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Abstract. This article offers a detailed comparison of the transition elements described by P.P. Lynn and A.R. In-
graffea [International Journal for Numerical Methods in Engineering12, 1031–1036] and C. Manu [Engineering
Fracture Mechanics24, 509–512]. The source of a numerical phenomenon in using Manu’s transition element (TE)
is explained. The effect of eight-noded TEs with different quarter-point elements (QPE) on the calculated stress
intensity factors (SIFs) is investigated. Strain at the crack tip is shown to be singular for any ray emanating from
the crack tip within an eight-noded TE, but strain has bothr−1/2 andr−1 singularities, withr−1/2 dominating for
large TEs. Semi-transition elements (STEs) are defined and shown to have a marginal effect on the calculated SIFs.
Nine-noded transition elements are formulated whose strain singularity is shown to be the same as that of eight-
noded TEs. Then the effect of eight-noded and nine-noded TEs with collapsed triangular QPEs, and rectangular
and nonrectangular quadrilateral eight-noded and nine-noded QPEs, is studied, and nine-noded TEs are shown
to behave exactly like eight-noded TEs with rectangular eight-noded and nine-noded QPEs and to behave almost
the same with other QPEs. The layered transition elements proposed by V. Murti and S.Valliapan [Engineering
Fracture Mechanics25, 237–258] are formulated correctly. The effect of layered transition elements is shown by
two numerical examples.
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1. Introduction

The calculation of the stress intensity factor (SIF) by the finite element method has attracted
many researchers in the last two decades. For purposes of analyzing a cracked body, quarter-
point crack tip elements have been the most successful. Quadratic quarter-point elements
(QPE) were proposed independently by Henshell and Shaw (1975) and by Barsoum (1976,
1977). These singular elements have been used successfully to date in linear elastic fracture
mechanics. Less successful have been efforts to characterize and utilize transition elements
(TEs) to calculate SIFs. This study returns to the works that originated the concept of TEs to
discover why the concept has not succeeded to date.

Lynn and Ingraffea (1978) introduced the concept of transition elements. They showed
that, for the second layer of elements around the crack tip, by varying the placement of the
mid-nodes between quarter-point and mid-point, the singularity point can be put at the crack
tip. Lynn and Ingraffea calculated the position of the mid-node in terms of the lengths of the
QPE and the TE. Then they used a layer of these transition elements adjacent to singular
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elements and observed that, for smallLQ/a (the ratio of singular crack tip element length to
crack length), using TEs improves the accuracy of the calculated stress intensity factors (SIFs).
Yet Lynn and Ingraffea did not point out that, in their numerical example, reducing crack tip
element length automatically increasesLT /LQ (the ratio of TE length to QPE length). As a
matter of fact, along withLQ/a, LT /LQ also plays an important role in the effects of TEs on
the accuracy of calculated SIFs.

Manu (1986) reconsidered this problem and obtained a different TE than had Lynn and
Ingraffea. He showed thatLT /LQ affects the effect of the TEs. Manu observed that using
his TEs, for largeLT /LQ ratios, the sign of the error in the SIFs changes. In this paper we
explain this numerical phenomenon. Hussain, et al. (1981), extended the concept of transition
elements to cubic isoparametric elements. They concluded that TEs improve the accuracy of
results only whenLT /LQ is large. They mentioned that the application of TEs has not been as
successful as that of QPEs because, for these elements, ‘the crack tip senses not only the square
root singularity but also a stronger singularity’ (p. 1404). Here, we will show this analytically.
But this does not reveal the reason for the lack of success in previous applications of TEs: the
problem with TEs is that they are effective only for largeLT /LQ. Appendix 1 shows that the
quadratic TE proposed by Hussain, et al. is the same as that found by Lynn and Ingraffea.

Other researchers have examined various aspects of TEs. Murti and Valliapan (1986)
argued that transition elements were incorrectly formulated by Lynn and Ingraffea. They
proposed that the transition element size must be at a certain ratio to that of the QPE. In
their numerical analyses, they used layered transition elements and found them useful for
calculating SIFs in deep cracks. Lim, et al. (1991), demonstrated that Manu, and Murti and
Valliapan, incorrectly formulated their transition elements and that the original formulation by
Lynn and Ingraffea is correct. Horva’th (1994) considered annth order isoparametric element
as a transition element for anr(1−m)/m strain singularity problem. She showed that in the
special case ofm = n = 2 her TEs are identical to the TEs found by Lynn and Ingraffea.

This paper offers a detailed comparison between Lynn and Ingraffea’s and Manu’s TEs and
an explanation of underestimation of SIFs using Manu’s TEs in Section 2. Strain singularity
for an eight-noded TE along an arbitrary ray emanating from the crack tip is investigated
in Section 3. In Section 4, nine-noded TEs are formulated and their strain singularity in-
vestigated. Semi-transition elements are introduced in Section 5. A correct formulation of the
layered transition elements of Murti and Valliapan is presented in Section 6. Section 7 presents
numerical results.

2. Transition elements according to Lynn and Ingraffea, and Manu

This section offers a detailed comparison of Lynn and Ingraffea’s and Manu’s TEs. Here, the
mid-node position is called the ‘transition point.’ There has been controversy over the exact
position of transition points of quadratic TEs.

Using Manu’s notations (1986, Figure 1), for the quarter-point and transition element
assemblage, Lynn and Ingraffea proposed the following relation betweenp andq

p = 1− q +√q2 + 2q

2
. (1)

Manu proposed a different relation

p = 2q + 1

2(q + 1)
. (2)
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Figure 1. Manu’s and Lynn and Ingraffea’s transition points.

The variation of the position of the transition point(p/2) versus theLT /LQ ratio is shown
in Figure 1. For a standard element,p/2 = 0.5, and for a QPE,p/2 = 0.25. As can be
seen, Manu’s transition point is always closer to the crack tip than Lynn and Ingraffea’s. The
singularity point of Lynn and Ingraffea’s TE is at the crack tip. When an incorrect value is
used for a transition point, the singularity point will no longer coincide with the crack tip. For
anyLT /LQ, (2) gives a ‘p.’ Substituting this ‘p’ in (1), we obtain a ‘q.’ This ‘q’ value is not
equal to 2LQ/LT ; it is equal to 2L′Q/LT . If we assume a constantLT , this means that we have
a fictitious QPE whose length isL′Q. The corner node of this fictitious QPE does not coincide
with the crack tip. The distance between the crack tip and the corner node of this fictitious
QPE is denoted bye (the eccentricity of the singularity point from the crack tip). In Figure 2
the variation ofe/LQ is shown. As can be seen, for very largeLT /LQ values, thee/LQ
approaches unity. In Figure 3, Murti and Valliapan’s TE (forLT /LQ = γ1 = 1.5524077) is
compared with the TE proposed by Lynn and Ingraffea and by Manu. It can be easily shown
that forLT /LQ = γ1

|eMurti & Valliapan| < |eManu|. (3)

Manu observed that by using his transition element the sign of the error of the calculatedKI

changes for largeLT /LQ values. Later Lim et al. (1991), observed that for largeLT /LQ ratios
Manu’s formulation yields substantially different results than those of Lynn and Ingraffea.
They concluded that this ‘large discrepancy can perhaps be expected because of the incor-
rect ε-q relationship’ (p. 981) postulated by Manu. Now we present an explanation for this
numerical phenomenon: In Lynn and Ingraffea’s TE, the singularity point always coincides
with the crack-tip independent ofLT /LQ. In Manu’s TE (Figure 4), asLT /LQ increases, the
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Figure 2. Eccentricity from the crack tip of Manu’s singularity point.

Figure 3. Comparison between the transition points and singularity points of three transition elements.

Figure 4. Singularity point line of a large TE (Manu).
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singularity point line (the line that passes through the singularity points of the two edges)
approaches AB. Also,

h

(LQ + LT ) tanα
= LQ

LQ + LT . (4)

Obviously, for largeLT /LQ the ratio shown in (4) is very small. Therefore, for largeLT /LQ,
Manu’s TE behaves approximately like an untied collapsed triangular QPE. Quarter-point
elements are known to be more compliant than standard elements; therefore, ifLT /LQ is
large, the elements in the second row around the crack tip act as QPEs, and hence the stiff-
ness of the system around the crack tip is reduced. This is the reason for Manu’s numer-
ical phenomenon. For largeLT /LQ, using Manu’s TEs, the SIF (calculated by displacement
extrapolation method) will be grossly underestimated.

As was demonstrated by Lim et al. (1991), the original formulation of Lynn and Ingraffea
is correct. Therefore, throughout this paper, when we write ‘transition elements,’ we refer to
Lynn and Ingraffea’s TEs. However, for comparison, in our numerical examples we use both
Lynn and Ingraffea’s and Manu’s TEs.

3. Eight-noded transition elements

This section investigates the stress singularity within an eight-noded transition element, a
problem that has been thoroughly studied for QPEs. Barsoum (1977) showed that, for a col-
lapsed triangular QPE, stress is singular at the corner node for any ray emanating from the
crack tip. He also indicated that, for an eight-noded quadrilateral QPE, stress is singular only
along the two boundary lines. Hibbitt (1977) showed that the strain energy of these elements
is unbounded. Later, Ying (1982) demonstrated that Hibbitt’s proof was incorrect and that
the strain energy of eight-noded quadrilateral elements is indeed bounded. Banks-Sills and
Bortman (1984) showed that, for an eight-noded QPE, strain is singular in a small region
adjacent to the crack tip, and the strain energy of this element is bounded. Later, Banks-
Sills (1987) reconsidered this problem, and showed that these characteristics hold only for
rectangular QPEs.

Using notation similar to that used by Hussain et al. (1981), we assume the length of the
QPE to be unity. For a quadratic element, we know that

x =
8∑
i=1

Ni(ξ, η)xi,

y =
8∑
i=1

Ni(ξ, η)yi, (5)

where thexi ’s andyi ’s are nodal coordinates and theNi ’s are shape functions. The eight-noded
Serendipity element has the following shape functions in the normalized system

Ni = [(1+ ξξi)(1+ ηηi)− (1− ξ2)(1+ ηηi)− (1− η2)(1+ ξξi)]ξ2
i η

2
i /4

+(1+ ξ2)(1+ ηηi)(1− ξ2
i )η

2
i /2+ (1− η2)(1+ ξξi)(1− η2

i )ξ
2
i /2. (6)
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Figure 5. (a) Parent element inξη-plane, (b) Eight-noded transition element in the physical coordinate system.

Figure 5 shows an eight-noded element in physical and normalized coordinate systems. It can
be shown that for this element we have1

x = √1+ h+ 1
2hξ + 1

2[1+ 1
2h−

√
1+ h](1+ ξ2) = f (ξ),

y = `(1+ η)
2(1+ h){

√
1+ h+ 1

2hξ + 1
2[1+ 1

2h−
√

1+ h](1+ ξ2)} = `(1+ η)
2(1+ h)f (ξ). (7)

Now let

K(h) = 1
2[1+ 1

2h−
√

1+ h]. (8)

It can be easily shown that

f (ξ) = K(h)
(
ξ + h

4K(h)

)2

. (9)

For this element

r =
√
x2 + y2 =

√
4(1+ h)2+ `2(1+ η)2

2(1+ h) f (ξ). (10)

1 These symbolic computations were done by MATHCAD.
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Forη = constant(θ = constant) we have

r = mf (ξ), (11)

wherem is a constant for any ray emanating from the crack tip. Therefore, from (9) and (11)
we have

ξ + h

4K(h)
=

√
r√

mK(h)
. (12)

The Jacobian of transformation is given by

[J ] =


∂x

∂ξ

∂y

∂ξ

∂x

∂η

∂y

∂η

 =
 f

′(ξ)
`(1+ η)
2(1+ h)f

′(ξ)

0
`

2(1+ h)f (ξ)

 (13)

and

det[J ] = `

2(1+ h)f (ξ)f
′(ξ). (14)

Using Barsoum’s (1977) notations

[J ]−1 =
[

I11 I12

I21 I22

]
=


1

f ′(ξ)
−1+ η
f (ξ)

0
2(1+ h)
f̀ (ξ)

 . (15)

For an eight-noded isoparametric element, displacements are expressed as

u =
8∑
i=1

Ni(ξ, η)ui,

v =
8∑
i=1

Ni(ξ, η)vi, (16)

whereui and vi are nodal displacements. The derivatives ofu, v with respect toξ , η are,
according to Barsoum (1977),

∂u

∂ξ
= a0 + a1(1+ ξ), (17a)

∂u

∂η
= b0 + b1(1+ ξ)+ b2(1+ ξ)2, (17b)

∂v

∂ξ
= c0+ c1(1+ ξ), (17c)
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∂v

∂η
= d0 + d1(1+ ξ)+ d2(1+ ξ)2, (17d)

wherea0, a1, b0, b1, b2, c0, c1, d0, d1, andd2 are constants for a given set of nodal displace-
ments, and along any lineθ = constant. We know that

∂u

∂x
= I11

∂u

∂ξ
+ I12

∂u

∂η
. (18)

Substituting (15), (17a), and (17b) into (18) yields

∂u

∂x
= a0+ a1(1+ ξ)

f ′(ξ)
− b0 + b1(1+ ξ)+ b2(1+ ξ)2

f (ξ)
(1+ η). (19)

Equation (19) can be rewritten as

∂u

∂x
=

ā0 + ā1

(
ξ + h

4K(h)

)
f ′(ξ)

−
b̄0+ b̄1

(
ξ + h

4K(h)

)
+ b̄2

(
ξ + h

4K(h)

)2

f (ξ)
(1+ η), (20)

where

ā1 = a1, ā0 = a0 + a1

(
1− h

4K(h)

)
(21a)

b̄2 = b2, b̄1 = b1 + 2b2

(
1− h

4K(h)

)
,

b̄0 = b0+ b1

(
1− h

4K(h)

)
+ b2

(
1− h

4K(h)

)2

. (21b)

Substituting (12) into (20), we obtain

∂u

∂x
=

ā0 + ā1

√
r√

mK(h)

2

√
K(h)

m

√
r

−
b̄0+ b̄1

√
r√

mK(h)
+ b̄2

r

mK(h)
r

m

(1+ η)

= A0+ A1√
r
+ A2

r
. (22)

Similarly, it can be shown that all the other displacement derivatives have the same form
as (22). We cannot have any constraint on the nodal displacements; therefore, for any ray
emanating from the crack tip, we have bothr−1/2 andr−1 strain singularities. Thus, for any
ray emanating from the crack tip,εxx, εyy andεxy have bothr−1/2 andr−1 singularities.
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Furgiuele and Luchi (1989) showed that for an untied collapsed triangular QPE (without
any constraint on nodal displacements of the three nodes with the same position),εrr hasr−1/2

singularity whileεθθ andεrθ retain bothr−1 andr−1/2 singularities. We show below that this
is also the case for eight-noded TEs. We know that

εrr = ∂ur

∂r
= ∂u

∂x
cos2 θ + ∂v

∂y
sin2 θ +

(
∂u

∂y
+ ∂v
∂x

)
sinθ cosθ

=
(
∂u

∂x
cosθ + ∂u

∂y
sinθ

)
cosθ +

(
∂v

∂x
cosθ + ∂v

∂y
sinθ

)
sinθ. (23)

From (7) we have

tanθ = y

x
= `(1+ η)

2(1+ h). (24)

We also know that

∂u

∂x
cosθ + ∂u

∂y
sinθ = cosθ

f ′(ξ)
∂u

∂ξ

+ 1

f (ξ)

[
−(1+ η) cosθ + 2(1+ h)

`
sinθ

]
∂u

∂η
. (25)

The second term is responsible for ther−1 singularity. But from (24) it can be concluded that

−(1+ η) cosθ + 2(1+ h)
`

sinθ = 0. (26)

Similarly,

∂v

∂x
cosθ + ∂v

∂y
sinθ = cosθ

f ′(ξ)
∂v

∂ξ

+ 1

f (ξ)

[
−(1+ η) cosθ + 2(1+ h)

`
sinθ

]
∂v

∂η

= cosθ

f ′(ξ)
∂v

∂ξ
. (27)

Therefore,εrr has onlyr−1/2 singularity. Theεrθ andεθθ have bothr−1/2 andr−1 singularities,
characteristics similar to those of an untied collapsed triangular QPE. In summary, for eight-
noded transition elements,εxx, εyy , εxy, εrθ , andεθθ have bothr−1/2 andr−1 singularities and
εrr has onlyr−1/2 singularity.

Banthia (1985) studied collapsed eight-noded finite elements. He showed that, for col-
lapsed triangular QPEs without any constraints on nodal displacements, whether or not the
r−1 strain singularity can be modeled by the element depends strongly on the size of the
element (and on the nodal displacements). He showed that, for small QPEs,r−1 dominates.
Here, for a TE (and a constant QPE size), asLT increases, the displacements of the nodes
nonadjacent to the QPE increase, while the displacements of the three nodes adjacent to the
QPE remain unchanged. Therefore, according to Banthia’s argument, for this elementr−1/2

dominates, which is desirable in linear elastic fracture mechanics.
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Figure 6. Assemblage of a nine-noded QPE and a nine-noded TE.

Up to now, no one has studied the effect of nine-noded transition elements on SIFs. In
the next section, we formulate nine-noded transition elements and in Section 7, we perform
numerical comparison of eight-noded and nine-noded TEs.

4. Nine-Noded Transition Elements

Banks-Sills and Einav (1987) studied nine-noded square quarter-point elements. They ob-
tained two possible positions for the ninth node(p = 3

8,
11
32). They studied a square QPE

and used square QPEs in their first numerical example, obtaining slightly better results than
they achieved with eight-noded QPEs. Their second numerical example used nonrectangular
quadrilateral nine-noded QPEs. In this case the results were less accurate than those obtained
using eight-noded QPEs. Based on their numerical examples, Banks-Sills and Einav determ-
ined that nothing conclusive can be said about nine-noded QPEs. However, they did not notice
that their formulation was based on the assumption that the element under study is square. In
our numerical examples, the effects of TEs with nine-noded QPEs are studied.

Figure 6 shows an assemblage of a nine-noded TE and a nine-noded QPE. It can be easily
shown that transition points for the edges AB and CD are the same as they are for an eight-
noded TE. This is also the case for the ninth node; that is, the node ‘c’ lies on the line segment
ab. In Section 7, the effects of nine-noded TEs with different types of quarter-point elements
are numerically studied.

The study of the strain singularity of nine-noded TEs can follow a pattern similar to that by
which we studied eight-noded TEs. For a nine-noded TE, the transformation between physical
and normalized systems can be shown to be the same as it is for an eight-noded TE. The
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derivatives ofu, v with respect tox, η are similar to eight-noded elements and can be expressed
as

∂u

∂ξ
= e0 + e1(1+ ξ), (28a)

∂u

∂η
= f0+ f1(1+ ξ)+ f2(1+ ξ)2, (28b)

∂v

∂ξ
= g0+ g1(1+ ξ), (28c)

∂v

∂η
= h0+ h1(1+ ξ)+ h2(1+ ξ)2, (28d)

wheree0, e1, f0, f1, f2, g0, g1, h0, h1, andh2 are constants for a given set of nodal displace-
ments and along any lineθ = constant (η = constant).

Therefore, for nine-noded TEs, along any ray emanating from the crack tip,εxx, εyy , and
εxy have bothr−1/2 andr−1 singularities. Also,εrr has onlyr−1/2 singularity andεrθ andεθθ
have bothr−1/2 andr−1 singularities. For largeLT , r−1/2 singularity dominates.

Both eight-noded and nine-noded TEs are nonrectangular quadrilateral. In the next section,
we study the potential of rectangular elements to model the strain singularity when they are
used in the second row of finite elements around the crack tip.

5. Semi-transition elements

Transition elements are nonrectangular quadrilateral elements that are used in the second layer
around the crack tip and whose two edges are along the crack tip. Assume that we want to use
a mesh whose elements are only rectangular; therefore the elements in the second layer from
the crack tip are also rectangular. Around the crack tip are four rectangular QPEs, as shown
in Figure 7. In the second layer are twelve elements. Any of the eight shaded elements has
one edge along the crack tip; the parallel edge is not along the crack tip. If we put the mid-
node of the edge along the crack tip at the transition point, this rectangular element is called,
semi-transition element (STE).

Nothing can be said about semi-transition elements before a numerical analysis is per-
formed. But we can guess that they cannot be as effective as TEs, because: (1) they cannot
have largeLT /LQ ratio because in that case we will have an element with a large aspect ratio,
and (2) these elements have only one singular ray. We investigate numerically the effects of
these elements on SIFs in Section 7.

6. Layered transition elements

In a finite element mesh, around the crack tip we can have only one layer of crack-tip elements,
because crack-tip elements have to have one edge in common with a crack face. However, we
do not have such a restriction for TEs. Murti and Valliapan (1986) introduced the concept
of layered transition elements (LTE). Their idea, while worthy, was unfortunately presented
using an incorrect formulation. We present below the correct formulation of layered transition
elements.
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Figure 7. A rectangular mesh around the crack tip; dashed elements are semi-transition elements.

Murti and Valliapan’s Figure 7 shows the assemblage of three transition elements and a
quarter-point element. For all the TEs, the singularity point lies at the crack tip. The length of
thenth TE is denoted byLTn. For finding thenth transition point it is assumed that the QPE
and then− 1 other TEs before thenth TE constitute a fictitious QPE whose length is denoted
byL′Q. Thus,

L′Qn = LQ +
n−1∑
i=1

LT i, (29a)

qn = 2LQ
LT
=

2LQ + 2
n−1∑
i=1

LT i

LTn
, (29b)

Therefore, for each TE we have aqn. Substitutingqn from (29) into (1) we obtain

1
2pn =

1− qn +
√
q2
n + 2qn

2
. (30)

Layered transition elements are useful in problems where bothLQ/a andLT /LQ (of the first
layer of TEs) are small. The effects of the LTEs are shown numerically in Section 7.

7. Numerical examples

Up to now, all investigations of the effects of TEs have considered only TEs with collapsed
triangular QPEs. In this study collapsed triangular, eight-noded, and nine-noded quadrilateral
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Figure 8. A quarter of a double-edge-cracked plate; elements A, B, C, and D are transition elements. (a) with
triangular QPEs; (b) with rectangular QPEs.

QPEs are considered. In all the numerical analyses presented here, a displacement extrapol-
ation method with linear regression is used and a plane stress condition is assumed. For the
displacement extrapolation method, the normal displacement component (v) along the crack
face is used. In all these numerical examples the material used is steel withE = 30000 ksi
andν = 0.3. Four geometries are considered for the numerical analyses:

(1) Double-edge-cracked plate under uniform remote stress.
(2) Arch-shaped specimen in bending.
(3) Three-point bend specimen.
(4) Center-cracked plate under uniform remote stress.

In the first two numerical examples we compare all possible combinations of TEs and
QPEs, in order to identify the combination that yields the most accurate SIFs.

As the first numerical example, a double-edge-cracked plate under uniform remote stress
is considered (Figure 8). The dimensions are the same as those of Lynn and Ingraffea’s and
Manu’s numerical examples. Our mesh is similar to that of Lynn and Ingraffea. Eight different
cases are examined (in each case both Lynn and Ingraffea’s and Manu’s TEs were used for
comparison):
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Figure 9. Percentage error of the calculatedKI values with collapsed triangular (T8) and rectangular (Q8) QPEs.

Figure 10. Comparison between the effects of TEs with eight-noded and nine-noded(p = 11/32) QPEs.
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Figure 11. A quarter of a double-edge-cracked plate; shaded elements are semi-transition elements. (a)
LT /LQ = 1; (b)LT /LQ = 2.

(1) Collapsed triangular QPEs with eight-noded TEs.
(2) Collapsed triangular QPEs with nine-noded TEs.
(3) Eight-noded QPEs with eight-noded TEs.
(4) Eight-noded QPEs with nine-noded TEs.
(5) Nine-noded QPEs(p = 3

8) with eight-noded TEs.

(6) Nine-noded QPEs(p = 3
8) with nine-noded TEs.

(7) Nine-noded QPEs(p = 11
32) with eight-noded TEs.

(8) Nine-noded QPEs(p = 11
32) with nine-noded TEs.

In this example, the eight-noded and nine-noded QPEs are square. Figure 9 shows the
percentage error that occures when collapsed triangular and eight-noded square QPEs are
used, versusLQ/a. The curves are similar to those of Lynn and Ingraffea. As can be seen
for small LQ/a, using TEs improves the accuracy of the SIFs. ButLQ/a is not the only
important factor. Lynn and Ingraffea did not explore the fact that, by using this specific mesh,
when reducingLQ/a, theLT /LQ automatically increases; actuallyLT /LQ = (LQ/a)−1− 1.
Using this mesh we can change these two parameters simultaneously and see the effects of the
TEs more easily.

If we have smallLQ/a and smallLT /LQ, the TEs will have no important effect because
in that case the (standard) elements in the third layer should be able to model a part of the
singularity. But they cannot, and this is a source of error.
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Figure 12. Percentage error of the calculatedKI values with STEs and with eight-noded QPEs.

Figure 13. One half of an arch-shaped specimen in bending. (a) collapsed triangular QPEs; (b) quadrilateral QPEs.
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Figure 14. Comparison of eight-noded and nine-noded nonrectangular quadrilateral QPEs for an arch-shaped
specimen in bending.

With collapsed triangular and rectangular eight-noded QPEs, eight-noded and nine-noded
TEs have exactly the same effects on the accuracy. So the TE in Figure 9 stands for both
eight-noded and nine-noded TEs. Qualitatively, TEs have similar effects with either QPE.
Then nine-noded QPEs(p = 3

8) are used. They behave exactly the same as eight-noded QPEs
in this case and the effects of the eight-noded and nine-noded TEs are also exactly the same
for this QPE. Figure 10 compares the effects of TEs with eight-noded and with nine-noded
(p = 11

32) QPEs. As can be seen, the qualitative effect of the TEs with nine-noded QPEs
(p = 11

32) is similar to that of the other cases. In this case nine-noded QPEs give slightly better
results. Again, eight-noded and nine-noded TEs have exactly the same effects.

Figure 11 shows two other meshes for the double-cracked plate. In these meshes only
rectangular elements are used for studying semi-transition elements. In case (a),LT /LQ = 1,
and in case (b),LT /LQ = 2. In Figure 12, the effects of the STEs are shown forLT /LQ =
1,2. As can be seen, the STEs have a marginal effect; they improve the accuracy a little. For
both cases, when the mid-node of the parallel edge is placed at the transition point the results
are a little worse than they are in the case without STEs. Therefore, for creating STEs, only
the position of the mid-node of the edge that is along the crack tip must be changed. STEs
have two problems (as is pointed out in Section 5). The first problem is that they have only one
singular ray; the second problem is that for STEs we cannot have largeLT /LQ because then
we have an element with a very large aspect ratio, which is not acceptable in finite element
analysis. In all the cases for largeLT /LQ (and smallLQ/a), Manu’s TEs give very inaccurate
results, as we explained in Section 2.

As the second numerical example, an arch-shaped specimen in bending is considered. Only
one half of the specimen is modeled as shown in Figure 13. The inner and outer radii of the
specimen areR1 andR2(= 5R1/3), respectively, anda = R1/3. In this case nonrectangular
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Figure 15. Percentage error of the calculatedKI values for an arch-shaped specimen using collapsed triangular
QPEs.

quadrilateral QPEs are used. HereLQ+LT = L is assumed to be constant(L = a/2). As was
done for the first numerical example, eight cases are investigated. In Figure 14, eight-noded
and nine-noded(p = 11

32)QPEs and the effects of the TEs are compared. Clearly, eight-noded
QPEs give better results. Eight-noded TEs have almost the same effect as nine-noded TEs;
actually, the difference between them is very small.

In Figure 15, the effect of TEs with collapsed triangular QPEs is shown. The effects of
eight-noded and nine-noded TEs are almost the same. In Figure 16, nine-noded QPEs(p =
3
8, p = 11

32) with and without TEs are compared. As can be seen, without TEs both nine-noded
QPEs behave almost the same, but when using TEs,p = 11

32 gives slightly better results. Again
with nine-noded QPEs(p = 3

8, p = 11
32), eight-noded and nine-noded TEs have almost the

same effects. Again Manu’s TEs badly underestimateKI for largeLT /LQ.
In the third and fourth numerical examples, the effect of layered TEs is studied. In both

cases, two layered TEs are considered. The third numerical example examines a three-point
bend specimen (Figure 17). Here,L = LQ +LT 1+ LT 2(L = a/4) is assumed to be constant
andLT 1/LQ = 2. We consider three cases: one without using TEs, one using only one layer
of TEs, and one using two layers of TEs. The first layer of TEs has a smallLT /LQ(= 2). So,
as can be seen in Figure 18, these TEs have almost no effect. WhenLQ/a is small, using two
layers of TEs improves the accuracy of the results.

In the fourth numerical example the same three part investigation is conducted for a center-
cracked plate under uniform remote stress (Figure 19). The meshes are the same for the two
numerical examples; for the three-point bend specimen one-half of the beam, and for the
center-cracked plate a quarter of the plate are modeled. As can be seen in Figure 20, the
results are similar to those depicted in Figure 18.
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Figure 16. Comparison between nine-noded QPEs withp = 11/32 andp = 3/8 for an arch-shaped specimen in
bending.

Figure 17. One half of a three-point bend specimen.



246 Arash Yavari et al.

Figure 18. Effect of layered TEs for a three-point bend specimen,LT 1/LQ = 2(L = LQ + LT 1 + LT 2).

Figure 19. A quarter of a center-cracked plate under uniform remote stress.

8. Conclusions

In this paper, a detailed comparison of Lynn and Ingraffea’s and Manu’s TEs was offered. We
showed that large Manu’s TEs reduce the stiffness of the system around the crack tip and hence
grossly underestimate SIFs. Strain singularity of eight-noded TEs was investigated. For these
TEs along any ray emanating from the crack tip,εxx, εyy , εxy, εrθ , andεθθ have both r−1/2

and r−1 singularities, whileεrr has onlyr−1/2 singularity. But for largeLT , r−1/2 dominates
for all strains. Nine-noded TEs were formulated whose transition points were shown to be the
same as those for eight-noded TEs. The strain singularity is also the same for both nine-noded
and eight-noded TEs. We showed numerically that transition elements have qualitatively the
same effect, whether they are used with collapsed triangular QPE, eight-noded rectangular
and nonrectangular quadrilateral QPEs, or nine-noded rectangular and nonrectangular quadri-
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Figure 20. Effect of layered TEs for a center-cracked plate under remote uniform stress,
LT 1/LQ = 2(L = LQ + LT 1+ LT 2).

lateral QPEs(p = 3
8,

11
32). Also eight-noded and nine-noded TEs have almost the same effect;

so eight-noded TEs are preferable because they have fewer degrees of freedom.
Semi-transition elements were defined and it was shown that they have a marginal effect

on SIFs. The correct formulation of layered transition elements was presented and it was
observed that when, for the first layer of TEs,LT /LQ is small, using the second layer of TEs
can improve the accuracy of the calculated SIFs.

Incorporating a layer of TEs into a finite element mesh produces results that always are
better than or equal to those obtained when TEs are not used. Generally, around the crack
tip and at a certain distance from it, strain singularity dominates (this is called the singularity
radius). Inside the strain singularity region, finite elements should be able to model the sin-
gularity to obtain the best results with the same mesh. If crack-tip elements are large (that is,
if LQ is equal to or greater than the singularity radius), using TEs has no improving effect.
WhenLQ is small, TEs can improve the accuracy. IfLT /LQ is large, thenLQ+LT is equal to
or greater than the singularity radius. In this case using a layer of TEs improves the calculated
SIFs. IfLT /LQ is small, the first layer of TEs has a marginal effect and a second layer of TEs
can improve the accuracy, and so on. The main advantage of using TEs is that with them the
calculated SIFs are less dependent onLQ/a than without them.

In summary, transition elements can be practically useful if layered transition elements are
used in the singularity region around the crack tip. Since the size of the singularity region
is problem dependent we can assume that the radius of this region is 20–30 percent of the
characteristic length of the crack (a).
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Appendix 1

By comparing Figure 1 of (Lynn and Ingraffea, 1978) and Figure 1 of (Hussain, et al., 1981)
it can be shown that

h = L− 1

2
, q = 2

L− 1
, p = 2(βL− 1)

L− 1
. (31)

Substituting (31) into (5) of (Lynn and Ingraffea, 1978) we end up at (6) of (Hussain, et al.,
1981). Therefore, Lynn and Inraffea’s transition element is the same as that of Hussain, et al.
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