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Abstract

In this paper we formulate a geometric theory of nonlinear thermoelasticity that can be used to calculate the time
evolution of temperature and thermal stress fields in a nonlinear elastic body. In particular, this formulation can be
used to calculate residual thermal stresses. In this theory the material manifold (natural stress-free configuration of
the body) is a Riemannian manifold with a temperature-dependent metric. Evolution of the geometry of the material
manifold is governed by a generalized heat equation. As examples, we consider an infinitely long circular cylindrical
bar with a cylindrically symmetric temperature distribution and a spherical ball with a spherically-symmetric temperature
distribution. In both cases we assume that the body is made of an arbitrary incompressible isotropic solid. We numerically
solve for the evolution of thermal stress fields induced by thermal inclusions in both a cylindrical bar and a spherical ball,
and compare the linear and nonlinear solutions for a generalized neo-Hookean material.
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Geometric mechanics, nonlinear elasticity, nonlinear thermoelasticity, thermal stresses, coupled heat equation, referen-
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I. Introduction

Following the seminal work of Fourier [1] on thermal conduction, Duhamel [2, 3] was the first to study the
thermo-mechanical behavior of solids. He considered the superposition of the uncoupled elasticity and thermal
conduction problems and in this framework solved for radial temperature fields in the spherical and cylindrical
geometries. The linear heat conduction problem in solids, uncoupled from elasticity, has since been studied
extensively and several exact solutions have been found, in particular for the spherical and cylindrical geome-
tries (see [4]). Biot [5] derived the governing equations for coupled linear thermoelasticity by combining the
elasticity governing equations with the first and the second laws of thermodynamics. He also proved a vari-
ational principle based on his generalization of the definition of the free energy to nonuniform systems [6].
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Boley and Weiner [7] presented an extensive account on the theory of linear thermoelasticity and its applica-
tions. They introduced the coupling between thermal conduction and elasticity by considering the temperature
dependence of the free energy and using a power series expansion of it in terms of strain invariants and temper-
ature. Limiting the expansion to quadratic terms, they derived the coupled linear thermoelasticity equations. By
extending this expansion to the cubic order, Dillon [8] derived a nonlinear version of the theory including the
deviatoric components of strain and solved for the temperature field resulting from the torsion of a bar through
the thermoelastic coupling. Jaeger [9] numerically solved for the thermal stresses in circular cylinders.

Based on the contributions of Green et al. [10] on thermo-mechanical constraints, Trapp [11] studied an
incompressible elastic solid reinforced by inextensible cords and obtained several exact controllable solutions
for stress and displacement fields. Later, Erbe [12] introduced a temperature-dependent incompressibility condi-
tion to study the thermoelastic behavior of rubber. In this paper we will discuss this modified incompressibility
condition in our geometric formulation.

Petroski and Carlson [13, 14] explored universal/controllable states of elastic heat conductors and provided
a few exact homogeneous solutions to the equations of nonlinear thermoelasticity under steady-state conditions
in the absence of body force and heat supply. For this class of solutions, Petroski [15, 16] studied the deforma-
tion/heating of spherical sectors and the torsion/radial heating of a cylinder. Rajagopal et al. [17, 18] investigated
inhomogeneous deformations in nonlinear thermoelasticity and found, for a generalized neo-Hookean material
with elastic properties that depend on stretch and temperature, exact solutions that exhibit a boundary-layer
structure (i.e. the deformation in the core is homogeneous (or inhomogeneous) while in a layer adjacent to the
boundary it is inhomogeneous (or homogeneous)). Tanigawa et al. [19-21] studied the three-dimensional linear
coupled thermoelasticity and carried out numerical computations for hollow spheres and cylinders. Jabbari et
al. [22, 23] studied coupled linear thermoelasticity and gave exact solutions in the case of a radially symmetric
problem in both spherical and cylindrical geometries. Shahani et al. [24-26] analytically solved the steady-state
and the dynamical problem of uncoupled linear thermoelasticity in a thick-walled cylinder and a sphere.

Under nonuniform temperature fields, thermal stresses may arise. Because a body cannot leave the three-
dimensional Euclidean ambient space, it is therefore constrained to deform in its Euclidean geometry and this
can lead to thermal stresses. In the context of nonlinear thermoelasticity, the study of thermal stresses goes
back to Stojanovic et al. [27, 28]. They suggested a multiplicative decomposition of the deformation gradient
F = F_,Fr based on a conceptual stress release of the material configuration from its current state under a
nonuniform temperature field to a local stress-free state. F is decomposed into a thermal relaxation Fr, fol-
lowed by an elastic deformation F,. For an orthotropic material, they gave a formula for F that then allows
for the calculation of thermal stresses for a static temperature field [29—32]. However, to the best of our knowl-
edge, there has not been any previous study in the literature on the evolution of thermal stresses in nonlinear
thermoelasticity. We should also mention that the decomposition of the deformation gradient is not uniquely
determined and makes use of a mathematically ambiguous hypothetic relaxed state of the material. Ozakin and
Yavari [33] formulated a geometric theory of thermal stresses by considering a temperature-dependent material
configuration through a metric that explicitly depends on temperature. This geometric framework interpreted
the imaginary intermediate relaxed configuration for nonuniform temperature fields as a Riemannian manifold
not necessarily embedded in the Euclidean ambient space, and allowed for a mathematically meaningful for-
mulation of the multiplicative decomposition of deformation gradient. It also provided a systematic approach
to finding stress-free temperature fields in nonlinear thermoelasticity.

In this paper, following the idea of Ozakin and Yavari [33], we formulate a geometric theory of nonlinear
thermoelasticity by considering an evolving material metric that explicitly depends on temperature and the
thermal expansion properties of the medium to study the coupling of heat conduction with elasticity (see [34,
35] for other examples of an evolving material metric). In Section 2, we establish the connection between
the evolution of the geometry of the material manifold on the one hand, and the temperature field and the
thermal expansion properties of the medium on the other hand. We explicitly write the temperature-dependent
material metric and generalize it to the thermally inhomogeneous and anisotropic case. Then we discuss a
systematic approach following from Riemannian geometry to find the stress-free temperature fields in nonlinear
thermoelasticity. In Section 3, we establish the theoretical framework for geometric nonlinear thermoelasticity.
In doing so, we review the kinematics of nonlinear elasticity and derive the governing equations of motion in
the scope of our theory. We also derive the response functions for the hyperelastic constitutive model and find
the generalized nonlinear thermoelastic coupling equation based on the laws of thermodynamics. In Section 4
we illustrate the capability of the proposed geometric theory by solving for the thermal stresses induced by an
arbitrary radially symmetric temperature field in both a circular cylindrical bar and a spherical ball in the case
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of an incompressible isotropic elastic solid. We also numerically solve the generalized heat equation and show
the evolution of thermal stresses induced by radial thermal inclusions in both a circular cylindrical bar and a
spherical ball in the case of an incompressible neo-Hookean solid.

2. The material manifold in nonlinear thermoelasticity

2.1. The material metric

Let B be a three-dimensional body identified with a three-dimensional Riemannian manifold (B, G)—the mate-
rial manifold. Also, let (S, g) be a three-dimensional Riemannian manifold—the ambient space manifold. We
adopt the standard convention to denote objects and indices by uppercase characters in the material manifold
B (e.g. X € B) and by lowercase characters in the spatial manifold S (e.g. x € §). Let {X“} and {x*} be local
coordinate charts on 5 and S, respectively. Also, let 94 = aXLA and 9, = 3"7 denote the local coordinate bases

corresponding to {X“} and {x“}, respectively, and let {dX“} and {dx?} denote the corresponding dual bases. We
also adopt Einstein’s repeated index summation convention.

In the theory of elasticity, the stress is obtained through a constitutive equation relating it to some measure of
strain that quantifies the deformation of the body with respect to a stress-free reference configuration. However,
such a configuration does not necessarily exist in the physical three-dimensional Euclidean space. In particular,
in the case of thermoelasticity, a nonuniform temperature field may lead to a configuration of the body that
cannot be relaxed in the physical space resulting in thermal stresses. Assuming the existence of a hypothetical
intermediate relaxed (stress-free) configuration, Stojanovi¢ et al. [27] proposed a multiplicative decomposition
of the deformation gradient ¥ = F_Fr, where the elastic deformation gradient F, is evaluated with respect to
the intermediate configuration in order to compute the thermal stresses. As was discussed in the introduction
section, the decomposition F = F.Fr is not unique and assumes a mathematically vague notion of an inter-
mediate stress-free configuration. In this paper, for the purpose of formulating a geometric theory of nonlinear
thermoelasticity and coupling heat conduction with elasticity, following Ozakin and Yavari [33], we model the
thermal expansion of the medium by keeping the material manifold B fixed and defining a material metric that
explicitly depends on the temperature field 7 = T(X, ¢) and the thermal expansion properties of the material,
i.e. G = G(X, T), such that the Riemannian material manifold (B, G(X, T)) is an evolving stress-free reference
configuration. Let Gy be a metric for the configuration of 5 corresponding to a given stress-free temperature
field Ty = To(X) (see Section 2.2). The manifold (B, Gy) is flat and by Riemann’s theorem there exists a local
coordinate chart {¥“} in which the metric is Euclidean, i.e.

Go(X) = 8,pdY' ® dY®. )

In order to represent the thermal expansion properties, we introduce three real-valued functions of temperature
and position {ws(X, T)}, 4 = 1,2, 3, to describe the thermal expansion properties of the material in the direc-
tions {#} at every material point X. Following Ozakin and Yavari [33], we define the temperature-dependent
material metric as

GX,T) =) & *Nayk @ dyX. )
K

Let {x) : I — B (where / C Ris an interval and K = 1,2,3) be a curve in (B, G) such that, in the coordinate
chart {Y“}, we have ({x))*(s) = (8%k)s, for s € 1. At a point X = {(s), the arc length of the curve

measures the length in the direction # It is given by (no summation on K)

ALY, T) = Geaxr(s). T) (G (5). o) s

=/ Gk (¢ (s), T) ds G)

=k X1 g

Therefore
IdL[{x)])  dwk
ar AT

dL¢x)], “

Downloaded from mms.sagepub.com by guest on September 15, 2015


http://mms.sagepub.com/

4 Mathematics and Mechanics of Solids

and one can read the linear thermal expansion coefficient of the material in the direction % as

ax(X,T) = 88&1{(()(, 7). (5)

Note that for the stress-free temperature field 7y, there is no stretching of the material and hence wg (X, Tp) = 0
for K = 1,2, 3. Therefore, G(X, Ty) = Go(X). Following equation (2), one can equivalently represent G in {Y*}
as

ad ad
G(X, T): E esz(SKLm(@dYL = E ezwkm ®dYK (6)
K,L K

Let the change of basis between {X“} and {Y“} be written as

] ]
K _ 4K J YN,
Then
ad
GX,T)= (DY (g 4", | — ®@dx’. 8
X, 7) (K( ) ke ) oy ® (®)

Let @ be the (})-tensor with the following matrix representation in {¥“}

w1 0 0
0 0 w3

Now its representation in {X“} reads off as

oy =) (47 koxd®,, (10)
K

and e® has the following representation in {X“}

@), = (™) g4k, (11)
K
Therefore 5
_ (20N J
Hence X
GX,T) = (Go)i(e™) s dX' @ dX’, (13)

where (Gy)x are the components of Gy in {X° AV Tt finally follows that
GX,T) = Gy(X)e***D), (14)

As noted earlier, for the stress-free temperature field 75(X) we have G(X, Ty) = Gy(X), which corresponds to
(X, Ty(X)) = 0. The Riemannian volume form associated with this metric is

dV(X,G) = Vdet GdX' A dX* A dX? = \/det Gy ™D gxt A dX? A dXP = XD gyx),  (15)

where dV is the Riemannian volume form associated with the metric Gy. Thus

a(tr(w(X, T))) ST gy ) = a(tr(w(X, T)))

d
—dV(X,G) =
*. 6 aT oT

o dv(X,T). (16)
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Therefore, the volumetric thermal expansion coefficient S(X, T) of the material reads

BOET) = L Tw(X, T (17

If one further assumes that the material is thermally isotropic, the matrix @ reduces to a scalar function w times
the identity matrix, and one recovers the metric introduced for the isotropic case by Ozakin and Yavari [33], i.e.
G(X,T) = Go(X)e**X-D) The Riemannian volume form associated with this metric is

dV(X, G) = D avy(X), (18)
and the thermal expansion coefficient (X, T) reads

dw(X,T)

1
a(X,T):g,B(X,T): 5T (19)

Therefore ;

wX,T) =/ a(X,t)dr. (20)
To

Remark 2.1. The material metric G is defined in such a way to include the thermal expansion properties of
the material in order to capture any change of shape due to the temperature field. In other words, the geometry
of the material manifold explicitly depends on the material thermal expansion properties and the temperature
field; it is not purely kinematic. This is in contrast with the material manifold of solids with distributed defects,
which is purely kinematic and only depends on the density of defects [35-39].

2.2. Riemannian geometry and the stress-free temperature fields

In the following we tersely review some elements from Riemannian geometry about linear connections and
curvature on a manifold. For more details see [40—42]. A linear connection on a manifold B is a map V :
X(B) x X(B) — X(B), where X(B) is the set of vector fields on B, such that VX, ¥, Z € X (B),Vf,g € C*(B),
we have

VX(Y—|- Z) = VxY+ VxZ, (213,)
VixteyZ = fVxZ + gVyZ, (21b)
VA(Y) = VY + (XY, (lo)

The vector field VY is called the covariant derivative of ¥ along X. In a local chart {X}, we have V;,d5 € X(B),

and hence there exist scalars ' 45, called the Christoffel symbol of the connection, such that V , 08 = ¢ ,50c.
We define the Lie bracket of two vector fields Z and ¥ as the vector denoted by [X, ¥] such that V/ € C*(B),

we have
[X, Y]/ = X(¥f) — Y(X[). (22)
A linear connection is said to be compatible with a metric G on the manifold if
X(G(Y,2))=G(VxY,2)+ G(Y,VxZ). (23)

It can be shown that V is compatible with G if and only if VG = 0, which in components reads

0G
Gupic = ACB — T*c4Gip — TX 3G = 0. (24)
X
The torsion of a connection is defined as

In components T3¢ = M pe — I cp. V is said to be symmetric if it is torsion-free, i.e. Vx¥ — VyX = [X, ¥].
It can be shown that on any Riemannian manifold (B, G) there is a unique linear connection V that is both
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compatible with G' and is torsion-free. This result is the fundamental theorem of Riemannian geometry and
such a connection is called the Levi-Civita connection. It can be shown that the Christoffel symbol of the
Levi-Civita connection associated with the metric G reads

1
Mpe = 5 Z G** (3¢Gxp + 35Gxc — kGac) - (26)
K

We denote in the remainder of the paper the Levi-Civita connections of the material manifold (B, G) and the
ambient space (S,g) by V and V, respectively. The curvature tensor R of a Riemannian manifold (B, G) is
given in terms of the Levi-Civita connection V by

R(X,Y)Z = VNxVyZ — VyVxZ — Vix yZ, 27)
for X, Y, Z € X(B). In components

a4, AT
axc¢ XD

In order to study the stress-free temperature fields of a body, let the material manifold 53 be given an arbitrary
temperature field 7 = 7'(X) and let ¢ be an embedding of the material manifold into the ambient space. The
embedded configuration lies in the spatial manifold and hence distances are measured by the metric g. As noted
earlier, any change in the temperature field affects the geometry of the material manifold, and a configuration
of the body is stress-free when no stretch occurs as a consequence of such a temperature field if embedded
in the ambient space. A measure of stretch is provided by the right Cauchy—Green tensor, which is the pull-
back of the spatial metric by the embedding, i.e. €’ = ¢*g. Therefore, a temperature field is stress free when
the material metric agrees with the pullback of the spatial metric by the embedding of the material manifold
in the ambient space, i.e. the material manifold is isometrically embedded in the ambient space. Since the
ambient space is flat, its pull back has to be flat as well. Therefore, a temperature field is stress free only if
the temperature-dependent material metric is flat. A classical result from Riemannian geometry states that a
Riemannian manifold is locally flat if and only if its curvature tensor vanishes identically (see [42]). Therefore,
a temperature field is stress-free only if the curvature tensor R of the temperature-dependent material metric
G is identically zero. Takamizawa and Matsuda [59] realized that, in the context of growth mechanics, a stress-
free configuration implies a vanishing Riemannian curvature tensor. Note, however, that following a theorem
on uniqueness of constant curvature metrics (see for example [42]), in a simply connected body, a temperature
field is stress-free if and only if the temperature-dependent material metric is flat. We can therefore find all the
stress-free temperature fields of a simply connected body by solving for T the tensorial equation R(7(X)) = 0.
See [33] for a more detailed discussion on stress-free temperature fields.

Rpcp = dX(R(dc, dp)dp) = + T4k DX pg — T4 TX 5. (28)

3. Geometric nonlinear thermoelasticity

3.1. Kinematics of nonlinear elasticity

We review in the following some elements of the geometric formulation of the kinematics of nonlinear elasticity.
For more details, see [43]. A configuration of B is a smooth embedding ¢ : B — S. We denote the set of all
configurations of B by C. A motion of B is a smooth curve + € Rt — ¢, € C that assigns a spatial point
x = ¢(X,t) = p/(X) at any time ¢ to every material point X. For a fixed X € B we write px(f) = ¢(X, ). The
material velocity of the motion is defined as the mapping

d
V:B xRt — TS suchthat V(X, ) = d,px [5} € TypenS. (29)

The spatial velocity is defined as the mapping
v:@(B) x Rt — TS suchthat v(x,7) = W, ' (x),1) € T,:S. (30)
The material acceleration is defined as the mapping

A:BxR" — TS suchthat AX,1) = VyxyV(X,1) € Tyx)S. (31)
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In components, 49 = % + % VPV, where y%,. denote the Christoffel symbols of the connection V in the

local coordinate chart {x“}, i.e. %h 9. = Y“0,. The spatial acceleration is defined as the mapping
a:¢(B)x R" — TS suchthat a(x,t) = A(¢, ' (x),1) € T.S. (32)
The deformation gradient F is defined as the tangent map of ¢, : B — S, i.e.
FX,t) =dp/(X) : TxB — Tyx)S. (33)
The adjoint F" of F is defined by

FT(X, Z) : T(p(X)S — TXB,

34
Y(W,w) € (TxB x T,x)S) : g(FW,w) = G(W,F'w). G4
In components, (FT)4, = ganF bG48 The Jacobian of the motion J relates the material and spatial Riemannian
volume elements dV (X, G) and dv(x, g) by

(e X),8) =J(X, ¢, G,8) dV (X, G). (35)

det det
g S8 i F = gty |98 (36)
detG det Gy

Remark 3.1. In our geometric framework, the deformation gradient F is purely elastic and any temperature
evolution of the body is reflected in the geometry of the material manifold through the temperature depen-
dence of G. As a matter of fact, in the framework of the multiplicative decomposition F = F_.Fr introduced
in [27], F, = FF }1 corresponds to our purely elastic deformation gradient. For thermally isotropic materi-
f]% a(X,7)dr

It can be shown that [43]

als, Lu and Pister [30] suggested F; = e

T
detF, = e /7“4 4ot B Given the purely elastic character of the deformation gradient in our formulation,
the incompressibility condition is simply written as J = 1. In terms of the flat metric Gj, the incompressibility

I, which gives an equation identical to equation (36), i.e.

detg
det G

introduced in [12] written as det F =

condition reads det F = ¢"@X.D) which is similar to the condition for incompressible thermoelasticity

where g(7T) # 0 and is identical to the incompressibility condition
[, 3aX.0)d

UL

suggested by Lu and Pister [30] in the case of thermally isotropic materials, i.e. detF = ¢
The right Cauchy—Green deformation tensor is defined as

C(X,H)=F'(X,)F(X,1): TyB — TyB. (37)

In components, C43 = GXF*FP3g,,. We note that c agrees with the pull-back of the spatial metric g by ¢y,

i.e. C° = ¢;*g, where * denotes the flat operator. The material strain tensor is defined as the difference between
the pull back of the spatial metric and the material metric, i.e.

1 1
E=;(p'g-0)= E(CD - G). (38)

In components, E 3 = %(CAB — Gyp).

3.2. The governing equations of motion

Conservation of mass. We start by revisiting the transport theorem for the case of the temperature-dependent
metric considered in this paper.
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Lemma 3.1. (Transport theorem). If f is a real-valued smooth function of position x € ¢,(B), temperature T,
and time, i.e. f = f(x, T, 1), and U is an arbitrary open set in 3, then

d 9 of oT
dr Jdv = / [l + yor + div(fV)] dv, (39)
dt Jyu) o L0t 0T ot

where div denotes the spatial divergence operator.

Proof. We have by a change of variable x = ¢,(X)

d d
jf f(got(X), Ta t)dv(‘Pt(X),g) = E ff(@t(X), Ta t)J(Xa @t(X), G,g)dV(X> (’)
o) u

d
= f F(@(X), T, )V det CdX' A dX* A dX>
u

:/ [81 + o oT + (df,v) + %f’ffc@ (E)]JdV
u

of  of aT _
/‘;t(u) |:at * oT ot + < f: V) +f IVV] v,

where df (x) = %dxa denotes the differential of f, tr» is the trace taken with respect to the metric C, () is
the natural pairing of a one-form and a vector, and where we have used the identity

% [det A(1)] = det A(f) tr [A_l(t)%A(t)} .

O

Let p and p, respectively, denote the material and spatial mass densities. For any open set I/ in B,
conservation of mass can be written as

de=/ pdV. (40)
U u

By applying the change of variable X = ¢, '(x) to the right-hand side of equation (40) and by the arbitrariness
of U, we find that conservation of mass is equivalent to

p=Jo. (41)

Note that even though both p and dV can be time dependent, the material mass form dM = pdV is time-
independent, and since dV = dV (X, G), it follows that the material mass density should depend on the position
and the material metric as well, i.e.

p = pX,G). (42)
Note also that since J = g:tté detF = J(X, ¢, G, g) it follows from equation (41) that

Note that both p and ¢ depend implicitly on temperature via the material metric G. Therefore, we write Z—’T) =

9 . 3G qnqde _ de . 96
9G o &' dr T~ 3G * a7, . .
Equation (40), along with the fact that dM is constant, yields

d
— dv ) =0. 44
dt ([ﬂt(u) ¢ v) ( )

Using equation (39) and arbitrariness of I/, equation (44) is equivalent to

do 0T .
T o1 + div (ov) = 0. (45)
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Combining equations (41) and (45), the conservation of mass in the material manifold reads'

dp
— =0. 46
o7+ Pe (40)
It follows that .
,O(X, G) — pO(X)eftr(w)(X,T) — pO(X)efjtr(G)(X,T), (47)

where for the stress-free material metric Go(X) we have
po(X) = p(X, Go). (43)

Balance laws. The balance of linear and angular momenta read?

d
4 f pVdV = / pBdV + / TdA, (49a)
dt Ju u au

d
—prdeV:/,oXdeVJr/ X x TdA, (49b)
dt Ju u au

where B is the body force per unit of undeformed mass and T is the traction at the boundary. Assuming the
conservation of mass, equation (46), the governing equations of motion follow by localization of equations
(49a) and (49b) and read [43]

DivP 4 pB = pA, (50a)
PF" = FP", (50b)

where P(X, f) denotes the first Piola—Kirchhoff stress tensor P* = J(F~')y,0%, o is the Cauchy stress tensor,
and Div denotes the material divergence operator. In local coordinates

] 8PaA
DivP = P“ 8, = <W +14,,P8 y”chbAPCA) 4. (51)

Writing equations (50a) and (50b) in components, we find

pA* = pB* + P, (52a)
PUFt, = PR, (52b)

3.3. The first law of thermodynamics

The first law of thermodynamics postulates the existence of a state function, namely the internal energy that
satisfies, in the case of a static material metric, the following balance of energy [43—47]

p<g+lg(v, V)) dV:/p(g(B,V)+R)dV+/ &(T,V)+ H)dA, (53)
2 u au

dt Ju

where £ is the material specific internal energy, R(X,¢) is the heat supply per unit of undeformed mass and
H(X,t,N) is the heat flux across a surface with unit normal V. Now, because we have a time-dependent metric
(implicit time dependence through the temperature dependence), the energy balance must be modified to include
the rate of change of the metric as a variable that contributes to the rate of change of internal energy in order to
capture possible changes of shape due to the temperature field and its energy contribution. The energy balance
is therefore modified to read (see [34, 48, 49] for the modified energy balance in the case of growing bodies)

d

1 IE .
= u,o(é'—l—zg(V,V))dV:L,o(g(B,V)—l—R—i—E.G)dV—i—/;u(g(T,V)—i—H)dA, (54)

Downloaded from mms.sagepub.com by guest on September 15, 2015


http://mms.sagepub.com/

10 Mathematics and Mechanics of Solids

and in localized form, the material balance of energy reads

9E
pE=8:D— D1VQ+pR+pEG (55)

where a dotted quantity denotes its total time derivative, e.g. E = ‘Z‘f , 8 is the second Piola—Kirchhoff stress

tensor, in components S = J(F~'Y (F 0%, D = %Cb (X, 1) is the material rate of deformation tensor,
0 = Q(X, 1) is the external heat flux vector per unit area, where DT = 8‘;(TA dX*. In local coordinates, we write
the divergence of Q as

Dive = 0'y = 22 1 r0" (56)

3.4. The second law of thermodynamics

The second law of thermodynamics postulates the existence of a state function, namely the entropy that satisfies,
in the case of a static material metric, the material Clausius—Duhem inequality [43—46]

—/deV>/,0 dV+/ —dA, (57)

where N = N(X, T, C’, G) is the specific entropy. In the case of a time-dependent material metric, the Clausius—
Duhem inequality needs to be modified to include the rate of change of the material metric. The Clausius—
Duhem inequality in our geometric formulation reads (see [34, 48, 49] for the modified Clausius—Duhem
inequality in the case of growing bodies?)

d R oN
dv > —dV —dA ——:Gav, 58
a "N /M'OT +/uT +/up8G (58)
and in localized form, the material Clausius—Duhem inequality reads
. R . (0 N
>p—=—Div| = — 6. 59
NV_pT W(T>+p86 (59)

3.5. The response functions

Free energy. By considering the Clausius—Duhem inequality as a restriction on the constitutive behavior of
the material, Coleman and Noll [50, 51] derived the response functions for entropy and stress. We prove in the
following a version of this result in nonlinear thermoelasticity with a temperature-dependent metric inspired by
the proof given in [46, 51]. In thermoelasticity, the (hyperelastic) constitutive model is given by the specific free
energy function

=YX, T,C,G), (60)

such that the specific internal energy £ is the Legendre transform of —W with respect to the conjugate variables
T and NV, i.e.

E=TN + v, (61a)
o
=7 61b
N=-37 (61b)
It follows that the specific internal energy £ is such that

& & oV € A
g:gX,N,C), 5 —:T’ _— = —, _ = . 62
( © N 0G 9G 3C aC (62)

In the following, we investigate the restrictions imposed by the Clausius—Duhem inequality (59) on the
constitutive equations. By using equations (55) and (62) in (59) we find

1
pmd)—{—pTN ,oT 8 ,oT—T S:D+ —(DT.Q) < 0. (63)
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Therefore, recalling that D = %é’, we can rewrite equation (63) as

I IN L1
(Zpﬁ— ).D—i—pTﬁ.G—i— —(DT.Q) <0. (64)

The above inequality holds for all deformations ¢ and metrics G. In particular, if we choose ¢ to be time-
independent, equation (64) reads

N .1
T'—:G+ —=(DT,Q) <0. 65
pToe G+ 70T, 0) = (65)
Note that DT and G = Z—(T;T can be chosen arbitrarily and independently. Let 7 be homogeneous, i.e. DT = 0,

then %/ -G < 0 must hold for every G. Therefore, we must have

oIN
ZZ 0 66
5G (66)
Now we assume that temperature is homogeneous and time-independent. Thus, the inequality (64) reads
(2 A ) :D <0 (67)
Pac T
and must hold for every D. It follows that
§=2 i (68)
EarTe
Consequently, the energy balance, equation (55), reduces to
oTN = pR — DivQ. (69)
Remark 3.2. Note that for a material with an internal constraint of the form «(C, T') = 0, we have
v d
N=-2 1% : (70a)
or (CN=0 P or «(C,T)=0
o oK
S=2p— + 29— , (70b)
IC | eicry=0 IC | eicrr=0

where ¢ is the Lagrange multiplier corresponding to the constraint «. In the case of incompressibility we have
k(C,T)=J — 1 and g = —p, where p is the pressure field due to the constraint of incompressibility.*

Heat conduction. It follows from equation (69) that the entropy production inequality (63) reduces to
(DT, Q) < 0. (71)
For an arbitrary isotropic solid the heat flux response function has the following representation [52]
0 = (¢oC' + $1G + $,C) DT, (72)
where ¢y = ¢(X, T,DT,C,G), k = —1,0, 1, are scalar functions.’ If we set K42 = —(¢po(C~")E + ¢, G*8 +

¢, C*8), then by equation (71), K is a positive semi-definite symmetric material (%)-tensor and we can write

a generalized version of the Fourier’s law of thermal conduction @ = —KDT. In components, @ = 049, =

AB 0T
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3.6. Coupled nonlinear thermoelasticity
We substitute equations (61b) and (68) into equation (69) and obtain

PV . 1 _3S .
DivO = po—TT + -T2 . + pR. 73
VO =P TT+ 5T C o (73)

The specific heat capacity at constant strain ¢z is defined as the quantity of heat required to produce a unit
temperature increase in a unit mass of material at constant strain (d’ =0), i.e.

DivQ = —pciT. (74)
Comparing equations (73) and (74) at constant strain and without external heat supply (R = 0), we find

T i (75)
cg=-T—.

£ Y

Remark 3.3. Note that the partial derivative with respect to temperature in equations (73) and (75) is a partial
derivative with respect to temperature with C and G being fixed, i.e. ;’—T = 33—T G

We can now rewrite equation (73) as

. 1._38 .
DivQ = —pepT + ETﬁ:d) + pR. (76)

Along with the boundary conditions for ¢ on 93 (prescribed in terms of displacement or traction), the bound-
ary conditions for 7 on 95 (prescribed in terms of temperature or flux), and the initial temperature field
T(X,t =0) = Tini(X), the equations (46), (50a), (50b), and (76) constitute the governing equations for the
general nonlinear thermoelastic problem.

By using the generalized Fourier’s law of thermal conduction for an arbitrary isotropic solid (see equation
(72)), equation (76) takes the form of a second-order nonlinear partial differential equation that is a gener-
alization of the classical heat equation with the following extra forcing terms arising from the thermoelastic
coupling

oS

. 1 .
Div (KDT) = pegl — Erﬁ:c" — pR. (77)

Remark 3.4. Note that the left-hand side of equation (77) can be written as (recall that K is symmetric)
Div(KDT) = K : AT + (DivK, DT), (78)

where DivK = K8 59,, K485 = K*8  + T3 KB + T'83cK“C, and A denotes the Hessian operator, i.e.

9T T
AT =|—— —T¢3— | dX* ® dX®. 79
[aXAaXB a8 aXC:| ® (7

In components, equation (77) reads

9°T T T .1 3848
-AB C AB . .
K |:3XA3XB_F ABBXC]+K \BW—PCET—ET 3T :Cyp — PR. (80)

Linearization of the generalized heat equation. In the following we linearize the generalized heat equation
for a thermally isotropic material without external heat supply. The generalized heat equation in this case reads®

<kGAB B(AT)> 1_ 0818 .
|4

= pcgT — =T Cyp. 81
9XB N Y (81)
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Let T.(X,t) be a 1-parameter family of temperature fields such that 7T._o(X, ) = Ty is a uniform temperature
field and let the temperature variation be defined as

d
ST(X, 1) = ELZOTG(X, ). (82)

The corresponding 1-parameter family of metrics is G.(X) = G(X,T.) = Gy(X)e**™-T9). Variation of the
material metric is calculated as

SG(X) = dii L:OGe(X) = 2a(X, Tp)8T(X, G(X). (83)

Let ¢, be the corresponding 1-parameter family of equilibrium configurations. The variation of the equilibrium
configuration is a spatial tangent vector [53]

UX, 1) = 8¢(X, 1) = degrx [3]] .y - (84)

Note that € — ¢, x(¢) := ¢.(X,?) is a curve in the ambient space S. u = U o ¢! can be thought of as the

geometric analogue of the displacement field in the classical theory of linear elasticity. Note that
Uy = FP . (85)
The linearization of the generalized heat equation (81) is defined as [43, 53]

d 92T, aT. aT. d
0 |:ke GGAB <— FECAB_) + (kGGGAB)|A ]

de

.1 0848
peCEeTe__Te
e=0

- = — —< C.5|. (86
IXAIXB aXC aXB | de 20T AB] (86)

We assume that the ambient space is Euclidean. We also assume that, for a given uniform temperature field
T,, the material manifold is Euclidean. Thus, we have in Cartesian coordinates Gg,z = 845, and 'y 45 = 0.
Therefore, the linearized heat equation (86) is simplified to read

dke

de

92T, d

=0 [BXA8X3:|  de

d 9T d(pecke)
de e=0 |:8XB:| - de

e:OdG
- 1 d| 39S .
C“‘BL — 57T {_ =0 T } Ceas

5 0T,

92T,
o B |y ~ e T
€=

e=0 BXAaXB
aT, d 5. 1 0T

r —‘ kG

[ € AB] 9XC 620) + de le—o [( € Ue )IA] 9.XB

T
0

e=0

d
+k08AB <_

dE e=0 e=0

(87)
+(ke GeAB)IA

dT.
+ /OOCEO_‘
0 de le=0

€= €=
1 AB
——8T8S€
2 aT

N e
=0 20797

dCeAB
e=0 de

=0 2 de =0

e=0
Note that the parameter € is independent of time ¢ and position X, and hence

oT,
0X¢

0Ty 9°Te
=0 9XC 7 9X4pXB

Ty d T | 9%T
=0 OXA0XB 7 dele=o| 0X40XB | 0X49XB’
. drT, AT
_ iy =0, e _9CD (88)
e=0 dE

=0 ar
d <dC€AB

=0 - dt de e=0> '
Therefore, the linearized heat equation simplifies to read

(T 8T 1 _3Sy"2 d [dC.
<k05AB ( )) = PoCEo : < A5
|4

9XB ar 2" T dr\ de

dko
ke GGAB ) — 9 AB L
( 4 o= 3xal

9818 B 380" dC.yp
oT N

e=0 oT ’ de

E:o> : (89)
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Since Cyp = F4F? 384, we find [34]

dCeyp _dFy
de e=0 de €
= U |AF0bB5ab + Foy Ub|35ab

dFebB
de e=0

—oF 0" 88as + Fo3 Sab

c a a c 90
= Fo 4F 0" 8uptt®\c + Fo 4Fo° pSapti” ©0)
= Fo 4Fo” supje + Fo“ 4Fo° gltalc

= 2Fy" 4F o peap,
where ¢, = %(“alb + up),) 1s the linearized strain. At € = 0, we consider a natural embedding such that
Foy = 8% (Jop = 1). It follows that
d dCeAB b -
— = 2848"géw, 91
dt ( de le=0 AC BEab O
and the Piola transform gives us
9(87) 9(8T)
ko8B = ks ——=) . 92
(0 dXB >|A (0 dxb la ©2)

Furthermore, since S8F*,Fy = Jo®, at € = 0 we have Sy*28%,8"5 = 0. Therefore, the linearized heat
equation (87) is simplified to read

a(8T) a(8T) 90 |
ks 202 —T ab- 93
(o O )la POCEO 3 05T €ab 93)

Recalling that the linearized temperature change is § 7, we recover the classical linear coupled heat equation for
a constant thermal conduction coefficient &, (see [7, 8, 54])

. ao,ab )
ko AT = pocgoT — Toa—TGab> %94)
where A denotes the Laplacian operator in spatial Cartesian coordinates, i.e. §T = §% aszi 7

4. Examples

As applications of the geometric theory, we study in the following the nonlinear thermoelastic problem in the
case of an infinitely long solid circular cylinder and a spherical ball. We formulate the governing equations
and analytically solve for the thermal stress field for an arbitrary incompressible isotropic hyperelastic solid
with a radially symmetric temperature distribution. Then, we restrict the problem to the thermally isotropic
and homogeneous solids following the thermoelastic constitutive model for rubber-like materials described in
Appendix A, to numerically solve for the static and time-dependent temperature and the thermal stress fields
induced by a thermal inclusion. We will also compare the nonlinear solutions with their corresponding linear
elasticity solutions.

4.1. An infinitely long circular cylindrical bar made of an incompressible isotropic solid

In this section we consider the static problem (i.e. zero acceleration) in the absence of body forces for an
infinitely long solid circular cylinder of radius R, made of an incompressible isotropic solid under uniform
normal traction on its boundary. Let (R, ®, Z) be the cylindrical coordinate system for which R > 0, 0 <
® < 2w, and Z € R. In cylindrical coordinates, the material metric for the configuration with the stress-free
temperature field 7y = Ty(R) reads

0
RZ
0

G = (95)

SO =
—_o O
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We assume a radially symmetric temperature field 7 = T(R,¢) and let g = az(R, T) be the radial thermal
expansion coefficient and ag = ae(R, T') be the circumferential thermal expansion coefficient. As the cylinder
is infinite in the Z direction any dilatation in the Z direction leaves the cylinder unchanged. We can therefore
assume a zero thermal expansion coefficient in the Z direction, i.e. @z = 0. The temperature-dependent material
metric for the cylinder, as introduced in Section 2.1, reads’

2R 0 0
G=[ 0 R 0|, (96)
0 0 1
T(R1)
where for K € {R, O}, wg(R, T(R,1)) = / ak(R, T)dt. The Christoffel symbols for G are given as
Ty
dwr
r?=[rk = % |[ 2(we—wRr) ) 2 dwe 0
—[ AB]— 0 —e (R+R W‘[) 01,
0 0 0 97)
0 z+ 2| 0 000
I =[r%|= %-I-M‘ 0 0, I"=["p]=(00 0],
oR It
0 0 0 0 00
where aa%ﬂ .= Z’% T WK%- We endow the ambient space with the following flat metric in cylindrical
coordinates (7,0, z)
1 0 0
g=10 2 0 (98)
0 0 1
The Christoffel symbols for g read
0 0 0 0 1o 000
YV =al=(0 - 0|, Y= al=1L 00| »=pal={000] (99
0 0 O 0 0 0 0 00

Thermal stresses. In the following we solve for the stress field for an arbitrary radial temperature field. In
order to calculate the thermal stresses, we embed the material manifold into the ambient space and look for
solutions of the form (r,0,z) = ((R, {), ®, Z). The deformation gradient reads

o0 0
F=|0 1 0|. (100)
0 0 1

For an incompressible solid, we have

detg rg—;
J =4 detGdetF: Rowntos = 1, (101)

and hence, assuming (0, f) = 0 (to eliminate rigid translations), we find

1
2 1
HR.1) = ( / 2% ewR@,T(s,z>>+w@(s,r<s,z»d$) " (102)
0
The right Cauchy—Green deformation tensor reads
Bewo 0 0
Cc= 0 ;—226_2“)@ o |- (103)

0 0 1

Downloaded from mms.sagepub.com by guest on September 15, 2015


http://mms.sagepub.com/

16 Mathematics and Mechanics of Solids

For an incompressible isotropic solid, the free energy density per unit undeformed volume = pW is expressed
as a function of I = trCand Il = detC tr C™!' = %(tr(Cz) —tr(C)?), i.e. ¥ = ¥(R, T,1,11,J = 1). Therefore,
we can write [55]

o = 2F"4Fp [(Y1 + Iyn) G — yuC'] — pg”, (104)

where Y = %—‘f, Y = g—l'”l, and p = p(R, ) is the pressure field due to the incompressibility constraint. Thus,
the nonzero components of the Cauchy stress tensor are given by

. R2 eZw@ r2 e—2w@
o =12 2 Y+ 1+ R Yu|—p, (105a)
1 ’,.2672(,()(;) R2 eZa)(;)
o = 2 {ZT |:W1 + (1 + 2 ) ‘ﬂu] —P} ) (105b)
~ RZeZw@ r2e—2w@
0" =2y + 2 + R Yu | —p- (105¢)
The only nontrivial equilibrium equation is 0|, = 0, which is simplified to read
—WR—WE 1
re 0" g+ -0 —ra? =0. (106)
R r

This yields

ap 9 R262w@ ,,.Ze—Zw@ e®R Re®e ,,.26—2(1)(.) RZeZw(.)
SR 3R 2 ) Y+ | 1+ 72 Yu | — 27 " I WY1+ yu).  (107)

Assuming that the boundary of the cylinder is under uniform normal traction, i.e. o' (R,, T(R,)) = —o,, the
pressure field at the boundary is

R2 eZa)@ F2€_2w®
P(Ry) = {2 |:1//I + (1 + ) I/IH:|}

+ 0o, (108)

2 2
r R R=R,

and it follows that

R2e2w@ r2672w@ R, %- onto r2672w@ %-26261)(.)
PR, 1) =2 e |:W1 + (1 + > I,Uui| + /R 2r_26 RTe < oI ) (Y1 + Yu) d€ + o,.
(109)

Finally, given a radially symmetric temperature field 7 = T(R,?), the thermal stress field is given by the
following nonzero components of the Cauchy stress tensor

R, ,,.Ze—Zw(.) ZeZw@)
o = _/ 2£ewk+w® 5 1 + Ym) d§ — oy, (110a)
R T £2 72
1 2 [ le2we R2e2w®
060 __ rr
o =59 T3 ( I ) (Y1 + Y, (110b)
=_ R*e*° rremwe
o =0"4+2(1- 5 Y1+ Y . (110c)
r R2

Alternatively, the nonzero components of the second Piola—Kirchhoff stress tensor read

,,.Ze—Z(w@—i—a)R) R, ";‘ ,,.26—2(0@ 526250(;)
SRR __rc |:/]; 2_2€a)R+w@ ( _ 3 ) (1//1 + W[]) dé‘_ + O'o:| , (1113)

R? r £2
R2 e2(a)(-)+a)R) 2 },.26—2(4)@ RZeZw@
S®®:T RR+,E< F R )(1ﬁ1+1ﬁn), (111b)
RZ 2(we+wRr) RZ 200 2 —2we
SZZ:e—zsRR+2(1_ - )(¢1+¢H” ) (111c)
r r R?
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Heat equation. We assume that there is no external heat supply, i.e. R = 0, and that the heat conduction in
the material is isotropic, i.e. K = kG, where k = k(R, T(R, 1)) is a scalar-valued function. Therefore, using
equation (47), the coupled heat equation (77) reads

82T 1 1 0k oT B(a)@ — Cl)R)
[W*(fe*;a—ze,) TR

aR dR
where p,(X) = p(X, G,) is the mass density in the stress-free configuration with uniform temperature 7j. If
we further assume that the material is thermally isotropic (i.e. wgp = we = (R, T(R,1))), then equation (112)
or i\

reduces to
ka ( 8T\ ok
EORE )+ &N = S 12 . 113
RaR( 8R)+8R[8R Poct AB (113)

Before solving the problem, we first find the stress-free temperature fields and obtain expressions for wg and
we to explicitly specify the material metric G' (see equation (96)). A temperature field To(R) is stress-free if
and only if the Riemann curvature tensor of the cylinder is identically zero at 7 = Tj. The nontrivially nonzero
components of curvature tensor for the cylinder with the metric G are

asAB .

oT
Cus, (112)

, OR

2 0T

. 1
:| ke 2F = p,cpTe @~k — —T

8a)@ 8a)R 86()@ 80)@ 80)R 820)@ _
RRoor = —Rforo =R|2 —| — — - R —| | @e™n (114
OOk RO [ orR |~ R |, " oR t( oR |, oR ,)+ or? || (1142)
q q 1 aa)@ aa)R aa)@ aa)@ 80)}3 aza)@
Rre = —Rer = = |2 - — - R——||. 114b
RO ROR R[ OR |, OR |, R t( dR |, OR ,)+ IR? |, (1145)
Therefore, Ty(R) is stress free if and only if
ad d dwg dwe d 0%weg
p (o1 COR Dol (Z2of TR ) pp 220 —0. (115)
oR |, OR |, OR [,\ OR |, OR|, OR? |, R.Ty)

If we assume that the material is thermally homogeneous, i.e. for K € {R, ®}, we have ax = ax(T) independent

of position, then 33% |t = WK%- Therefore, equation (115) becomes

dTy

@ Y0 | Rae ) .
(040 (044 dR e (Oe (044 dR o

d*Ty
o——> = 0. 116
0~ (116)
We observe that a uniform temperature field is stress-free in the general anisotropic case. In the particular case
of a thermally homogeneous and isotropic material with a constant linear expansion coefficient o, we find two
possible stress-free temperature fields

To(R) = Ty, (117a)
To(R) = alnR + b, (117b)

for some constants a and . We assume in the remainder of this section that the material is thermally homoge-
neous and that the metric Gy corresponds to the uniform stress-free temperature field of the cylinder 7y(R) = T,
(i.e. Gly—z, = Go), where T, is the temperature of the outside medium surrounding the cylinder. For K € {R, ®}
we write following equation (20)

T(R,f)
wx(R, T(R, 1)) = / ax(t)dt, K € {R, ). (118)

T,

Example 4.1. In this example we solve for the stress field induced by a thermal inclusion in a homogeneous,
isotropic, thermally homogeneous and anisotropic solid cylinder. We then assume that the material is thermally
isotropic to compare with the linear elasticity solution. We consider a thermal inclusion of radius R; < R,

T'i RSRi,

T, R>R. (119)

T(R) = {
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Thus, for K € {R, ®} we have
T;
/ ag(r)dt R <R,
T,

wk(R) =
0 R > Ri-
We substitute equation (120) into equation (102) to find
Rez@r(R)+06(R) R <R,
"(R) = 1 B
[Rl? (e(wR(Ri)+w(-)(Ri)) — 1) + RZ] 2 R >R,

Following equation (110), the physical components of the Cauchy stress tensor read

R, r2 —2we 2 2we
6 = _/ 2§e((l)R+w®) ( e _ 3 jz ) (Y1 + Y) d& — o,
R

%-2
r2e—2w@ R2e2w@

699=6”+2( 2R )(WI‘HPH),

R R R2 eZw@) rZe—Zw@
022:0rr+2<1 I ) (1/f1+1/’11 2 )

72

For R < R;, following equation (103), we have

@0 Ri)—wr(R;) 0 0
C = 0 e@rRRi)—wo(R) ()
0 0 1

(120)

(121)

(122a)

(122b)

(122c)

(123)

Therefore, I and II are constant inside the inclusion. As the material is homogeneous and isotropic (i.e. ¥ =

w(T,1,1I)), the terms v and ¥ are constant inside the inclusion and it follows that for R < R;, we have

1

A N wo(R: (or(R)—wo(R: R .
5"(R) =2 [e(wR(Rz) wo(R) _ ,—(wr(Ri) w(a(Rz))] (Y1 + Yrmr) IH(E) + 6.,

1

R
699(]3) =2 [e(wR(Ri)—w(-)(Ri)) _ e_(wR(Ri)—w(-)(Ri))] (Y1 + Yu) |:1n(3> + 1i| + 5&

6%(R) =2 [e(wR(Ri)—w@)(Ri)) _ e—(wR(Ri)—wG)(Ri))] (Y1 + Ynn) m(f)
R

1

+ (e—w@(Ri) _ e—wR(Ri)) (Wlew@(Ri) 4 wnewR(Ri)) + 6-0,

where &, is a constant given by

) R, 1 53
O = —2 /R,- (g - 7’4(5)> (V1 + Yu) d§ — 0.

On the other hand, for R > R;, we have

e [ €
=2 [ (¢ - i ) ot v =,

*(R) R?
R (R

Ry =6"42 ( ) (Y1 + Yu),

~zz ~rr R2 ,,.2(R)

(124a)

(124b)

(124c)

(125)

(126a)

(126b)

(126¢)

Remark 4.1. Note that in the absence of body forces, for a homogeneous, isotropic, thermally homogeneous
and isotropic infinite solid cylinder with a uniform normal traction on its boundary and with a radially symmetric
thermal inclusion, the thermal stress inside the inclusion is uniform and hydrostatic. However, if the material
is thermally anisotropic (i.e. wr # we) the thermal stress field has a logarithmic singularity on the axis of the

cylinder. Similar results have been observed for distributed eigenstrains in [35, 56].
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Comparison with the linear solution. Next, we compare the static thermal stress field with the classical
linear elasticity solution. We consider a homogeneous, isotropic, thermally homogeneous and isotropic, and
traction-free infinite solid circular cylinder. Note that the infinite cylinder corresponds to the case of a disk in
plane strain. In classical linearized elasticity, the solution in plane strain for a solid disk with a radial temperature
field and constant 1, and «, reads [7, 5413

1 [R
0" = [ T(§)§dg — F/(; T(S)fdé]: (127a)
1 R
6% = [ (S)Sdf-l-ﬁ/() T(€)$d$—T], (127b)
0% = (o* —|—00 (127¢)

Incompressible linearized elasticity corresponds to v = 0.5, and considering the thermal inclusion equation
(119), we find

R?
R<R : 67 =6" =67 = 2u,0,AT (1 - ﬁ) ,

R? R?
0" = 2u,a,ANT [ =+ — =],
R R (128)

R} R?
= 2,0, A;T < R;)

AZZ Ri
o = ZMOaOAiTﬁa

o

R >R; :

where A, T =T, — T,.

In order to compare the nonlinear solution with the linear one, we consider the thermoelastic model presented
in Appendix A and enforce the incompressibility condition. Hence, following equation (210), we find for the
thermal inclusion equation (119)

1 1+ 20, T)NT+ T,
§1n|:( + 2 ) + :| RSRia

w(R) = AT+ T, (129)
0 R > Rl',
and from equations (122) and (206) the thermal stress field reads
R, 1 %-3
R<R; : &V’:&Gez&zzz—uof <—— )ds,
ko \§ ()
R, 1 53
S 1
EoE 4 © (130
. ~00 __ r ATr
R >R;: " = U, 2 _rz(R) +0",
NZZ R2 ~Arr
- “”( ) r2<R>) T
where
%
(420, T)ATHE, |2 p R<R.
rR) = [ 1 B (131)

AT p2 2|2
20T 3R+ BT Rz R,
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Therefore
2
AT (R
> \R, 2 (1420, T)ATHT, (R \*
R<p AT+, R,
= 1y AT ;
L Mo 200 To 5757, (RT,) 20,T,A;T
2 2. T AT (&)z—i—l (1 + 20, TH)ANT + T,
oloxrvT, \ R,
2
A; R;
67 = potn (X)) + 2o g 2o lom e <R_) +1
= Mo Ro 2 0. T AT R 2 R 2
%loxim \& ) &
2 2
A;T R; AT Ri
L Mo 200 o 57, (R_o) o  20oloxriT, (R_o)
—_ 2 - 2 2’
o 2 20T (B) 41 22T (B) + (5
> G 2TA"T &2+£2 £2
~ 060 Arr %o 0AiT+T0 R, R, Ro
o =0 +'l,L0 R P — Mo T R 2 R 2°
(%) 207,550 (1) + (£)
(%)
R
&Zzz6rr+ﬂo_/1'o " ; 5 . 5
200 To 3747, (F) + (R‘)

For small A;T, we have the following asymptotic expansions

RSRZ':

R
(1 - R_2_>:| (aoAiT)Z

4

R}
R;)] (aOAiT)Z

} (0o ATY + 0 ((AT)),

R > R;
( ’ 5; R2) “LlanT, \R? R2 R4
+o (AZT) ,
2 2 2 2 4
169 =20, (R RDY o ar— g |2 (BL LK) LB R
R R T, \RZ " R2) " R* R
AZZ R12 2 R12 ? R? 2 3
o :2M0FO{0A5T—M0 O[_Tﬁ+3ﬁ+ﬁ (OloA[T) +O((A,T) )
o 0720 Yo o

We have therefore recovered, up to the first order in A;7, the classical linear elasticity solution.
We consider the case of rubber-like solids for which we typically have o, = 6 x 107*K~! at 300 K,
ie. a,T, = 0.18. In Figures 1 and 2, we plot the static thermal stresses for different values of the initial

AT
T,

relative temperature difference 8y =

(132)

(133)

in the thermal inclusion equation (119). We see, in Figure 1, that the

two solutions for the fields o’" and ¢’ are very close for small values of 87 (i.e. in the range of validity of
linearized elasticity). However, for larger values of 87, even though linearized elasticity captures the overall
stress behavior, it fails by overestimating the stresses o'” and % (the relative difference of stress reaches 38%
inside the inclusion for §7 = 30%). In Figure 2, we show the longitudinal stress field 0 and note that, outside
the inclusion, it is two orders of magnitude smaller than the uniform hydrostatic stress inside the inclusion. We
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ArT
o /Mo R
] 0.8 10 R, 010

~0.02F [

L 0.05
~0.04F R
~0.06F | 0.8 10 R,

L [ or = 0.1

1 -0.05¢
005 Ee=~ or =02

[ [ ~ _
-0.10 _0'10: ér =0.3

== Linear solution === Nonlinear solution

Figure I. Nonlinear and linear solutions for ¢'” and %9 for % = 0.1, 2y Ty = 0.18 and different values of §7 = %.
0 o

/ or = 0.3
~ZZ
57* o[ Ho or =0.2
% /o R ooo1sp r
" " " 1 " " " 1 " " " 1 " " " 1 " " " 1 —_— 5T — 01

; 02 04 0.6 0.8 L0 R, op = 0.05

L 51 = 0.05 [ =———— - e o ) e e e e
B 0.0010 f 7

L 57 =0.1 o /
—0.04F 77 0.0005

[ ér =0.2
-0.06F

F=~ 6r=03
—0.081 ~0.0005 |
~0.10}

- —— -0.0010*+

== Linear solution === Nonlinear solution
Figure 2. Nonlinear and linear solutions for o for % = 0.1, ¢pTp = 0.18 and different values of §7 = ATiT (left: stresses inside
o

0
the thermal inclusion; right: stresses outside the thermal inclusion).

also note that, outside the inclusion, the nonlinear solution predicts a nonconstant o stress field unlike the
constant stress predicted by the linear solution.

Example 4.2. In this example we numerically solve for the evolution of temperature and thermal stress fields
for a homogeneous, isotropic, thermally homogeneous and isotropic, and traction-free solid cylinder for which
we assume the thermoelastic model described in Appendix A. Following equation (210), we find

(R, T(R, 1)) = %m [1 + 200 T (1 - T(;O t))] . (134)

Thus

_ R TO %_ 5 R TOé’_ %
r(R,t)_{fo 28 [1+2oeoTo (1_T(S,t))]ds} _|:(1—|—2oz0T0)R —4aorof0 T(S,t)ds] . (135
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Following equation (110) and the free energy density equation (206), the physical components of the Cauchy
stress field are given by

Ro 14 2a0Tn (1 — o)) &3
&rr: _MO‘/I; |:é_ ( + (o)) Olg T)) i" :|T£d$, (1363)
2 Ty 2
~00 _ r (1 + 2007 (1 — T))R T .,
7 T A 2wl (1= 2V R 2 = o7 (136b)
( + 2 0( T)) o
1 2007 _ I RZ
6_22 = U, |:1 _ ( + ¢olo (2 T)) :| Tl + 6’”. (1360)
r o

Now, let us find the time-dependent temperature field in order to evaluate thermal stresses by solving the coupled
heat equation (113). We assume that the heat conduction coefficient depends only on temperature and con-
sider the following empirical model for elastomer vulcanizates (see [57]), suggesting that the heat conduction
coefficient decreases with temperature

TR, )=k, [1 —s(T(R, 1) —T,)], (137)

where k, = k(T,) and s is a softening parameter. Therefore, equation (113) reads

1d oT T\ P
k(1—s(T—T)]-— (R— | —k,s [ — ) = T-_T Cys. 138
o[ S( 0)]R8R( 3R> 0S<3R> PoCE > 9T AB ( )

Following equation (111), the nonzero components of the second Piola—Kirchhoff stress tensor read

20=40 R 0 (1 3 pAw(§,T(E,0)
SM:—MF; /‘ f)(__i%———)@, (139a)
R 0 E r (‘i:,t)
R2 e4a) T e—Za) RZ eZw
00 _ RR
S = TS + /_LOFO ( R2 — r4 ) . (139b)
R2e4w T RZeZw
S%Z — r—ZSRR + MOF (1 — 2 > . (139c¢)
Hence (recall that ;’—T = % | C,G).
asRR
5T = 0, (140a)
as®® _ o e—2a) R2e2w 140b
aT T,\R A ) (140b)
8SZZ m RZeZw
s :70(1 ke ) (140¢)
o
The nonvanishing components of C are
& 3 [(Re*\’ ) R\ ? T 1or & ar? ) ar (141)
= — = ol — —— =— =2r—.
=9 \Ur r rat)’ 99T ot ot

Also, from equation (135), we find

ar  2a, (R T, \°.
—== fo s(nm) 7€, e (142)
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Thus, the coupled heat equation (113) reads

2

RAR \" 3R oR k,
: 143
Mo 1 (14 2Ty (1 — To/T))* R? Rer (14
—Zk—O{OToT ﬁ — X 3 ng
’ (01 +200T0) R2 — 4o Ty ;' €To/Tdg )" | 70
On the boundary of the cylinder, we consider a convection boundary condition, i.e.
aT
ko [1 = s(T(Ro,1) — To]) = = ho[T, — T(R,, 1], (144)
OR |z,

where /4, is the surface heat transfer coefficient at the boundary of the cylinder. We assume that 4, is constant
and introduce the parameter y = h,R,/k,. As an initial temperature field, we consider a thermal inclusion of
radius R;, i.€.

T; R<R,
Tinit(R) = 1. - 14
(R) LLR>& (145)
In the scope of the classical theory of linearized elasticity, the thermal stresses are given by [7]
1 (R 1 [k
60" = dayu, | = TE,HEdE — — T, DEAE |, 146
" = e, | 75 [ T neas - 5 [ rie.neae] (1462)
1 (R 1 (R
wzmM{ij@%@+7fT@%ﬁ—ﬂ, (146b)
R Jy R J
1
6% = 5 (c}”’ + &99) . (146¢)

In the classical linear elasticity literature, the coupling term is neglected and the linearized heat equation

problem for the cylinder reads
19 ([ 3T\  pock -
—— (R )| =255,
ROR oR ko

T(R,0) = Tinit(R), (147)
0T

e A P ]

oR (Ro.t) R,

The solution to equation (147) can be found analytically by using the Dini series expansion (see [4, 58] for a
detailed derivation)

> é‘n‘] gni J gn& . 2,
e B

n=1

where ¢, are the positive solutions of ¢J;(¢) = yJo(¢) and J; is the Bessel function of the first kind of order
k=0,1.

We consider a rubber cylinder of radius R, = 15 cm for which the surface heat transfer coefficient for the

rubber-air convection is 4, = 10 W/m?K. We let 7, = 300 K and §; = %T = 30% and assume the following

typical values of rubber-like materials: p, = 10°kg/m?, c; = 1800J/kgm, k, = 0.15 W/mK, s = 0,004 K!,
o, = 6 x 107*K~! and p, = 0.54 GPa. We numerically solve the initial/boundary value problem equations
(143)—(145) for the temperature field T(R, t) and show its evolution in Figure 3 by plotting w at different
values of #/t, where t is a characteristic time defined as 7 = pocERf) /k,. In Figures 4-6, we show the evolution
of nonlinear thermal stresses (136). For comparison purposes, we also show the evolution of the linearized
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0.304
0.5 —t/T=0
020} — t/7 =0.001

i — t/7 =0.01
0.15¢ t/7 =0.025
0.10f — t/7 =10.05
0.055 — t/7=0.5

: ‘ I

0.6 0.8 1.0 R,

Figure 3. Temperature field in the cylinder for 1%’) =0.1,y =10, apTy, = 0.18, o/ pocETo = 0.001 and §7 = 30% at different %
(solid lines: nonlinear solution; dashed lines: linear solution).

6"/ o ‘ R
0.8 1.0 R,

_0.025 —t/7=0

: — t/7 =0.001
_0‘04: — t/T =0.01
o6l t/T = 0.025

[ — t/7=10.05
~0.08F — t/7=0.5
~0.10f

Figure 4. Stress field o'" for 1% =0.1,y =10, 2oTp, = 0.18 and py/poceTo = 0.001 at different % (solid lines: nonlinear solution;
dashed lines: linear solution).

solution (146) and (148) in Figures 3—6. We observe that the initial irregularities in the initial temperature and
thermal stress fields are smoothed out, and at large times, both the temperature difference 7' — 7T, and thermal
stress fields tend to zero. The nonlinear and linearized solutions for the temperature field (Figure 3) show a
similar trend. However, we observe a significant difference for thermal stress fields between the linear (146)
and nonlinear (136) solutions (the maximum relative difference is 38% in the core of the inclusion for 6'", 6%,
and 6%, see Figures 3—6). We also observe that in the nonlinear solution the maximum thermal stress does not

necessarily correspond to ¢ = 0, i.e. we observe the maximum stress at a later time ¢ > 0.

Remark 4.2. We observe numerically that the coupling term in the nonlinear heat equation (143) is negligible.
In fact, if we neglect the coupling term in equation (143), the resulting solution is only affected in the order of
10~°. We further note that if we neglect the coupling term and assume a constant heat conduction coefficient,
the nonlinear and linear uncoupled heat equations would be identical in the case of the infinite cylinder geom-
etry (we will see later in this section that this is not the case in the solid sphere geometry, see Remark 4.4).
Note however that the stress formulas are not affected by this simplification and that we would still observe a
significant difference in the thermal stresses between the linear and nonlinear solutions.

4.2. A spherical ball made of an incompressible isotropic solid

In this section we consider an incompressible isotropic solid sphere of radius R, under uniform normal traction
on its boundary and ignore body forces. In spherical coordinates (R, ®, ®), for which R > 0, 0 < ® < 7, and
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&% / o

0.10
—t/7=0

0.05 — t/7 =0.001
— t/7 =0.01

=T, — 1/T=002
— t/7=0.05
-0.05 — t/T =05

Figure 5. Stress field 99 for % =0.1,y =10, 09Ty = 0.18 and o/ pocg Ty = 0.001 at different % (solid lines: nonlinear solution;
dashed lines: linear solution).

6% /1o R

! 0.8 10 R,
~0.02} — t/r=0

: — t/7 = 0.001
_0_04: — t/T =0.01
. — t/7=0.025

i — t/7 =0.05
~0.08F —t/7 =05
~0.10

Figure 6. Stress field o for g; =0.1,y =10, apTy = 0.18 and o/ poceTy = 0.001 at different % (solid lines: nonlinear solution;

i
0
dashed lines: linear solution).

0 < ® < 2m, the material metric for the configuration with the stress-free temperature field 7o = To(R), reads

1 0 0
Go=| 0 R 0 . (149)
0 0 R%sin’®

We assume a radially symmetric temperature field 7 = T(R, ¢) in the ball and let ax = ar(R, T) be the radial
thermal expansion coefficient and g = ae(R, T) be the circumferential thermal expansion coefficient of the
ball. The temperature-dependent material metric of the ball, as introduced in Section 2.1, reads

@2k 0 0
G = 0 R 0 , (150)
0 0  R**°sin’@
T(R,)
where for K € {R, O}, wg(R, T(R,1)) = / ak(R, T)dt. The Christoffel symbol matrices of G read
Ty
ow,
G, o 0
MR=[rf]= 0 —ewoon®+R> 20|) 0 :
0 0 —eX@o=on) (R + R? 20| ) sin® ©

Downloaded from mms.sagepub.com by guest on September 15, 2015


http://mms.sagepub.com/

26 Mathematics and Mechanics of Solids

0 1y 3(!)_0‘ 0
RT BRIt
I®=[r°;|= z+ Bg’—Rf’)L 0 0 ,
0 0 —sin® cos ®
(151)
0 0 &+ 5%
Ir?=[Ir%;]= 0 0 1/tan® |,

x+ %o 1/tan® 0

where dg’)—Rﬂ .= da%’ T ong—g. We equip the ambient space with the following flat metric in the spherical

coordinates (7,60, ¢)

1 0 0
g=10 7 0 . (152)
0 0 r*sin*6
The Christoffel symbol matrices for g read
0 0 0 0! 0
)’r = [Vrab] = 0 —r 0 > y9 = [Vgab] = % 0 0 >
0 0 —rsin’6 0 0 —sinfcosf
1 (153)
0 0 -
y¢ = [V¢ab] = 0 0 1/tan®
1 1/tan® 0

Thermal stresses. We next solve for the thermal stress field when the solid sphere is made of an arbitrary
incompressible isotropic solid and the temperature field is radially symmetric. In order to calculate the thermal
stresses, we embed the material manifold into the ambient space and look for solutions of the form (7,60, ¢) =
(7(R, 1), ®, ®). The deformation gradient reads

(154)

|

Il
o oFle
o~ o
— o o

For an incompressible solid, we have

[detg r? ,

and hence, assuming (0, 7) = 0 (to eliminate rigid translations), we find

1

R
r(R, 1) = (/ 352ewR(E,T(E,t))+2w®(S,T(SJ))d%-> ’ ) (156)

0

The right Cauchy—Green deformation tensor reads

Rleto 0
c=| 0 Zex o | (157)
0 0 e

Downloaded from mms.sagepub.com by guest on September 15, 2015


http://mms.sagepub.com/

Sadik and Yavari 27

Following equation (104), the nonzero components of the Cauchy stress tensor are given by

R4e4a)(.j },26—2(0@
0" =2 7 (‘ﬂl +2¢u 2 ) - D (158a)
1 r2e—2w(_) },.26—2(4)@ R4 e4w@
o = = {2 = |:W1 + Yu < 7 + " )} —P} , (158b)
1
o? = . 9099, (158c¢c)

where p = p(R, f) is the pressure field due to the incompressibility constraint. The only nontrivial equilibrium
equation is 0", = 0, which is simplified to read

2 —wr—2we 2
re 0"kt 0"~ 20" = 0. (159)
This yields
P p 9 R4 e4w(;) ,,.2 67219(.) @R R6 e6w(.) ’,.2 e*Za)(.)
—=—2 2 —4—1- . 160
R 8R|: r4 (lﬂl‘f‘ Vi3 )] " ( prs )(WH‘WU R2 ) (160)
Assuming that the boundary of the solid sphere is under uniform normal traction, i.e. " (R,, T(R,)) = —o,, the
pressure field at the boundary is
R4 e4w@ I,.Ze—Zw(.)
P(R,) = |2 Y1+ 2Yn——5— + 0o, (161)
r R R=R,

and it follows that

4 Adwe

rZe—2w@
o =255 (2 )

R2

R, e®R 6860)@ r2e—2w@
+/ 4— 1_5 Y1+ Y d§ + 0,.
r r 70 &2

Finally, given a radially symmetric temperature field 7 = T(R, f), the thermal stress field is given in terms of
the nonzero components of the Cauchy stress tensor as

(162)

R, @R g6e6w@ rZe—Zw@
o = —4f T (1 — s ) (I//[ + Y £ )d%’ — 0y, (163a)
R
1 ,,.2 e*Zw@ R4 e4w(.) ’,.2 e*Zw@ 1 .
o = 2}’—2 ( = A > (wl + WHT> + 20 (163b)
1
0% = a?. 163c¢
sin” 0 (163¢)

Alternatively, the nonzero components of the second Piola—Kirchhoff stress tensor read

4 —4dwe—2wr Ry, wpr 6 ,6we 2 ,—2we
G e E% ree
ST = BT a— |:4/R ry (1 R ) (11’1 +Yn = )dé +Uo] ; (164a)
2 r? R*e*®o rre2we Rietoot2en
00 _ ~ _ RR
§7° = e <R2e6w® r4 ) (1#1 + Yn 72 ) + prs S, (164b)
1
S = 599, (164c¢)

sin’ ©
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Heat equation. We assume that there is no external heat supply, i.e. R = 0, and that the heat conduction in
the material is isotropic, i.e. K = kG~', where k = k(R, T(R, f)) is a scalar valued function. Therefore, recalling
equation (47), the coupled heat equation (77) is rewritten as

0°T 2 1 0k oT 0Quwe —
T (2, Lok 9 Qwe — wr)
dR>  \R Kk OR|,

aR oR
where p,(X) = p(X, G,) is the mass density in the stress-free configuration with uniform temperature 7. If we
further assume that the material is thermally isotropic (i.e. wg = we = w(R, T(R, t))), equation (165) reduces to

ko 3T ak aT A Ny
E I RCTIRE) E P

oR 2 AT
In order to solve for the temperature and stress fields, one needs to find wz and we to explicitly specify
the material metric (see equation (150)). We first look for the stress-free temperature fields for the ball. A
temperature field 7y(R) is stress-free if and only if the curvature tensor of the ball with the metric G is identically
zero at T = Tj. The nontrivially nonzero components of the curvature tensor for the ball (see equation (150))

2 0T

oT .1 3818 .
B_R:| ke 2R = p,cpe RO T — —T——(Cyp, (165)
t

w
oR

t

are
dwe dwg dwe dwe owpg 9’we B
7213~ — _7213~ — R 2 et e _ R 2(we wR), 167
OOk ORO [ R |, R |, 8Rt(8R, oR t>+ or> || ¢ (1672)
dwe 9 dwe | ( dwe 9 3’ we ,
RRpor = —R oro = R |2 ) R @ Po| _ IOR +R @0 X @R §in? @,
oR |, OR |, OR |,\ OR |, OR|, R? |,
(167b)
e Q 1 80)@ 1 86()@ Ba)R 82a)@ 1
RP = —R® ==+ — — — - —, 167
RRO ROR <R+ oR t) (R+ oR |, R t)+ oR2 || R2 (167¢)
ow 2
R 00 = ~R00 = |:1 — gHwomen) (1 +R B_RO > i| sin® @, (167d)
t
1 Ba)@ 1 36!)(-) aa)R azw@ 1
Reo = —R%er ==+ —| | = — -, 167
Rie Rk (R+ oR t) <R+ oR |, OR t>+ R | R (167¢)
w 2
R%000 = —~R%000 = 1 — @00 <1 +R 8_1;) > . (1679
t

The temperature field 7y(R) is stress-free if and only if all the components of the curvature tensor are identically
zero. In particular, if the material is thermally homogeneous, i.e. for K € {R, ®}, we have ax = ak(T), then
33% | .= aK% and it follows that a uniform temperature field is stress-free in any arbitrary thermally homo-
geneous anisotropic body. If the material is homogeneous and thermally isotropic, i.e. wg = weg = w(T), then
To(R) is stress free if and only if

T T
Ty (2 + aRQ> =0. (168)
dR dR )| 1)
Equivalently . o )
=0 —0or —2 S (169)
dR |1, dR |7, @R

In the particular case of a thermally homogeneous and isotropic material with a constant linear expansion
coefficient o, we find two possible stress-free temperature fields

To(R) = To(R,), (170a)

2
Ty®) = ~~ IR +b, (170b)
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for some constant 5. We assume in the remainder of this section that the material is thermally homogeneous
and that the metric Gy corresponds to the uniform stress-free temperature field of the ball To(R) = T, (i.e.
Glr_r, = Gy), where T, is the temperature of the outside medium surrounding the ball. For K € {R, ®}, we
have

T(R.f)
wk(R, T(R, 1)) = / ax(T)dT. (171)
To

Example 4.3. In this example we solve for the stress field induced by a static thermal inclusion in a homoge-
neous, isotropic, thermally homogeneous and anisotropic ball. Next, we assume a thermally isotropic material
to compare with the linearized elasticity solution. We consider a thermal inclusion of radius R; < R,

T; R<R;
T(R)= 1! - 172
(R) {To RoR. (172)
Thus, for K € {R, ®}, we have
T;
TYdT R <R,
wg(R) = /T ax(T) < (173)
0 R > Ri-
We substitute equation (173) into equation (156) to find
Re3 @rRR)+F200(R:) R <R,
rR) = 1 B (174)
[R? (e(wR(Ri)JrZw@(Rf)) — 1) 4 R3]3 R > R,.
Following equation (163), the physical components of the thermal stress field read
. RU ea)R 6e6w(;) rzefza)(;)
o’ = —/ 4— (1 — éj 3 ) (W[ + Ip‘]] 5 )dé— — Oy, (1758.)
R r r £
R r2e—2a)@ R4 e4w@ },.26—2(4)@ o
6% = 2( 2 4 > (1/f1 + Yu 7 ) +o", (175b)
69 = 6%, (175¢)
For R < R;, we have
e*%(wR(Ri)*w(-)(Ri)) 0 0
C= 0 o3 (@R(R)—wo (R) 0 ) (176)
0 0 o3 (@r(R)—~wo(R)

Therefore, I and II are both constant inside the inclusion, and because the material is homogeneous and isotropic,
¥ = Y (T;, 1, 11). Thus, the terms i and yy; are both constant and it follows that for R < R;, we have

5 = Ae3rRIT2OR)) (p=200(R) _ g=20k(R)) (% + wne%(wMRl-)—w@(R,-))) m(E) +6, (177a)
R; ’
590 — 203 @RR)H206(R) (e7200R) _ g=20n(R) (wl + wue%(wmze»—w@(&-») [2 m(f) + 1} +6., (177b)
R; ’

69 = 5% (177¢c)

bl

where 6. is a constant given by

LR £ ()
Oe=4 /R ® (1 - r"(é)) (‘”‘ * ‘”“TZ) o a7
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On the other hand, for R > R;, we have

o (R4 g 0

. r*(R) R* r(R) -

5% =2 ( R rA(R)) (WI + Y 72 ) +o, (179b)
6% =69, (179¢)

Remark 4.3. Note that in the absence of body forces, for a homogeneous, isotropic, thermally homogeneous
and isotropic solid sphere with a uniform normal traction on its boundary and with a radially symmetric ther-
mal inclusion, the stress inside the inclusion is uniform and hydrostatic. However, if the material is thermally
anisotropic (i.e. wgp # we), the stress field has a logarithmic singularity at the center of the ball. Similar results
were observed for distributed eigenstrains in [35, 36].

Comparison with the linear case. Next, we compare the thermal stress field with the classical linear elasticity
solution. We consider a homogeneous, isotropic, thermally homogeneous and isotropic, and traction-free solid
sphere. The classical linear elasticity solution of the sphere problem for constant , and «, reads [7, 54]

i BA42u, [ 1 [ > 1 [k )

57 = [F [ 1 - [ e (180a)
. . 3 +2u, [ 2 [ 1 (R

00 _ ~¢¢p _ - 2 _ 2 _

3 =% =, St | 2 [T rede + o [ e - . (180b)

Incompressible linearized elasticity corresponds to v = 0.5, i.e. A — oo. Thus, in the case of the thermal
inclusion (172), we find

R}
R < Rl AT 6_949 — O.¢¢ — —4,LLO <1 R_l3> aoAzTa
0
R R
6" = —4pu, (1713 - 17; oo AT, (1sh
R > Rz f ;
~00 _ ~dp ki R
o =0 :2,U40 F‘i_zﬁ aoAiTﬂ

where A;,T =T; — T,.

In order to compare the nonlinear solution with the linearized one, we consider the thermoelastic model
presented in Appendix A and enforce the incompressibility condition. Hence, following equation (210), we find
for the thermal inclusion (172)

1 1 THOAT + T,

—In ( +3a0 0) i + o RSRi,
oR) =14 3 AT +T, (182)

0 R > Ri;

and from equations (175) and (206) the thermal stress field reads
R, 1 56
R<R; : &”z&%z&ﬂz—zuo/ _<1—6—)dé,
R (&) r°(§)

1 §° (183)

R,
6" = =2, — |1 dé,
e 2/R ® \ )
R>R;: &99=M0<r(R)_ R )-1—6”,
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~00
R 67" /o
; ‘ — —  0.10f 1 S — 0.3
0.6 0.8 1.0 R, T =
0.05F : oz B O'f
; T =005 R
¥ 0.2 0.4 0.6 0.8 1.0 R,
-0.05 ™ or =0.05
[ F== or = 0.1
: 57 =03 -010
—0.157— ’ i o = 0.2
_()'15."-;
b ,' ; ™~ 55 =03
-020r | ~0.20f
== [inear solution == Nonlinear solution

Figure 7. Nonlinear and linear solutions for ¢'” and %9 stress fields for % = 0.1, 2y T, = 0.18 and different values of §7 = A71T.
0 o

where
1
(1+3a0T0)A,-T+To]?R R <R
r(R) = [ : - (184)
AT p3 303
[3&0TomRi +R ] R > Ri-
For small A;T, we have the following asymptotic expansions
R <R;:
- A A R13 R? R13 %)
o' = 0’66 = O’¢¢ = —4/,L0 (1 — F) (XoAiT+ (1 — F) |:4+ 11 <1 + F) Ol0T0:| Fo(AiT)z
+o((AT)),
R > Ri .
s R} R R} R R} R % oo (185)
o= —4,LL0 (1? - _(3)) (XoAiT— Mo (F - ]Tg) |:4+ 11 (F + ]Tg + 1) O((,Toi| FO(AZT)
o ((AiT);) R 3 3 6 6
6 = 2y (B4 2R g ar = |2 (5 B (65 B e, | 2 (ot
R R R R RO " RS T,
+o g(AlT)3) »
6% =69,

We have thus recovered, up to the first order in A;7, the classical linearized elasticity solution.
We consider the case of rubber-like solids for which we typically have o, = 6 x 10~*K~! at 300 K, i.e.
o, T, = 0.18. In Figure 7, we plot the static thermal stresses for different values of the initial relative temperature
AT

difference 6r = 5= in the thermal inclusion (172). The two solutions for the stress field are very close for

small values of 67 U(i.e. in the range of validity of linearized elasticity). For larger values of 87, even though
linearized elasticity captures the overall behavior of 6" and 6%, it fails by overestimating their values (the
relative difference of stress reaches 45% inside the inclusion for §7 = 30%).

Example 4.4. In this example we numerically solve for the evolution of temperature and thermal stress fields
for a homogeneous, isotropic, thermally homogeneous and isotropic, and traction-free ball for which we assume
the thermoelastic model described in Appendix A. Following equation (210), we find

(R, T(R, 1)) = %m [1 + 30Ty (1 - T(Q t))] . (186)
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Thus
R TO % R TO"i:z %
r(R, 1) = {/0 3g2 [1 + 30T, (1 " Te t))}dg} = [(1 + 30 Ty) R —9a0T0/0 e t)ds] . (187)

Given the free energy density (206), it follows from equation (163) that the physical components of the Cauchy
stress field are

13 5
6" = —2u /‘Ra (1 + 3a07p (1 - %)) - ;;:6 [1 + 30T (1 — T—79)] ldg . (1580
° R r 76 To 05
6 5" r (14 30T (1 — &))_2/3 R[143a0Ty (1 - &)]4/3 T
0'99 =0 + U, |: e T _ - T Fo’ (188b)
599 — 500 s

Now, let us find the time-dependent temperature field in order to evaluate the thermal stress field by solving
the coupled heat equation (166). We assume the model (137) for heat conduction and hence the heat equation
(166) reads

19 aT AT\ > AT \? 0oCE - & _JS1B .
1—s(T—T)]| —— (R*— —) |-s(— o= Z 7 e (189
[[ ST = 1o)] [RZaR( 8R)+a(8R)} S(aze) }e PR O V)

Following equation (164), the nonzero components of the second Piola—Kirchhoff tensor are

4o=b6w Ry T L0(.TE ) 6 L00(§,T(5.1)
SRR — _2%%/ Z¢ (1 _s 66 )ds, (190a)
R R TO r($7t) r (Sat)
R4e6w T 1 1”2 R4e4w
90 _ SRR —— — , 190b
70 i T, r2 \ R2e2® r ( )
1
dD __ 00
ST = i ®S . (190c¢)
Hence (recall that % = % | ce)
asRR
= 0, (191a)
8S(~)® Y 1 R4 )
Mo _ T (191b)
oT T, \ RZe?® 7o
95*? 1 389°
= . (191¢)

aT sinf® aT

The nonvanishing components of C are

: 3 (RS R4 . 20r
Crr = — =2 3aT — =— |, 192
Y < 4 ) 4 ( * r 81‘) (1922)
. ar? or
Cop = — =2r— 192b
00 a9 ”at, ( )
Cq>q> = C@)(-) Sil’l2 @, (192C)

and following equation (187), we find

o 3a, (F L0 T, \.
5= [0 3 (m) T(&, t)dt. (193)
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Thus, the coupled heat equation (166) reads

18 [ ,dT a7\’ aT\*| , To
{[l—s(T—To)] |:ﬁ8_R (R a—R>+a<a—R> i|—s<8—R) }\/1+3aoTo(1—7)

14 30T, (1 — D)) R
_ Pty gl | L (1+ 300 (1 - 7)) (194)

2 2
ko ko R <(1 + 3oeoT0)R3 - 9a0To fOR gzﬂdg)

1+ 30Ty (1 — 2 /
X
(1 + 300To) R — 9ty Ty fo §2 7 de

On the boundary of the ball, we consider a convection boundary condition, i.e.

B[l = ST R = TV | = holT, — TRy, ), (195)

(Ros1)

where 4, is the surface heat transfer coefficient at the boundary of the ball. We assume that 4, is constant and
introduce the parameter y = h,R,/k,. As an initial temperature field, we consider a thermal inclusion of radius
R,’, 1.e.

Ti R =< Ri:
Toa(R) = {To Rk (196)
In the scope of the classical theory of linearized elasticity, the thermal stresses are given by [7]
1 1 [(® 5

= 12,00 %), T (&,0&%d x| TEDEdE, (197a)

2 R, R
6% = 6% = 6p,0, —f T(¢,0E%dE + —f T(¢,0E%ds — T(R,1)|. (197b)

R3 Jo R J,

In the classical linearized elasticity literature, the coupling term is neglected and the linearized heat equation

problem for the sphere reads
L i RZ g — PoCE T,
R? 3R oR ko

aT y
- = [T, — T(R,, 0)].
JoR (Ro.t) R,

The solution to (198) can be found analytically using a Fourier series expansion (see [4] for a detailed derivation)

_ L+ =17 . IR, . ([ R 1 R; R\ _a
T(R t) ZA TZW <§n ) |:§_2 R s (;n]TO> — a} CcoS <§n170>i| e + To, (199)

where ¢, are the positive solutions of ¢ cot¢ =1 — y.

We consider a rubber sphere of radius R, = 15 cm for which the surface heat transfer coefficient for the
rubber-air convection is 4, = 10 W/m?K. We let 7, = 300 K and §; = A—T = 30% and assume the following
typical values for rubber-like materials: p, = 103 kg/m?, ¢z = 18001 /kgm k, =0.15W/mK, s = 0,004 K~ !,
o, =6 x 107*K~!, and p, = 0.54 GPa. We numerically solve the initial/boundary value problem (194)—(196)
for the temperature field T(R, ) and show its evolution in Figure 8 by plotting M at different values of
t/t, where t is a characteristic time defined as T = ,oocERo /k,. In Figures 9—10, we show the nonlinear thermal
stresses (188). For comparison purposes, we also show the linearized solution (197) and (199) in Figures 8—10.
We observe that the initial irregularities in the initial temperature and thermal stress fields are smoothed out;

Downloaded from mms.sagepub.com by guest on September 15, 2015


http://mms.sagepub.com/

34 Mathematics and Mechanics of Solids

T-T,
To
030
0.25 —t/T=0
0.20 — t/7 =0.001
— t/7=0.01
015 — t/7 =0.025
0.10 — t/7 =10.05
005 — t/7=05
‘ ‘ i
0.2 0.4 0.6 0.8 1.0 R,

Figure 8. Temperature field in the sphere for 1% =01,y =1,a,T, = 0.18, uo/poceTo = 0.001 and 87 = 30% at different %

(solid lines: nonlinear solution; dashed lines: linear solution).

‘ . il
0.6 0.8 10 R,
[ — t/7=0
-0.05 — t/7 =0.001
[ — t/7 =0.01
o101 — t/7 = 0.025
, — t/7=0.05
~0.151
i — t/7=10.5
-0.20}

Figure 9. Radial stress field for 1%’; =01,y =1, 00Ty = 0.18and o/ poceTy = 0.001 at different % (solid lines: nonlinear solution;

dashed lines: linear solution).

5" /1o
0.10F
005} — t/r=0
; R — t/7=0.001
; 0.6 0.8 10R, — t/7=0.01
~0.05} — /7 =0.025
~0.10} — t/7 =0.05
_o15k — t/7=10.5
—0.20?___

Figure 10. Circumferential stress field for 1% =01, y =1, 2Ty = 0.18 and wy/poceTy, = 0.001 at different % (solid lines:

nonlinear solution; dashed lines: linear solution).

at large times both the temperature difference T — 7, and thermal stress fields tend to zero. The nonlinear and
linear solutions for the temperature field (Figure 8) show a similar trend but we observe a significant difference
for thermal stress fields between the linear (197) and nonlinear (188) solutions (the maximum relative difference
is of 38% inside the inclusion for 6’ and 6%, see Figures 8—-10). We also observe that in the nonlinear solution
the maximum thermal stress does not necessarily correspond to ¢t = 0, i.e. maximum stress occurs at a later time

t> 0.
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Remark 4.4. We observe that the coupling term in the nonlinear heat equation (194) is negligible. In fact, if
we neglect the coupling term in (194), the resulting solution is only affected in the order of 10~¢. However,
unlike the cylinder case (see Remark 4.2), even when £ is assumed to be constant, the uncoupled nonlinear heat
equation does not reduce to the classical heat equation.

5. Concluding remarks

In this paper we have presented a geometric theory of nonlinear thermoelasticity to study the coupling of nonlin-
ear elasticity with heat conduction. We assumed that the material metric explicitly depends on temperature and
the thermal expansion properties of the body. In this geometric framework the body is always stress free in the
material manifold and there is no need, in the scope of this theory, to introduce a multiplicative decomposition of
the deformation gradient and the so-called intermediate configuration. We obtained the temperature-dependent
governing equations of motion and presented a modified energy balance equation and Clausius—Duhem inequal-
ity to include the rate of change of the evolving material metric. We derived the governing equation of the
evolution of temperature in the form of a generalized coupled heat equation. We showed that by linearization
of the geometric theory, one recovers the classical coupled heat equation from linearized elasticity. Finally, in
order to illustrate the capability of our method, we considered the cases of an infinite circular cylinder and a
spherical ball made of an isotropic, homogeneous, and thermally homogeneous hyperelastic material (a con-
stitutive model is presented in Appendix A). We showed that for a thermal inclusion, if the material thermal
expansion properties are anisotropic, the stress field inside the inclusion develops a logarithmic singularity but
if the material thermal expansion properties are isotropic, the stress field inside the inclusion is uniform and
hydrostatic. Assuming further that the material is thermally isotropic and initially contains a thermal inclusion,
we numerically solved for the evolution of temperature and thermal stress fields for a rubber-like material and
demonstrated the significant differences between the results of the nonlinear theory and those of the classical
linearized thermoelasticity.
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Notes
1. Note that from (40) and (44), we have

4 o, G)arx.6) = 0.
dat Jy

Therefore
But since

the material conservation of mass (46) follows.

2. Note that the balance laws in the form of equations (49a) and (49b) make sense only if we consider a Euclidean ambient space.
One should note that integrating a vector field is meaningless in a general manifold, but we can make sense of it in a Euclidean
space by using its linear structure. In Appendix B, we present an alternative approach for deriving the governing equations of
motion for nonlinear thermoelasticity, equations (50a) and (50b), for a general manifold by using the Lagrangian field theory.
The covariance of the balance of energy can also be used in a general manifold [43, 47, 60, 61].
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3. Note that in [34], there was a typo in the modified Clausius—Duhem inequality (equation (2.37)), which should read

d 1
oNdV>/ pos dV+/ —dA+f [ap°+ ( )]dVJr/ N Ga,
dt U at

where in the last term 6./&/' was mistakenly written as 8 G This correction leads to a few changes in Section 2.4 of [34] without

affecting other sections of the paper. Equation (2.38) should read

N R 0 N
~_D -7
0 =T 1V<T)+p036 G.

Consequently, equations (2.40), (2.41) and (2.43) should, respectively, read

po dE  pog dV T R (0 AN 3G
e 0T = (E— W) > pg— — Div( = .
Ta Ta Pl )z pog —DV{ T ) Frogaig,
PV — po L 4 2 3G NT>1DTQ
0 POd pOaG 3 — L0 T

3\I'+/\/ T+ A P'VV+1(DTQ><0
L0 aT pan - V0 T 5 =

Therefore, the entropy production inequality (after equation (2.44)) is reduced to read

1
—DT.Q <0.
72T Q=
G : N’ . 3G : : dE . 3G
Also, in equation (2. 60), 5¢ G 7 should be substituted by 5 : 57, and in equation (2.62) and what follows, 5 : 57 should be
substituted by % aa?

4. Note that the pressure field —p is the Lagrange multiplier corresponding to the incompressibility constraint and is, in general,
different from the mean stress %tr(a).

5. Truesdell and Noll [52] gave the spatial version of the heat flux response function ¢ = (1//0(? + Y1B+ 1//232> d7, where

B = FFT is the left Cauchy—Green tensor and d7 denotes the derivative of 7(x, ) with respect to the spatial variable x. One can
easily find equation (72) by using the Piola transform Q = J;*q and setting ¢ = Jy, k =0, 1,2.

2
6. Note that (kGAB AT )‘A = kGAB< ST s —TCus 0X¢> + (kG 4 By

X8 axX40x8
7. Note that because %ﬁj) =az = 0and wz(R, Ty) = 0, we have wz(R, T) = 0.
8. Equation (127) is obtained by replacing E by = lzﬁ“’) in equation (9.10.5) in [7] to recover the plane strain solution.

Note that «, remains unchanged because we have an infinite cylinder where the thermal longitudinal stretch does not affect the
solution (cf. discussion in the beginning of this section regarding .z = 0).
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Appendix
A. A nonlinear thermoelastic constitutive model

In this appendix we present, in the context of the proposed geometric theory with a temperature-dependent
material metric, a thermoelastic model for rubber-like materials following the models proposed in [62—66].

For a hyperelastic solid, the free energy provides the material constitutive information given by the indepen-
dent variables (X, T, C, G). The free energy density is defined as v = £ — TN (£ is the internal energy density
and N is the entropy density) and the (hyperelastic) constitutive model reads v = (X, T, C, G). Note that
¥ = pW. The specific heat capacity at constant strain cg is defined as (see equation (75))

P/ _ 79W/p) _ 3E/p)

=T = = 200
0T? oT oT (200)
If we assume that ¢z depends only on temperature, then we can write (note that the material mass density p
depends only implicitly on temperature via the material metric (see (47)), i.e. g—‘} = 0 but j—‘T’ = —Bp)
T
E(Xa T,C(X: T)aG(X, T))_E(Xs T(),C(X, T)’G(X: T)):IO(X’G(X5 T)) CE(T)dT, (201)
To
and
T dt
NX,T,CX,T),6X,T)) — NX, To, CX, T), GX, T)) = p(X,GX, T)) | ce(r)—. (202)
To T
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We can therefore write

v(X, T,CX, T),G(X,T)) = T%MX’ To, CX, T), G(X, T)) — (Tlo - 1) E(X, Ty, C(X, T), GX, T))
, (203)

—o(X,GX,T) | ex(t)—Ldr.
To

In the case of an isotropic solid, the specific free energy ¥ depends on I = tr(C), II = det(C)tr(C™') =

%(tr(Cz) —tr(C)*)and J = ,/ ffettg , which are the principal invariants of C. Furthermore, experiments suggest

that for rubber-like materials, the internal energy density depends only on the volumetric part of deformation
[67], i.e. we can write E = E(T,J). Note that this confirms the assumption made on ¢y = cg(7T'). Following the
works cited above, if we denote by kg, 1o and By, the bulk modulus, the shear modulus, and the volumetric coef-
ficient of thermal expansion at 7}, respectively, we consider the following constitutive model for a homogeneous
isotropic rubber-like material

V(T IX. DI, D) = S0 =3)+ 20 = DL E(T0.d) = koo TolJ = D, (204)

where I = J~2/I. It follows that [66]

T - T T
FA=94 9 T0 -1 ap DT =T = p [ cxto)

To

Ho

Y.L == * . (205)

In the incompressible case, we have the constraint./ — 1 = 0 associated with the pressure field p as the Lagrange

multiplier
T

o T
W(T,I,J)=%7(I—3)—pr H(D)

Cdr —pJ — 1), (206)

One may now ask whether it is possible to find a relation between the function @(7) appearing in the material
metric and the free energy (205). The answer is affirmative. Let us consider a homogeneous body modeled by
the free energy density (205) and assume that it is stress-free at the uniform temperature 7. Now let us assume
that the temperature of the body is changed to another uniform temperature 7. The body undergoes a purely
volumetric deformation and remains stress free. Note that the mean Cauchy stress o = %tr(a) is given by

oy T
= —n— (] —1)— T —1Ty) =0. 207
o =37 =g ( ) — x0Bo( 0) (207)
Therefore 7
J =1+ BT, (1 - 70) (208)
On the other hand, note that we have for this deformation
J = e"@?), (209)
It follows from equations (208) and (209) that
Ty
tr(w(7T)) = In |:1 + BoTy <1 — 7)] , (210)

and hence (note that we recover the result derived in [65, equation (102-¢)])

T2
Bozs

T+ BTy (1= %)

B(T) = 21D
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B. Lagrangian field theory of nonlinear thermoelasticity

In this appendix we derive the governing equations of motion using a modified Hamilton’s least action principle
for nonconservative systems in the form of Lagrange—d’Alembert’s principle as nonlinear thermoelasticity is,
in general, dissipative. We define the Lagrangian to be amap L : TC x R — R such that for a motion ¢; of B

L((pt, ¢t, T) = / E(Xa T: @t(X), (pf(X)a d(Xs l)’ G(Xs T))dV(X, G)s (212)
B
where we assume the Lagrangian density £ = £(X, T, ¢, ¢, C’, G) is given by

1 a-
L= 5 PZud @" — pU(X,T,0,C,G). (213)

The action functional is defined as amap S : C x R — R such that for a motion ¢ of B
5]
S(e, T) = f L(¢s, @1, T)dt. (214)
f
In order to take variations, we let ¢, be a 1-parameter family of motions such that (for fixed 7 and €, we let
Pe (X) == @c(X, 1))
Yo, = ¢t
Yeilyp = @ilog (215)
(pé,ll = (ptlz 906,12 = §0t2-

For fixed X and ¢, we consider the curve ¢, x : € — ¢, x(€) := ¢, «(X), and define the variation of motion as the
spatial vector given by

Sp(X, 1) = depr.x [0] .~ (216)

Let T.(X,t) be a 1-parameter family of temperature fields such that 7._o(X, ¢) = T(X,¢) and for fixed X and ¢,
we define the variation of temperature as the scalar field

dT.
§T = —| . (217)
de | _,
We write the variation of S as a total derivative along the curve ¢, x evaluated ate = 0
d
85(p.T) = —-S(¢c. T.) 218)
€ e=0

For a conservative system, Hamilton’s least action principle states that the physical motion ¢ and temperature
evolution of BB between ¢, and ¢, is the critical point for the action functional, i.e. the variation of S at (¢, T)
vanishes

3S(p,T) = 0. (219)

However, nonlinear thermoelasticity is, in general, dissipative. We assume the existence of a Rayleigh
dissipation potential R = R(¢, ¢, T, T) such that

IR IR
F=-"""and Fr=——, (220)
3¢ a7

where F represent dissipation by damping and F7 represents thermal dissipation. The Lagrange—d’Alembert’s
principle (see [34, 68]) states in the case of nonlinear thermoelasticity that

t [5)
8 / / LX,T,p,¢,C,G)dVdt + / / (F.8¢ + Fr8T)dVdt = 0. (221)
f B H B
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It follows by Lagrange—d’ Alembert’s principle that

2 oL oL oL 1 9/detGL oL
8o+ — 8¢+ —:8C° + G + —8T | dvdt
/,l /3<8g0 YT T a0 JdetG 3G aT )

| (s Bt ara

For different values of ¢, the velocity vector field ¢, lies in different tangent spaces 7T, (x,)S. Therefore, the
variation of the velocity is given by its covariant derivative along the curve ¢, x in S evaluated at € = 0 (note
that we use the symmetry lemma, see [41, 69])

(222)

D
de

_ Déy
=0 dt

8¢ = Vs = (223)

Unlike the velocity vector field, the material tensor fields G and C° lie in the same space when ¢ is varied.
Therefore, their variations are given by the total derivative with respect to € evaluated ate = 0

8G = G| _ dGar (224)
o de le=0 B dr ’
ac’ d d
5C° = — (¢* 0w = ¢*Ls,g. 225
de le—o d ((pege) o de ((p @ wege) o ¢ Lsp8 ( )
In components, equation (225) reads
8Cup = F*48ac89° 5 + F 58089 1. (226)

Let us first consider the variation of motion only, and from equation (222), it follows by Stokes’ theorem and
arbitrariness of ¢ that
oL 1 D oL oL R
— — ( det G— ) — 2( Fngab) = (227)
dp*  J/detGdt dg¢ dCup w09

For the Lagrangian density equation (212), we have (recall that mass conservation (46) can be written as Z; +
2ot (5) =0)

1 D oL
Vde tG ) = pgwpA’. (228)
det Gdt( .«
Note that as in equation (68), we write
S— 2 oL _> ow (229)
I To i Yok
Therefore, equation (227) yields the local form of the balance of linear momentum
pB + DivP = pA, (230)
where B = — % — ;l_> ‘?; is the total body force per unit undeformed mass, and P(X, ¢) is the first Piola—Kirchhoff

stress tensor P = FS. Note, however, that we obtain the local form of the balance of angular momentum as a
consequence of equation (229) and the symmetry of the right Cauchy—Green deformation tensor

PF" = FP". (231)

Next, we consider the variation of temperature only, and from equation (222), it follows by arbitrariness of 6T
that

oL 1 9vdetGL dG  9R (232)
JdetG 090G AT T
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Therefore, equation (232) is simplified to read (recall equation (46))
— = —p——. (233)

By integration of equation (233) with respect to 7', we find that

ov .

. owv .
)T, = —p—T — p— G ' 234
R(p,0,T,T) PoT rve + g(p, 9), (234)

where g = g(p, ¢) is an arbitrary function. Therefore

IV AV dG dg
Fr=p—+p—:—, F=—>-

: == 235
aT ' "G dr’ 3¢ (235)

In the case of thermoelasticity we can further assume that dissipation is only due to temperature and take the
Rayleigh potential as a function of G and G only, i.e. g(¢, ¢) = 0, and hence

R(I,T)= —p—T — p—:G. (236)
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