that

R(ϕ, ϕ̇, T , Ṫ) = −ρ ∂�
∂T

Ṫ − ρ
∂�

∂G
: Ġ + g(ϕ, ϕ̇), (234)

where g = g(ϕ, ϕ̇) is an arbitrary function. Therefore

FT = ρ
∂�

∂T
+ ρ

∂�

∂G
:
dG

dT
, F = − ∂g

∂ϕ̇
. (235)

In the case of thermoelasticity we can further assume that dissipation is only due to temperature and take the
Rayleigh potential as a function of G and Ġ only, i.e. g(ϕ, ϕ̇) = 0, and hence

R(T , Ṫ) = −ρ ∂�
∂T

Ṫ − ρ
∂�

∂G
: Ġ. (236)
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