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(doi:10.1007 /s00332-019-09531-w)). More specifically,
we are interested in large deformation analysis of
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accretion and ablation on their boundaries while
under external loads. In this formulation, the natural
configuration of an accreting-ablating body is a
time-dependent Riemannian 3-manifold with a metric
that is an unknown a priori and is determined after
solving the accretion—ablation initial-boundary-value
problem. In addition to the time of attachment
map, we introduce a time of detachment map
that along with the time of attachment map, and
the accretion and ablation velocities, describes the
time-dependent reference configuration of the body.
The kinematics, material manifold, material metric,
constitutive equations and the balance laws are
discussed in detail. As a concrete example and
application of the geometric theory, we analyse a
thick hollow circular cylinder made of an arbitrary
incompressible isotropic material that is under a
finite time-dependent extension while undergoing
continuous ablation on its inner cylinder boundary
and accretion on its outer cylinder boundary. The
state of deformation and stress during the accretion—
ablation process, and the residual stretch and stress
after the completion of the accretion—ablation process,
are computed.
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1. Introduction

There are numerous examples of structures in Nature and engineering that are built through an
accretion process and /or during their lifetime experience ablation. As examples in Nature one can
mention growth of biological tissues and crystals, formation of planetary objects, volcanic and
sedimentary rock formations, snow and ice cover build-up, glacier accumulation and ablation,
etc. As engineering applications, one can mention additive manufacturing and three-dimensional
printing, metal solidification, construction of concrete structures in successive layers, construction
of masonry structures, the deposition of thin films, ice accretion on an aircraft wing that may lead
to degradation of aerodynamic performance, laser ablation of polymers, etc.

The first accretion mechanics problem was solved by Southwell [1], namely the analysis of
thick-walled cylinders manufactured by wire winding of an initial elastic tube. The problem of
a growing planet subject to self-gravity was studied in a seminal paper by Brown & Goodman
[2]. Their analysis was done in the setting of linear elasticity and it was observed that accretion
may induce residual stresses. In the seminal work of Skalak et al. [3,4], the kinematics of surface
growth was formulated and a time of attachment map was introduced. Another notable work
is the paper of Metlov [5], who formulated a large-deformation theory of ageing viscoelastic
solids undergoing accretion. He also introduced a time of attachment map as part of the kinematic
description of accretion. There have been many more works on the mechanics of surface growth
in the literature [6-28], see [21,29] for more detailed reviews.

In classical nonlinear elasticity, the reference configuration is a fixed manifold (a fixed set of
material points equipped with a metric inherited from the Euclidean ambient space). Motion is
a one-parameter family of maps from the fixed reference configuration to the Euclidean ambient
space. In anelasticity (in the sense of Eckart [30]), the reference configuration is a fixed manifold
equipped with a metric that explicitly depends on the source of anelasticty, e.g. temperature
changes, swelling, bulk growth, remodelling, defects, etc. In this more general setting, motion
is still a map from the fixed reference configuration to the Euclidean ambient space. However,
the natural distances in the reference configuration are measured using the non-flat metric of
the material manifold. Theory of anelasticity has been used in modelling a very large class
of problems, e.g. thermoelasticity [31-33], mechanics of distributed defects [34-39], swelling
and cavitation [40—44] and bulk growth [45-48]. Anelasticity has traditionally been formulated
using the multiplicative decomposition of deformation gradient into an elastic and an anelastic

part: F=1€31£:“.1 This leads to the notion of the so-called ‘intermediate configuration’, which is
usually defined only locally.? A more natural approach would be to follow Eckart [30] and
Kondo [52,53] and use a Riemannian material manifold, which is a fixed manifold with a
possibly time-dependent metric if the source of anealsticity is time dependent [54].% For example,
in the case of bodies undergoing bulk growth the reference configuration is a Riemannian
manifold (B,G¢), where B is a fixed 3-manifold with a time-dependent Riemannian metric
G; [48].

For accreting-ablating bodies, the set of material points is time-dependent; the reference
configuration is a time-dependent set B;. In the absence of any other anelastic source, the initial
body By has a flat metric Go that is inherited from the Euclidean ambient space (the induced
Euclidean metric). A point on the boundary of the body is either non-active or active. At an active
point of the boundary and at a given time ¢ there is either accretion (addition of new material)
or ablation (removal of material); accretion and ablation cannot occur simultaneously at the same
point and at the same time. Stress-free or pre-stressed material can be added on the accretion
boundary. The material metric is controlled by both the state of stress of the material before joining

1For detailed historical accounts of this decomposition, see [49,50].
2See [50,51] for discussions on global intermediate configurations (manifolds).

3 Anelastic bodies are non-Euclidean in the sense that their reference configurations are not Euclidean, in general. The term
Non-Euclidean solids has been used interchangeably for anelastic bodies in the recent literature [25,27,28] (this term was coined
by Henri Poincaré [55]). Also, anelastic plates have been called non-Euclidean plates in the literature [56].
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the body and the state of deformation of the body at the time of attachment. It is known that
accretion may induce residual stresses due to the non-flatness of the material metric [21,22], and
this is the nonlinear analogue of Brown & Goodman [2]’s observation.

Most of the existing works in the literature of surface growth mechanics are restricted to
accretion problems without ablation. Exceptions are [9,57,58]. Naghibzadeh ef al. [57] considered
both accretion and ablation in a Eulerian large-deformation setting and analysed accretion
and ablation problems without explicitly using an evolving reference configuration. They used

the governing equations in a Eulerian setting with F (the elastic part of the deformation
gradient) as their kinematic descriptor. They recovered some of the results from [21] in their
Eulerian formulation for an infinite thick hollow cylinder accreting on its outer surface with a
hydrostatic pressure applied on its inner surface. They also analysed a thick hollow spherical
shell undergoing accretion through its fixed inner boundary while ablation takes place on its
traction-free outer boundary.

Recently, the nonlinear geometric accretion theory developed in [21,22] was used to solve
two classes of problems: (i) time-dependent finite extension of incompressible isotropic accreting
circular cylindrical bars [26] and (ii) time-dependent finite torsion of incompressible isotropic
accreting circular cylindrical bars [59]. In the absence of accretion, these deformations are subsets
of Family 3 universal deformations [60]. It was shown that even in the presence of cylindrically
symmetric accretion these deformations are universal [26,59].

Let us consider a body in a time-dependent motion. This body while undergoing large
deformations is simultaneously growing on part of its boundary by absorbing mass while it is
losing mass on another part of its boundary. We are interested in understanding the mechanics
of such accreting—ablating systems. There are four questions that any mechanical/mathematical
model of accretion—ablation should be able to answer:

(i) What is the state of deformation and stresses during a process of accretion—ablation?

(ii) At the end of an accretion-ablation process and after removing the external loads, what
is the state of deformation and internal stresses (residual stresses) in the body?

(iii) Now the final structure is put under service loads. How can one analyse such a residually
stressed structure?

(iv) How should an accretion—-ablation process be designed in order to build structures with
the desired distribution of residual stresses, and the optimum stiffness/compliance under
service loads?

In the second part of this paper, we show how our theory can be used in answering the first three
questions. The fourth problem will be studied in a future communication.

This paper is organized as follows. In §2, a geometric theory of accretion-ablation mechanics
is formulated. The kinematics, material manifold, material metric, constitutive equations and the
balance laws are discussed in detail. An example is analysed in detail in §3 as an application
of the geometric theory. More specifically, a thick hollow cylinder under finite time-dependent
extension while undergoing simultaneous accretion and ablation is analysed. Both displacement
and force-control loadings are considered. The state of deformation and stress during accretion—
ablation and the effect of loading during accretion-ablation on the residual stress distribution are
analysed. Several numerical examples are presented in the case of incompressible neo-Hookean
solids. The conclusion is given in §4.

2. A continuum theory of accreting—ablating bodies

In this section, we formulate a large-deformation continuum theory of accreting—ablating bodies.
This theory is a generalization of the accretion theory of Sozio & Yavari [22]. More specifically, we
are interested in the state of deformation and internal stresses of a body that while under external
loads undergoes simultaneous ablation and accretion on its boundary, see figure 1.
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Figure 1. Motion of an accreting—ablating elastic body. The material manifold is a time-dependent Riemannian manifold
(B;, G) whose metric is to be determined. The deformed body is embedded in the Euclidean ambient space (S, g), where g
is a time-independent background metric.

(a) Riemannian geometry and kinematics of finite deformations

In this section, we tersely review some basic concepts of Riemannian geometry that are used
in the description of the kinematics of accreting-ablating bodies. A smooth 3-manifold B is a
topological space that locally looks like the three-dimensional Euclidean space R3. A coordinate
chart {X4}: B — R3is a local diffeomorphism. The body in its reference configuration is identified
with the 3-manifold B. The tangent space of B at a point X € B is a three-dimensional linear space
and is denoted by Tx . The three-dimensional Euclidean ambient space is denoted by S. A local
chart on S is denoted by {x"}. Motion ¢; : B— S is a one-parameter family of smooth, invertible
and orientation preserving maps between the reference configuration and the ambient space
(more precisely, motion is a curve ¢+ ¢; in the space of all configurations of B). The derivative
(tangent) map of ¢; is denoted by F; = T¢;, and is a two-point tensor, i.e. is a linear map between
tangent spaces of two different manifolds, F(X, f) : TxB — TxCt, where x = ¢(X) and C; = ¢¢(B). In
the continuum mechanics literature F is called deformation gradient. This term may be misleading
as gradient is a metric-dependent operator while the tangent map is not. With respect to the local
coordinate charts {X4} and {x?} for Band S, respectively, deformation gradient has the following

representation:
F—F, - @dXA and F,— ¥
A oy AT oxA

2.1)

The set of vectors {3/8x"} and co-vectors (1-forms) {dX*} are bases for the tangent space TxC and
co-tangent space T3, respectively. A smooth vector field on B is a smooth assignment of vectors
(elements of the tangent space) to points of 5. Thus, for a smooth vector field W on B, Wx € Tx B,
X+ Wx € TxB varies smoothly. Push-forward of a vector field on B by the deformation mapping
is a vector field in the ambient space and is defined as 9,W =Ty - W o ¢~L. Pull-back of a vector
field w on C = ¢(BB) is a vector field on BB and is defined as ¢*w = T(¢p 1) - w 0 . The push-forward
and pull-back of vectors have the following coordinate representations: (¢.W)" =F4 WA, and
(@*w)A =F, A .

A bilinear map T:TxB x TxB— R is a (g)—tensor at X € B. In a local coordinate chart {X4}
for B and arbitrary vectors U and W, one writes T(U, W) =Tap U4 WE. Let us consider an inner
product Gx on the tangent space Tx B3 that varies smoothly, i.e. if U and W are vector fields on 5,
then X — Gx(Ux, W) is a smooth function. A positive-definite bilinear form G is called a metric.
The inner product induced by the metric Gx is denoted by (., .)g,. The manifold B equipped
with a smooth metric G is called a Riemannian manifold and is denoted as (B, G). Distances in the
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ambient space are calculated using the background Euclidean metric g. The Riemannian manifold
(S, g) is called the ambient space manifold. In elasticity, the reference configuration inherits a flat
metric Go from the ambient space and the material manifold (5, Gy) is flat. In anelasticity, the
natural distances explicitly depend on the source of anelasticity and so does the material metric
G, which is non-flat, in general. For the two Riemannian manifolds (5, G) and (C,g), and the
deformation mapping ¢ : B— C, push-forward of the metric G is denoted by ¢.G, which is a
metric on C = ¢(B), and is defined as

{(ux, Wi pxc), = (™ W)x, (P*W)x )Gy, (22)

where x = ¢(X). It has components (¢, G),, = F —AF, =B Gyp. Similarly, the pull-back of the metric
g is denoted by ¢*g and is a metric in ¢~ 1(C) = B defined as

{(Ux, WX»(w*g)x = {(¢«U)x, (‘/’*W)x»gx- (2.3)

It has components, (¢*g)ap =F"a Fp Zab- The two Riemannian manifolds (5, G) and (C, g) are
called isometric if G = ¢*g, or equivalently, g = ¢, G. In this case, ¢ is called an isometry.
The adjoint of deformation gradient F*(X, t) : TyC; — T% B is defined such that

(o, FW) = (F*a, W), YW e TxB, a € T*C;, (2.4)

where (.,.) is the natural paring of 1-forms and vectors, e.g. (¢, w) =, w”, and T5B and TyC;
are the co-tangent spaces of B at X and C; at x, respectively. F* has the following coordinate
representation

"X, t) 4 D
F (X, t) = — =~ dX . 2.5
X0 =—3xa ® o @5
The transpose of the deformation gradient F'(X,1): T<xC; — TxB is defined such that
(FU,w)g = (U, F'w)g, VUeTxB weTC. (2.6)

It has the components (F"YA, = GABFbg Qba, OF F' = G'F'g.
The Jacobian of deformation J(X, t) relates the undeformed and deformed volume elements as
dv o (X, 1) = (X, ) dV(X, t).2 It is defined as

detg(p(X,
JX, = %&X)ﬂ) detF(X, 1. 2.8)

For incompressible materials, J(X, ) =1.

The material velocity is defined as V(X,t) =0¢(X,t)/dt € T,,x)Ct. The spatial velocity is
defined as vi(x)=V;o ¢, 1(x) € TxCt, where x = ¢¢(X). The material acceleration is defined as
AX, H)= Dth(X, )= V\g/(x,t)V(X' t) € Ty,(x)Ct, where Df is the covariant derivative along the curve
¢i(X) in C;. In components, A =(9V"/dt) + Y7 VPVE. The spatial acceleration is defined as
a(x)=As o <pt_1(x) € TxC;. It has components, a” = (9v?/9t) + (807 /9x2)vt + vl Equivalently,
the spatial acceleration is the material time derivative of v, i.e. a=v = (dv/dt) + vév.

(b) Kinematics of accreting—ablating bodies

Consider an initial stress-free body By that inherits the (flat) metric Go from the Euclidean ambient

+ = + =
space. The boundary of the initial body is partitioned as 98y =£2¢ Ll £2¢ Li[Tp, where £2¢, 29 and
Iy are the accretion, ablation and inactive parts of the boundary, respectively, and LI denotes the
disjoint union of sets (figure 2). It should be noted that By is the initial body prior to the onset

4 Any Riemannian manifold has a natural volume form. For the Riemannian manifolds (3, G) and (C, g), the volume 3-forms

are denoted by p¢ and g, respectively. With respect to the coordinate charts {X4} and {x"} for B and C, respectively, they
have the following representations

g =vdetGdX! AdX? AdX® and g = \/detgdxl Ada? Adad, 2.7)

where A is the wedge product of differential forms. In terms of the volume forms, the Jacobian is defined as ¢*pg = Jpc-
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Figure 2. An initial body /3, in the material ambient space M and partitioning of its boundary into accretion, ablation and
inactive surfaces.

+ -
of accretion—ablation, £2¢ represents the portion of 33y where accretion is about to occur, and 2
comprises the points that are about to leave once the process starts at t =0. In other words, as

soon as accretion—-ablation begins, the body ceases to be the set By; the points on 20 leave and

+
new points are attached onto £2¢.
Let M D By be a connected and orientable 3-manifold with boundary embeddable in R3. This
is called the material ambient space. The accretion—-ablation process occurs in the time interval t €

N
[0, T], where T is the final time. Let us define a time of attachment map T (M\ Bo)U 20— [0, T]
and a time of detachment map T :;\TC M — [0, T], where ;\T is the subset of M that is ablated

-1 + -1 _
in the time interval [0, T]. Note that ¢ (0)=£0, and T (0) =£2¢. Let us define the reference
configuration at time t as

Br:= (ByU o, 1\ 7 o, B, Ytelo,T], (2.9)

which is constructed by removing all the points that have been ablated out before time f from the
. . . . . . +
union of By and the points accreted onto By up to time £.5 It is assumed that the differentials dt

and dt never vanish. Let us introduce the level sets

+ +—1 _ _—1
2=t (), 2=t (@), te[0,T], (2.10)
and define
+ + - -
A= U o and A= U 2, te [0, T]. (2.11)
Te[04 tel0f]

+ - +
It is assumed that ¢ and §2; are 2-manifolds. It is also assumed that all £2;’s are diffeomorphic

+ —_ -
to 20 and all s are diffeomorphic to 90.6 Since accretion and ablation cannot take place at a
given point and at the same time, it is required that

+ -
2:N2=0, Vtelo,T]. (2.12)

-1 -1 -1 _ _-1 _-1 1
5Note that ¢ [0,T] =7 (0)UT (0, T] =520 UM\ Bo) = M\ (int BoU 20 UTy), and 7 (0,T] =7 [0, TI\7 (0) =
AT\ 20.

®Clearly, this is a restrictive assumption. One way to remove this restriction is to divide the analysis into time intervals in

which there is no change in the topology of either Ezt or 2.
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Figure 3. The material manifold is shown at times t; and t, where t; < t,. The accretion boundaries are shown in green and
the ablation boundaries are shown in red. It should be noted that the set of all those points that have been ablated until time t,
may include points other than those in the initial body.

It should be emphasized that the intersection jlt n ;lt may be non—empty,7 see figure 3. Note that
+ o+
M= (Ar\ 20) U By, and
+ o+ - =
By =(BoU (A \ 20) \ (At \ 2¢), te[0,T] (2.13)

The deformation mapping ¢; : B; — C; is assumed to be a cl homeomorphism for each t, where
Ct = ¢i(B;) is the current configuration of the accreting—ablating body. The deformed level sets

+ _ —
are defined as chr)tz o1(£2¢), and o= ¢¢(2¢). We denote the non-active portion of the boundary by

+ -
Iy = 3B; \ (2t U 24) in the reference configuration and 7; = ¢;(I1;) in the deformed configuration,
so that

+ = + -
3pr(Br) = @r(2+ U 24 UIT}) = wp U wp Uty (2.14)

For Xe M and -r'—(X) <t <7 (X), denote (X, t)=¢i(X). Let us define the following two time-
independent maps

+ —_ —
¢(X)=p(X,T(X) and @ (X):=¢(X,7 (X)), (2.15)
where jﬁ is defined on :lT and ¢ is defined on ;lT. Note that for t € [0, T]

4+ + - - -
¢ (= I); and ¢ (A)= |J o.. (2.16)
Ze[04 Te[04]

+ —
It should be noted that ¢ and ¢ need not be injective. Next, we define the following two-point
tensors

FXO)=FXT(X) and F(X)=FX 1 (X)), 2.17)

7For a point X e;l[ n :At, which is accreted and subsequently ablated out, i (X) <t (X). This also implies that as soon as a
layer has been ablated it cannot be reattached to the body.
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and call them the accretion and ablation frozen deformation gradients, respectively. The derivative

+ — + =
maps T ¢ and T ¢ are neither injective nor invertible, in general. They are related to F and F as

0¢i(X, T (X)) IT(X) 497

(T oy =225 ) _pi o, F (%)) + VKK, T (X))

] ] ]
X X X 2.18)
= 11
Te) ;= —,
(Te);=F +V oxI
+ —
where V (X) := V?(X) (X), and V (X) := V?(X) (X). The coordinate-free forms of (2.18) read
+ + &+ + - = = _
T¢e=F+V®dt and T¢=F+V®dr. (2.19)
+ + - +
Forte€[0,T], oneachlayer,onehasF| + =T¢| + =F| +,andF| - =T¢| - =F; .
T2 T2 T2 T2 T T2

(c) The growth velocity and the material metric

The material metric of an accreting-ablating body at a given material point depends on the state
of stress of the accreting particles, the growth velocity and the state of deformation of the body at
the time of attachment of the new material point. One can define an accretion tensor via the frozen
deformation gradient and a material growth velocity. Material metric is then defined to be the
pull-back of the ambient space metric by the accretion tensor [21]. The time dependence of an
accreting body can be modelled as a material motion in the material ambient space. It turns out
that given a time of attachment map such material motions are not unique; instead one can define
an equivalence class of material motions. Using any member of the equivalence class results in
the same material metric. In the presence of ablation, one has two material motions. Again, these
are not unique. For calculating the material metric, only the accretion material motion is needed
as we are not concerned with the material metric of a particle after it has left the body. In the
following, we briefly review the construction of the material metric.

In an accreting-ablating body, what is given is the rate at which material points are added
to the body on the accretion boundary and the rate at which material points are removed from
the ablation boundary. These two vector fields may be unknown fields in the presence of phase
change, for example. In this paper, we assume that they are given. It should be emphasized that
the material analogues of the accretion and ablation velocities are not defined uniquely.

Recall that we have assumed that for te€(0,T], 5t is diffeomorphic to 50 and ét is
diffeomorphic to S}o. This guarantees the existence of 1-parameter families of diffeomorphisms
%:50 x[0,T] > M, and <13:_r_30 x[0,T] - M, such that $ (50, f) :5t, and @ (_(_20, t):_r_zt, Vte
[0, T]. However, these diffeomorphisms are not unique. Let us fix two diffeomorphisms 5 and @.
For X e;tT, there is a unique )J(FOES-SO such that $ ()J(ro, ‘_[F(X)) :5 % ()J(ro) = X. Similarly, for X e;\T
there is a unique )Zo e(}o such that @ ()ZO, (X)) =<13;(X) (}Zo) =X8The maps <1+> and @ definea pair

of motions of layers in the material manifold, with which we associate the following velocities:

+ + 9+ + — - 9 - -
U(Xo,t)zﬁqb(xo,t) and U(Xo,t)zaq)(Xo,t). (2.20)

. . . + + & T . . .
Differentiating the relations 7 (¢ (Xo, t)) =t, and (& (Xp, t)) =t with respect to time, one obtains
the following constraints:

(d?(X),ﬂ(§o,t)>:1 and (dT(X),U(Xo, ) =1, 2.21)

+ +
8We use the notation @; (X) = (X, t).
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+ 7 - -
where @ (X, t) = X =@ (Xp, t). It should be emphasized that for a given pair of time of attachment
and time of detachment maps, material motion is not uniquely defined; there are infinitely many

material motions corresponding to a given pair (%r, 7). These equivalent material motions satisfy
the constraint (2.21); [22] and correspond to isometric material metrics.

One can define a material motion ($t,qgt) using foliation charts (&1, 52, ?) on :tT, and
(©1,62,7) on ;1T, where (51, 52) and (©1, ©?) are the in-layer coordinates on ;2; and EZ;,
respectively, while T and 7 are globally defined on :lT and .;lT, respectively. The material

+
motion preserves the in- layer coordinates (£1, £2) and (©1, ©2). This means that if Xy €20 has

coordinates (._, L= ,()) then q)t maps it to the point X; with coordinates (& 152 t). Similarly, if
Xo EQO has coordinates (@1, @2), then q)t maps it to the point X; with coordinates (@1, oL f).
Trajectories of the material motion are the curves with constant layer coordinates, i.e. 7-lines and

— + —
t-lines. The growth and ablation velocities corresponding to @; and &y, respectively, are defined
as

+ 0 - d
U= — and U= — . (2.22)
+ -
T |z1,m2 47 le1e2
. + + - -
Notice that (d 7,(9/0 7)) =1, and (dz,(3/37)) = 1.
— + +
Let us next calculate the total velocities of Z_)t and w;. The map $ o@: 20 x[0, T] - S tracks the

. + - - - . -
deformed accretion surface wy, and ¢ o @: ¢ x[0, T] — S tracks the deformed ablation surface w;.
The total velocities are calculated as

+ d+,+ + + + + + + + o+ F +
W(X)= 3 ¢ (@ (Xo, 1) =[F(X)+ V(X)®d 1 (X)]U (Xo, ) =F (X) U (X, )+ V (X)

and  W(X)= i«p (& (Xo,H) =[F (X)+ V (X) ® dr(X)] U (Xo, £) =F (X) U (X0, )+ V (X).
(2.23)

The spatial velocities are defined as W op =‘X7 and w og =W. Let ﬁt be a vector field describing the
velocity at which material is being added onto Z)t, ie. — ﬁf is its relative velocity with respect to chr)t
just before attachment, and let — u; be a vector field describing the velocity at which material is
being removed from wy, i.e. u; is its relative velocity with respect to o just after detachment. If n

. + R
denotes the unit normal to ¢;(38;), then we must have (— u;) - ny <0 for accretion, i.e. us -ny > 0,
as the material would be moving towards the body. Similarly, in the case of ablation we need

u; -n; > 0 as the material removed would be moving away from the body.
For X € M, let us define the following time-independent tensor field

-1
QU =F () + [ (¥ (X))~ FOU (i) (), 7 () | @17 (), (2.24)

+71 +
where @3 x) (X) can be understood as the pull back of X € M to £2¢ along the trajectory induced

+ . . + & + &+ + + + +
by &. Q is called the accretion tensor [22]. Note that Q(® (Xo,t)) U (Xo,t) =u (¥ o @)(Xo, 1), 1),
+ o+
vV Xoeo. Let g be the metric of the Euclidean ambient space S. Assuming that the new material

+
points are stress-free at their time of attachment the material metric on At is defined to be the
pull-back of g using Q, ie.’?

G(X) = Q' (X) g( ¥ (X))Q(X), (2.25)

Generalizing the analysis to pre-stressed added material is straightforward [21].
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, + .
or in components, G(X) = Qj(X) gi(¢ (X)) Q/j(X). Therefore, the material metric is written as

Go(X) for X € By,
G(X)= n N (2.26)
Q" (X)g(¥ (X)) Q(X) for X eAr.

The natural distances in the accreting-ablating body are measured using the material metric G.
Note that, for the layers that are joining the body, the material metric depends on the state of
deformation of the body at the time of attachment. However, we are not interested in the state
of deformation and stress of those layers that have already left the body. The material metric of
those points after leaving the body has no effect on the rest of the body and does not appear in
our accretion—ablation theory.

+
Remark 2.1. The map ? partitions the accreted manifold (Ar,G) into a collection of

submanifolds {(.{+2 % (':5;) :;re [0, T]}. Similarly, T partitions the ablated manifold (_ZT, G) into
another collection of submanifolds {(5;, G{) ;7 €[0,T]}. Here, C; and G; are the first
fundamental forms inherited from G by 5? and [5;, respectively. Let KI; and I:I; be the unit
normals to 5+ and .(727 respectively, where orthonormality is with respect to the metric G. Let E+

and n be the unit normals to a)+ and a)f, respectively (here orthonormality is with respect to the
ambient metric g). Letus decompose the accretion and ablation velocities as

v o4l N _ 1 _N-
U=U +U N and U=U +U N, (2.27)
in the material manifold and
Lol gy I
u=u +u4 n and u=u +u n, (2.28)

+ -

+}’l _n +
in the deformed configuration, where we have u , u > 0. Note that, if Y is tangent to £, then

QY is tangent to . Notice that (Y, Q! :{ VG = (QY, ;_1 »g =0, and Q1 ﬁ, Q! K))G = ((14{, 14{))g =1
o+ LN
Thus, it can be deduced that Q U =u,Q N—n and hence U =u og.

(d) Stress, strain and constitutive equations
(i) Strain

A few different but related measures of strain are usually used in nonlinear elasticity and
anelasticity [47,50,61,62]. The right Cauchy-Green strain is defined as C* = ¢*g = F*gF, which
is the pull-back of the spatial metric to the reference configuration. Here, b:TyC — T;C is
the flat operator that maps a vector to its corresponding co-vector (1-form): w =w"(9/9x")
w’ = gubwb dx". In components, Cap =F"4 gube B- The familiar definition of the right Cauchy-
Green stain is C=F'F: TxBB — B, which has components CAg = GMMCypp = (GAMF7y, gab)Fb B=
(FT)Ab F’s. The spatial analogue of the right Cauchy-Green strain is defined as ¢ = ¢,G =
F*GF~1l. The left Cauchy-Green strain is defined as B = p* g where f:T5C — T«C is the
sharp operator that maps a co-vector (1-form) to its corresponding vector: @ = w, dx” > w* =
g™ wy (3/0x%). The left Cauchy-Green strain has components BAB = F~4, F~5, g™, where g% are
components of the inverse spatial metric such that g*“g., =8]. The spatial analogue of B* is
defined as b¥ = ¢, G = FG?F*, which has components b =1 4F05 GAB. The tensor b: TC —
T«C is defined as b =b'g. Similarly, ¢ =g"c’. Notice that cb =gc’b’g =g*F *GF 'FG'F'g =
g'F*GG'F*g=g'F *F'g = g’g = ids, and hence b = ¢~!. Similarly, B=C~!
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(ii) Stress

For a hyper-elastic solid there exists an energy function W= W(X,F,G,g). Material-frame-
indifference (objectivity) implies that W = W(X, C",G). The Cauchy o, the first Piola—Kirchhoff
P, and the second Piola—Kirchhoff S stress tensors are related to the energy function as

oW 29W oW
=gf— = and S=2—:

_zo . 22
oF 77 ] og 9C (229)

They are also related as S=F1P, and P= JoF~*. Let us consider a surface element dA in
the reference configuration with unit normal vector N. This surface element is mapped to its
deformed surface element da with unit normal n. Traction t is related to the Cauchy stress as
t=0-n=(o,n)g. In components, t* = o gpe €. The force acting on the deformed area element
is f =tda. From the Piola identity n’ da =JF*N"dA, or in components, 1, da :]F_AaN 4 dA—
Nanson’s formula. Thus, f =ty dA =P - N dA.

(iii) Material symmetry

For an elastic body, the material symmetry group Gx at X € B with respect to the reference
configuration (B, G) is defined as

W(X,K*F,K*G, g) = W(X,FK, G, g) = W(X,F,G,g), VYK e Gy <Orth(G), (2.30)

for any deformation gradient F, where K:TxB — TxB is an invertible linear transformation,
Orth(G) ={Q: TxB— TxB | Q*GQ =G}, and Gx < Orth(G) means that Gx is a subgroup of
Orth(G). Equivalently,

W(X, K*C", K*G) = W(X,K*'FK, G) = W(X,C",G), VK € Gy <Orth(G). (2.31)
In this paper, for the sake of simplicity, we restrict our calculations to isotropic solids. However,
it should be emphasized that our accretion—-ablation theory is not restricted to isotropic solids.
(iv) Isotropic solids

For an isotropic solid, the symmetry group is the orthogonal group, i.e. the energy function is
invariant under rotations in the reference configuration. For an isotropic solid, W depends only
on the principal invariants of Cie W= W(X, I1,1,13), where

1 1 1
L= E(1% —trg C?) = E(1% —CApCBy = E(1% — Caig Cna GMGBYN) (2.32)
detC
d Iz =detC= .
an 3 € detG
For an isotropic solid, the Cauchy stress has the following representation [63,64]:
2 — L — _
0 =—=[(l, Wy + I3 W3)g" + W1 b* — I3 W, "], (2.33)
VI

where W; = dW/d1;,i = 1,2, 3. For an incompressible isotropic solid I3 = 1, and hence
o=—p gtt +2W; b —2W, ¢, (2.34)

where p is the Lagrange multiplier associated with the incompressibility constraint | = /I3 = 1.

(e) The balance laws

(i) Balance of mass

Let po(X) be the mass density field in the material configuration M and p(X, t) be the mass density
field in the deformed configuration ¢;(8;). For a body undergoing accretion and ablation, mass
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+
is not conserved globally. However, local mass conservation still holds for X € B;, away from £
and K_Zt, ie.,

po(X) = p(p(X, 1), t) J(X, 1). (2.35)

The total mass of the body at time ¢ is given by

m(t) = J ,o(x, t) dv= J 00 (X) dv. (2.36)
e (Br) B:
In terms of the material foliations, one has
+ _
t +N + -N -
m(t):J PodV+J (L po U dA)dt—J (J, po U dA)dr. (2.37)
By 0 Q? 0 Q;
The rate of change of mass can be expressed as
+ - +
) 4+N _N 41 _n
m(t‘)zJJr po U dA—J, po U dA:J+ oo U da—Jf po u da. (2.38)
21 2 Wy wy

(ii) Balance of linear and angular momenta

The local form of the balance of linear momentum in terms of the Cauchy stress reads:
divg o + pb = pa, (2.39)

where divg is divergence with respect to the spatial metric. In components, (divgo)” = o=
(00 /3xP) + %P4 + 5y, where ¥, is the Christoffel symbol of the Levi-Civita connection
V8. In a local coordinate chart {x"}, V&;,d. = y®. 92, where yj. = (1 /2)g”k(gkb,c + Skep — Sbek)-
b is the body force, and a is the spatial acceleration. The local form of the balance of angular
momentum is the symmetry of the Cauchy stress, i.e. o = o,

The rate of change of linear momentum for the whole body is written as

dJ d
— pvdv:—J poVdV
dt Jy,s,) dt Js,

d t +K] + t _N _
:7“ pOVdV+J <J+ o U VdA)dr—J (J po U VdA)dr]dv
dt [ Js, o\Ja, o\Ja_

+ —

4N _N
:J'+ ,oOAdV-i-J+ po U VdA—J: poAdV—J', po U VdA
At

At ko1 kol
. _
N _N
:J ,ooAdV-i-J+ po U VdA—J_ po U VdA. (2.40)
Bi 24 2t
Thus
. _
d 4n _n
—J ,ovdv:J ,oadv—i—J+ (poo)u vda—Jl (popop)u vda. (2.41)
dt Jys) (1) i o

Since divg ¢ + pb = pa, one writes

+
d J pvdv :J pbdv +J tdv +J (0o @) i vda— J (oog)il vda, (242)
dt Jy,8,) o(By) dpi(Br) oy o
where b is the body force and t is traction.
Let us decompose the traction vector as t=1t° + t*, where t¢ is due to external loads and
constraints, t* is the effect of new particles being added and t~ is the effect of particles leaving
the body. Since accretion and ablation cannot take place at the same point and at the same time,
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the traction on @ is t¢ + t+ and that on @ is t¢ + t—. For a new particle that is being added to the
body, the balance of linear momentum in the time interval [¢, t + At] implies that

+ +

[(po o @) & da A dEj(v— 1)+ (—t" da) A dt = [(pg 0 ¢) & da A d]v. (2.43)

Similarly, for a particle that is leaving the body, the balance of linear momentum in the interval
[t,t + At] implies that

[(po o @) i dan dtlv =[(pp o ») i dan dt](v+u) + (—t"da) A dt. (2.44)

n
The joining particles exert the force ttda= —(pg o ¢) I 1da on the body, while the leaving

n_
particles exert the force t~da = (pp o ¢) u u da on the body. Thus, the rate of change of the linear
momentum of the body is written as

+

n
EJ pvdv:J pbdv—l—J tedv—i-J+ (poo(p)a [v—l-;]da
dt Jg, ;) oi(By) d¢i(By) oy

- J (Poow) i [v—ulda. (2.45)
iﬁ
u

+
Notice that the traction due to accretion/ablation is t* = F(pg o ¢) 1 u.

3. Analysis of an accreting—ablating hollow cylindrical bar under finite
extension

In this section, we present a detailed analysis of a thick hollow cylinder that, while under a time-
dependent finite extension, undergoes accretion on its outer cylinder boundary and ablation on
its inner cylinder boundary.

(@) Kinematics

Let us consider a hollow circular cylindrical bar with initial length L, inner radius R; and
outer radius Ry > R;. We assume a homogeneous isotropic and incompressible material with
an energy function W= W(Iy,I), and use the cylindrical coordinates (R, ®,Z) in the reference
configuration, and cylindrical coordinates (r,0,z) in the current configuration. The metric of the
current configuration has the following representation:

o ©

1 0
g=|0 r 0]. (3.1)
0 1

o

Accretion is assumed to occur on the outer cylindrical boundary in the current configuration. The
outer radius of the deformed body is denoted by sy(t) (figure 4). Ablation is assumed to occur
on the inner cylindrical boundary of the current configuration that has the radius s;(t). Let us
assign a time of attachment ‘-[’—(R) and a time of detachment 7(R) to each layer with the radial
coordinate R > Rj in the reference configuration. Notice that for R <R <Ry, i (R) =0. Hence,
#(R) is invertible for R > Ry, while ;(R) is invertible for R > R;. We assume that 7 and ? are

_-1
diffeomorphisms with non-vanishing derivatives. Their inverses are denoted by S; =7 , and
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(@)

Figure 4. Cross sections of the reference and current configurations of an accreting—ablating thick hollow cylinder. (a) The
material manifold (13;, ) at time t has inner radial coordinate S;(t) and outer radial coordinate S,(t). Accretion is occurring on
the outer surface and ablation on the inner surface. At time t + At, the inner radial coordinate is $;(t) 4 U;(t) At and the
outer radial coordinate is 5 (t) + U (t) At. (b) The deformed bar at time t has inner radius s;(t) and outer radius s,(t). At time
t + At, theinner radius is s;(t) + u;(t) At and the outer radius is s, (t) + uy(t) At.

Sy =-rF , so that

s1(t) =r(S1(b),£) and  sy(t) =r(Sa(t), f). (3.2)
We also assume that accretion and ablation take place continuously in the time interval f € [0, T].
It is assumed that the accreting—ablating body has non-vanishing volume at all times, i.e. S1(t) <

So(t), ¥V t € (0, T]. Let us consider a time-dependent finite extension of the bar such that it is slow
enough for the inertial effects to be negligible and assume the following deformation mapping;:

r=rR, 1), 0=0,z=rBZ, (3.3)

where A2(t) is the axial stretch and is an unknown function to be determined.!? The deformation
gradient reads

rrRR,) 0 0
F=FR,t)= 0 1 0 |. (3.4)
0 0 A%

(b) The material metric
Let us define the following functions:
F(R)=r(R,T(R), T (R)=r(R,7 (R), (R)=A(T(R), & (R)=A{F (R). (3-5)

We assume that the accreted cylindrical layer at any instant of time t is stress-free. In other words,
stress-free cylindrical layers are continuously added to the outer cylindrical boundary of the bar.!!

1Tn a displacement-control loading A(f) is given.

1t is straightforward to extend this analysis to pre-stressed accreting cylindrical layers [21].
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This implies that the material metric at R = Sy(t) is the pull-back of the metric of the (Euclidean)

ambient space, i.e.

G(S2(D) = ¢ g(r(S2(t), 1)), or G(R) = (ﬂim 8((R, T (R))).

(3.6)

In components, Gap(Sa()) = Gas(R) = F*A(R, T (R) FP5(R, 7 (R)) gap((R, T (R))). For this accretion—
ablation problem, the material manifold (the natural configuration of the body) is an evolving

Riemannian manifold (B, G) with
Bi={(R,©,2):0<0 <27,51()) <R <5(t),0<Z <L}.

The reference configuration is equipped with the following material metric:

1 0 0
0 R 0], S1(t) <R <Ry,
0 0 1
GR) =1 -
[rr® T R)E 0 0
2
0 7 (R) 0 |, Re=R=S).
i 0 0 AT (R)

Observe that typjation :=7 (R2) is the time when the initial body is completely ablated.12

(c) Theincompressibility constraint
The Jacobian is calculated as

MR, TR, )

R 7
detg
JRO=\ 5t F=1 220 1R HrrR 1)

2
X (®) T (R)7R(R % (R)

S1() <R <Ry,

Ry <R < Sy(b).

When t < typlation, incompressibility in the region S1(f) < R < R, gives us
R,t R b= ——,
MR ATRR A= 570
thus implying that
R2 — S2(p)
2 _2 1
T (R, i‘) = Sl(t) + T(t)
Similarly, for the region Ry < R < Sy(t), incompressibility requires that
2 +2 + +
MO rR, ) TRER ) =1 (R) 7 (R)7R(R, T (R)),

which can be integrated to obtain
2 R +2
PR =PEa )+ 305 | 1€ F@rae T @),

for t < taplation- Equivalently, one may integrate (3.12) from R to S»(t) to obtain:

&) 7€) rr(E, 7 () de,

2 Sa(t) +2
(R, 1) =s35(t) — J A

A2(t) Jr
for R > Ry. Note that (3.14) holds for all ¢ > 0.

12Note that S; () < Ry is equivalent to t < faplation-

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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(d) The accretion and ablation velocities

The accretion surfaces in the reference and the current configurations have the following
representations:

+
21={(51(t),0,2):0<0 <2r,0<Z <L}
(3.15)
and b= {(s1(D), ©,22()Z):0< © < 27,0 < Z < L}.
The ablation surfaces in the reference and the current configurations are represented as:
2={(52(H,0,2):0< 0 <27,0<Z <L}
(3.16)
and wi={(s2(t), ©,2*°(HZ):0< © < 27,0<Z <L}.
Thus
s1() =rr(S1(1), 1) Ur(t) + V($1(8), 1),
(3.17)

and s2(8) =1,r(S2(8), 1) Ua(t) + V(S2(8), 1),

where U;(f) = S1(t) > 0, and Uy () = S»(t) > 0, i.e. both accretion and ablation surfaces are moving
radially outward. Here, V =09r/dt is the radial component of the material velocity on the
accretion/ablation surface. We denote the ablation and accretion velocities by u1(t) and ua(t),
respectively, which are defined as

ur(t) =rr(S1(8), ) Ur(t) and  up(t) =7 r(S2(t), t) Ua(H). (3.18)

The choices Uy (f) = u1(t), and Uz (t) = ua(t) impose the following constraints on r(R, £):13

rrS1t), =1, orrg(R T (R)=1 }
(3.19)

and rr(S2(t),t)=1, orrr(R, T(R)) =1.

In particular, the choice (3.19); makes the material metric G(R,t) and the Jacobian J(R,t)
continuous at R = Ry. Now, (3.19); and (3.13) imply that for t < t,pjation

2
2
PR D=PR )+ s [ 6 @ (3:20
Since (R, t) is continuous at R = Ry, (3.11) and (3.20) imply that
2( £ 2 R 42
2 — S R
®p=st)+ <t e | T o 21)

for Ry < R < Sy(f) with t < faplation- Substituting R =S5(t) in (3.21), one obtains

s =s 2(t)—

_ 2 5 Sab) 42
10 [T ot (3.22)

20 220 g,
Now, one may substitute (3.22) into (3.11) and combine with (3.14) to write the kinematics in

terms of 7 and 4. As s5(£) = r(Sa(t), ) =F (Sa(8)), when £ < fapation:

2 RZ _ RZ
P (520 - ZZT Az(t) BOT @ Fod, R=R,
A(R, f) = » (3.23)
T (Sa(0) - m fs“)x ©) 7 () ds, R=Ry.
For t > taplation:
2 2 So(t) 42
PR, 1) =1 (Sa(t) P JR NGEIGED (3.24)

130ther choices will lead to isometric material manifolds, and hence identical stresses [21,26,59].
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In a force-control problem, the functions (R, t) and A(t) are not known. However, it can be inferred
from (3.23) to (3.24) that the knowledge of Jrr (R) and A(?) is sufficient to calculate 7(R, ). Since _rF(R)
is assumed to be given, X(R) = A(%— (R)) is not an independent function. Thus, -;(R) and A(t) are

the only independent functions. Since A(f) is given in a displacement-control problem, r (R) is the
only independent unknown function in displacement-control problems.

(e) Stress calculation

In this section, we compute the stresses for both t < fyplation and ¢ > faplation. The stresses
are calculated separately for the initial and the accreted parts of the body. The radial
equilibrium equation reads (o' /3r) + (1/r)o"" — ra?’ =0.1* In terms of reference coordinates,
(1/rR)(@c"/3R) + (¢ /r) — ro% = 0. Thus, we have

rr(R, t)
(R, t)

oFR,H=[PR,Ho" (R, 1) — 0" (R, 1)] (3.25)

Recall that b? has components b =, I3 GAB and ¢ has components ¢ = gﬂmgb”cmn, where
Cap = F_Aa F_Bb Gag. For S1(t) < R <Ry, and t < fplation:

1
2 Zzxrp 0
R, 0 0 (R, 1)
’ ! 2
PRA=| 0 — o | ¢®Rn=| o K 4 | (3.26)
R= (R, 1)
0 0 A .
0

The principal invariants of b read

2
LR, ) =% (R, + 4 gfz £ +24()
AR PR 2R, 1) 24(1) (3.27)
4 LR\ ’ r“(R, t) A*(t
and LR, t) =rR(R, ) A*(t) + =2 + e
The Cauchy stress has the following non-zero components:!®
B(R, 1)
T(Rt)=—p(R,t) + (R, ) P (R, ) — ,
TTRN = PR R OTR Y = 5 G
2
GOO(R, t) — p(Rr t) (X(R, t) _ ﬁ(R, t)R (328)
72(R, t) R2 (R, t)
_ 4 B(R,t)
and R, 1) =—pR 1) + a(R, 1) A*(t) — 20

where o =2(dW/dl1) and p =2(dW/3I). Using the incompressibility constraint (3.10) each of the
components of ¢ (R, t) can be expressed solely in terms of the kinematic quantities (R, f) and A(t),
i.e. one can eliminate r r(R, t) in (3.28); to obtain

R*a(R,t)  BR HAR HAY)

o"R )= —pR H)+ 5 R0 2 (3.29)
Substituting (3.29) and (3.28); in (3.25), one obtains
oo TR, D) — R* [a(R, D)
oR(R, )= RAR, 0320 |: A0 + B(R, t)] . (3.30)

4The other two equilibrium equations imply that p = p(R, t).

15Notice that 0% does not have the dimension of stress. Its physical component is 6% = r?c%’.
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Since 6" (S1(t), t) =0, it is implied that

R A 4 4
ST g TG O

, dg, 3.31
o EREHR0 L akp TPE t)] 5 (3:31)

for $1(f) <R < Ry and t < tapjation. L0 Thus, (3.29) gives the following expression for pressure:

p(R,t)

RPa(R,f)  BRHPAR HAH(E) JR e, it — &* [a(s,t)

~ 2R, A0 R2 s EFME DD | A +/3($,t)] d¢. (3.33)

Substituting (3.33) into (3.28),_3, one obtains

PR, b=

(R, HA%(t) — R4 [a(R, £
RZr2(R, 1) M)

JR rE DA — & [a(s,t)
sy ETHE DA L AR

+ B(R, t)j|

+ ﬁ@,t)] de

R? 2R, HAEE 1 (3.34)
d Z[R, ) =aR, ) | M) = 5o Rt d -
an o*(R,1) = a )[ ) rz(th)m)} + B )[ 5 wo}
JR e, e - ¢ [a(s,t) e t)] d
s ErHE DA LAk ’
For {Ry < R < 53(t), t < taplation} OT {t > faplation, S1(t) < R < Sa(t)}:
- ) -
R, t
r,R(+r ) 0 0
rR(R, T (R)) .
bR 1) = 0 = o
r@®
A
. 0o Mo
+
A (R)
_ ) _ (3.35)
+
rR(R, T (R)) 0 0
rR(R, 1)
)
AR, b= 0 r (R) 0
(R, t)
4
. A ®)
L A ()
The principal invariants of b read
(R, t) ANt
hR ) =rA®p+ D 20
r (R xR
) ) ) s (3.36)
rRR DR L) 2R DA TR HANE)
and L(R, 1) =~ 3 + 5 I + < I .
+ + + +
r (R) r (R)x (R) 1 (R)
16 Alternatively, one may integrate (3.30) from R to R to obtain
" [ AN — £ Talt)
=) | Sy e 032

for S1(f) < R < Ry, and t < tablation-
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The non-zero components of the Cauchy stress are

rr _ 2 _ ﬂ(R/ t)
o (R, )= —p(R 1) + a(R, rr(R, 1) ’,212 R0
)
UGG(R t)_ _ p(RI t) Ot(R, t) _ ﬂ(R/ t) r (R)
TR, B f ®) (R, ) (3.37)
4 +
2p a(RHAH  BRH A (R)
and (R, t)=—pR,t) + = 50
2 (R)

Using the constraints (3.12) and (3.19), each of the components of 6 (R, t) can be expressed solely in
terms of the kinematic quantities (R, t) and A(t), i.e. one can eliminate r r(R, t) in (3.37); to obtain

42 44
R, 1 (R)A (R)  BRHAR, A

o"(R,t)=—p(R,t) + — 1 - . (3.38)
r%(R, )A%(t) f ®) }‘1; ®)
Substituting (3.37)1_2 in (3.25), one obtains
2 4 4
, L RIAROMO-T R % R | a®H AR
o (R, 1) = = - ; . (3.39)
AR, HA2(H) T (R) MO R

Since 6" (S2(t), t) =0, it is implied that

S:(t) XZ @&, DAty — 3 (a;“)JAr4 @) | «E,8) | BED
o"(R, )= _J , + 4 T T |4 (340
R (&, HA2(t) 1 (§) al G

whenever {Ry <R < 5(t), t < taplation}, O {t > taplation, S1(f) < R < Sa(#)}. Thus, (3.38) gives the
following expression for the pressure field:

2 44
aR,Dr R)A (R BR,HAR, HrA(H)
2R, M)

p(Rr t) =
Yot ®

42 BT
+FMA(HW@ﬂﬁw—r@M(®]a@0+ﬁ&ﬂ
R A, D12 T (&) OB

} de. (3.41)
r (6)
Substituting (3.41) into (3.37),_3, one obtains

699R, 1) =

4 syt
RO —7 R) A (R) |:a(R, H - BR, t)i|

2R DT ®) MO R

2 4 4
_rwi<9w@xw%r¢(aK@n[maﬂ+ﬁ@n}®

R (e, DI2() F (6) MO g 62)
3.42

and UZZ(R/ t) = O{(R, t) |:+4 A4(t)r2(R, f) 4 +2 )\.4(t)

4 g2 14
MH) xR (R)] +ﬂ(R,t)[A4(t)r2(R,t) xR
r (®) PR ®

2 4 4
_fwi<aW@mﬂw—¢@ﬁ<@]a@o+ﬁ@n w
R A, D320 T (&) Mo
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for {Ry <R < Sy(t), t < tablation}, and {t > taplation, S1(t) < R < S»(#)}. Note that 6??(S5(t),t) =0, and
0% (Sa(t), 1) =0, i.e. 6(S2(t),t) =0. Since ¢'"(R, f) has to be continuous in R at R, at any time f <
tablation, We must have

JRZ (&, a4t — £ [a(s,t)

,h | d
sy ETHE NN LA + A t)] £

S2(t) Iz @&, patt)— i (5)14 &) | a,t) | BE, 1)
+J . {a i }déz(),

(3.43)
: PE D T @) O e
for all 0 < t < faplation.
Remark 3.1. Using (3.40), one obtains
Sa(t) +2 4 PN
o (R t)__J 20 EE D H—r E)r E)] |« ) | BED de (3.45)
A 4 20 A 4 ' ’
: P& DA 7 () e
which can be substituted into (3.32) to give
oo o[ rE DA — €4 TalE, D)
TR == £ A&, 020 [A‘*(t) r (g’t)}dg
5 17 e syttt
[rierenio-f ool {a@,t) +/3($,t)} w6
1 n ‘ ’
K (e, D220 T (6) PO e

where S1(t) <R <Ry, and f < typjation- e Thus, (3.29) gives the following expression for the
pressure field:

R2a(R, 1) B(R, DR, HAA()
2R, A4 R2

JRZ rE Hrie) — g [a(s,t)

R ETHE DAA() A4(t)

p(Rr t) =

T ﬁ(s,t)] de

M) 44

5 1 ey gyttt
+J X @UE DO —1r €)a (6)] [a(?f) B, t)
r (8)

— + } dg, (3.47)
R (&, DA%t 1 (§)

17For t > taplation, the boundary condition ¢'"(S1(f), t) = 0 yields a similar constraint

(3.44)

+
5100 A0 T (E) M o

2 4 e
[ Lereno-F o e [a@,t) ﬁ(élt)} w0
i o)

in view of (3.40).
18Setting o' (S1(#), t) = 0 in (3.46) provides an alternative approach to recover (3.53).

SL0TC07 18 ¥ 205 % SUni] 14 eI feuinolBioSuysiandizaposiedo



Downloaded from https://royal societypublishing.org/ on 05 November 2023

where S1(t) < R < Ry. Substituting (3.47) into (3.28),_3 one obtains

00 o PR DA —R* [a(R, 1) Ra A, at(t) — &4 [a(E, D)
="y L PR -l e | e e
42 4 44
_ JSNM OIAEDHO-T ©Or @1 | eEn  BED |
R AE 0220 F(©) MO
R? 2(R, A4 1
and PR, ) =a(R,f) [ﬁ(t) - W} +B(R, 1) [V(Rz“t) - A‘*(t)}
Ra (g, () — &* [a(E, t)
-y e o [A‘*(t) +A (s’t)] d
42 4 4
[rLereno-F o e {a(&t)+ﬂ(&t)} we
R AE 0020 7€) MOy
(3.48)
for S1(t) <R < R5.1% On the ablation boundary
&%(S1(1), 1)
[ d0r0 _ sio [7‘”(5“”'”%(5 0 t)] < s
S%(t) S%(t) )»4(1‘) 1\t), ’ ablation/
= r ) +2 +4
STOAE) 1 (SiE) A (1) | | a(Si(), 1) B(S1(E), D)
2 - Sz(t) )\4(1‘) + 4 t > tablation,
L7 (S1(1) B A (S1(8)
and  o%(S1(h), 1) 619)
(st 1 ][ e, H530 ‘ '
S%(t) - )‘4(t)i| |:s%(t)+ﬂ(sl(t)' B, t < tablation,
MO LS G
_ eS| -
1 (5100 B
4 2 44
+/3(Sl(t)r t) |:+4 * (t)ilz(t) - A)Ef(lt()t)):| ’ t> tablatiorv
ST (Si(t)

Notice that ¢ and ¢% do not vanish on the ablation boumdary.20

Remark 3.2. In [26], it was shown that the finite extension of an accreting circular cylindrical
bar made of an arbitrary incompressible isotropic solid is a universal deformation even in the
presence of radially symmetric accretion. We have observed here that this result holds even
when there is simultaneous radially symmetric accretion and ablation on the outer and inner
boundaries, respectively.

(i) The applied axial force
The axial force at the two ends of the bar is given by

Sa(t)
F(H)=2n J P#(R,RdR,

Si(t)

(3.50)

It is clear from (3.48) and (3.42) that 6%’ and % are continuous at R.

2Tn a similar problem, Naghibzadeh et al. [57] observed non-zero o’ and o#? on the ablation boundary of a hollow spherical
body undergoing accretion through its fixed inner boundary while ablation takes place on its traction-free outer boundary.
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zz R,t
612(()}) ) is the zZ-component of first Piola-Kirchhoff stress. For S1(f) <R <Ry

where P (R, t) =

and ¢ < taplation:

27 _ 200y _ R
P*(R,t)=a(R, 1) |:k ) rz(R, t)k6(t):| + B(R, 1) |: ) A6(t)

Ra (e, ad(t) — &* [ (&, 1)
_JR £ (E, HAA(Y) [A4(t)

2 PR DAL 1 }

+ ﬁ@,t)} de

R: A, DA T (€) OB

2 4 4
_ JSZ“’X O E N O-7 G @ {a(s,t) B, t)
i (&)

} dé. (3.51)

For {Ry < R < 53(t),t < taplation} and {t > taplation, S1(¢) < R < Sa(t)}:

4 - ’ 4 - 6 2 7 4 — 3
T MOTED Teife *0

A+

2 4 4
_ JSZ“)I OFE O €)1 ©] {a@,t) )
G

— + } dé. (3.52)
R (&, ) A4 T (§)

Remark 3.3. Observe that (3.43) and (3.44) can be combined to define the following function?!:

JRZ &, DAk — & [a(s,t)

| d
sy ETHE DA L A4 + B¢ t)} £

+2 +4 +4
+J'52(f))L @OUE 0= @r @) aE)  pED | G,
T()= R E: OIS Lo
: rE DI T () G
42 14 +4
szu ©OUE OO @) O« BED | 4 £ tablation-
10 F(E D220 T (6) O e i

(3.53)
In a displacement-control problem, where A(t) is given, T(? (R)) =0 s to be solved with -; (Rp) =
R» to find the unknown function ? (R) for R > R».

(f) The accretion—ablation initial-boundary-value problem for a neo-Hookean solid
Let T < t,plation- Consider a homogeneous neo-Hookean material for which (R, t) = u(R) = o > 0
and B(R,t)=0. In order to simplify the calculations, assume that the spatial accretion/ablation

. . = + . =+ T
velocities are constant, i.e. u1(t) =v> 0 and u»(t) =v> 0. The signs of v and v indicate that both
accretion and ablation interfaces are moving radially outward. Thus,

_ _  R-R
Si()=Ri+vt, ort(R)=—12,
R” < (3.54)
and Sat)=Ry+Vt, or T (R)= ——>
v

. . . +. .
217 is continuous at faplation- Equivalently, Yo 7 is continuous at Rj.

SLS0TC07 18 205 SUDi] 14 ©1y/leuinol/BioBuysigndaposiefo



Downloaded from https://royal societypublishing.org/ on 05 November 2023

The non-zero physical components of the Cauchy stress for this problem are listed as follows:??

po (R dE po (R £3de
- = - — , R <Ry,
)‘Z(t) Jsl(t) 3 )‘é(t) J'Sl(t) r4(§-, t) e
oc"(R,t) = 42 43 46
Mo JSM L (©)dE o Fz(” r©r ©de L o
22(t) Jr }t(g) A6(t) Jr (€, t) ' -
(R, 1) R? o
1o [ 2 A4(t)r2(R,t)i| +0"(R,t), R<Ry,
(}99(12, f) = 4 2 3.56
ARYH RF B TR, R R (3.56)
2 2 B B =2
2 ®) M ()2 (R, )
2
4 r
o |:)» ) — AOAR, t):| +0""(R, 1), R <Ry,
and %R, t) = 4 42
MH a R (R) rr
)] 4 - 4 2 +o (R/ t)/ R = RZ‘
1— ®) A (Br#(R, t)
Traction continuity equation (3.53) simplifies to read
| [ dE O @ds | gae 0o @
A4 (¢ = = 3.57
( ) Ll(t) E * JRZ -;(S) JS1(t) r4($/t) JRZ 74(&/ t) ( )

Now, one can differentiate (3.57) with respect to t and use (3.11) and (3.21) to deduce that (the
detailed calculations are given in appendix A)

+
Ro+ [R5 & (5)d
-;(R) — M, (3.58)
1 (R)
and
R S1(f)) <R <R
)\.(t), 1 = RN=R2,
Ry=1% (3.59)
A (R) 7 (R)
——————, Rp<R t
o s <5(),
which when substituted into (3.56) implies that '"(R, t) = 0% (R, t) = 0. Moreover,
|20~ o] si0=r=R,
YT He ) she
P(R, t) = i +2 3.60
®0 20 1 ® (060
+ A%(H)
LA (R)
using which the axial force can be expressed as
F) R:I-S*HT., 1 , %0 RdR 1 S0 42
= A() — —— AS(t - — R R)dR. 3.61
e S ] Rl Mt ol MR e

SN

220n the ablation boundary,

s S
OIS (0]

i)
&7 (S1(D), 1) = o and o (S1(8), D =po | M- 525~ | (3.55)

R GELG!

SL0TC07 18 ¥ 205 % SUni] 14 eI feuinolBioSuysiandizaposiedo



Downloaded from https://royal societypublishing.org/ on 05 November 2023

5 -
af i.
\
3 \
\
0% (R, 1) X
Hy
15 : : L
2.0 25 30 35 16 18 20 22 24 26
LS L
R, R,
— =1+t —am=144 = a0=1+(4)
=14+ =1+~ =1+(%)

Figure 5. Solution to the displacement-control problem described in example 3.4 for a=1. For A(t) =1+ (t/T)"
(an increasing function) the variation of the axial stress o(R,t) with R at t =T/4 for the cases n € {(1/2),1,2}
is shown.

0 L
-1}
1 0% (Rv —4T') ot 7
Hy //
/
3} /
]
e s

1.6 18 20 22 24 26

L R
R, R,
_-ﬂ,(t)=1—\/; _l(t)=l—?t _/l(l‘)=]—<%>2

Figure 6. Solution to the displacement-control problem described in example 3.4 for a = —1. For A(t) =1— (¢/T)"
(a decreasing function) the variation of the axial stress o#(R,t) with R at t =T/4 for the cases n € {(1/2),1,2}
is shown.

In a force-control problem F(t) is given (with F(0) = 0), and S1(t), Sx(t) are both known. All one
needs to find is the unknown function A(¢) that satisfies (3.61).

Example 3.4. Consider a displacement-control problem with R, =2R;, v=2(Ry/T), U=
3(Ry1/T), and A(t)=1+a(t/T)", where n>0, and a € R. Then tpjation =T/2 and Sz (faplation) =
3.5R1. We solve this problem fora € {+1} and n € {(1/2), 1,2} assuming the numerical values R =1
and T=1. At any given t < t;plation, (R, 1) is constant in the initial body (R < R3), as we have
assumed the material to be homogeneous and the deformation to be uniform (figures 5 and 6).
As foreseen, 0% >0 for A > 1 (figure 5) and 0% <0 for A <1 (figure 6). Further, ¢** is non-zero
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0% (S (0, 1)

1
0

0 025 0.50 0 02

G
o
W
o

L
T T
Figure 7. The axial stress on the ablation boundary for the displacement-control problem described in example

3.4. The variation of oZ(5(t), t) with t(<taiplation) for A(t) =14 a(t/T)", where a € {£1} and n € {(1/2),1,2}
is shown.

on the ablation boundary (figure 7). Note that A(t) taken in this example blows up near t =0 for
n <1 and a > 0. This is why when the bar is subjected to the elongation A(t) =1 4 /t/T, we first

. . . + . .
observe a reduction in the outer diameter r (R), or equivalently s(t), see figure 5. Later, as the rate

. . . . + . .
of elongation reduces, this effect is overshadowed by accretion and r (R) increases monotonically.

Example 3.5. Consider a force-control problem with R, =2R;, v=Ry/T, o= 2(R1/T). Then
taplation =1 and S»(T)=4R;. To fmd solutions of the form (3.59), first define h(t):=

4
IRO®R dR/3 (R)), and k(t) := =[2"R A (R)dR, so that iu(f) = (U Sy(H)/24(1)) and k() =0 Sp(H)A2(H).
Differentiating (3.61) with respect to ¢, one obtains

s() 4 [R3-s30) L o] F@
|:2/\(t) |: 5 + h(t)i| + KT |:2 +k(t) | [A(B)+ v S1(D) [ 0 — A (t)] = oo’

(3.62)
Thus, we need to solve the following system of nonlinear ODEs:
o SO+ S1OIE) — (1/24(1)]
MH= R3-S3(t)
201 — S30)/2) + ht)] + 75 S50 k)]
ARG (3.63)
h 7
O=55
(1) =0 Sp(H)22(t)
and AM0)=1, h(0)=0, k(0)=0,

where f(t) := E(t)/27 pug. Assume the numerical values R; =1and T = 1. The time-dependent force
F(t) is taken as a polynomial function of ¢ in figure 8, and an error function of ¢ in figure 9, and a
sinusoidal function of t in figure 10. The sign of ¢** is the same as that of F for monotonic loads
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A(0)

2
ugrky T HoR;

Figure 8. Solution to the force-control problem described in example 3.5 with F(t) = :E5[L071R12(T/ T)", where n € {1,2}.
The function A(t) reported here is the solution to the integral equation (3.61). The variation of the axial stress o# with R

att = T/2is shown.

F@) 5t _ F(r) =5<

L)z _
T

Fo _ 5t
HR}

Tt 5 B

1.10 0.5
1.08 - 0.4-“‘"“
1.06 | .- | oepr 037
A®) .~ I B R N )
1041 7 P Hoo 02} R
/ g
1 R
102t,/ 0.1}
"’ -~ ~
o/ \~\.
1.00 : : : : 0
0 02 04 06 08 10 15 20 25 3.0
I3 R
T Rl
- F(1)2 =erf (%t) —_ F(t)2 =erf (i;) - F(t)z =erf (8%)
LRy HoeRy HoeRy

Figure 9. Solution to the force-control problem described in example 3.5 with F(t) = Mgan erf(At/T), where A € {2,5, 8}.
The function A(t) reported here is the solution to the integral equation (3.61). The variation of the axial stress o with R at
t =T/2isshown.

(figure 8). In figure 9, as F(t) increases from 0 until the asymptotic value uonR% is reached, A(t)
(and hence the axial strain rate) decreases until an asymptotic limit is reached. In figure 10, we
look at three different time-dependent loads with F(0) = F(T) =0, but all of them have different
stretches at f =T because their loading histories are different. Similarly, F(f) = ,u,oyrR% sin(wt/T)
and F(t) = /LO]TR% sin?(rt/T) have the same load at t = T/2, but different radial variation of o% at
that instant because of their different loading histories.

(g) Residual stress

We assume that the body is unloaded after the accretion and ablation processes end. Let T <
tablation- For £ > T, A(t) =1, and F(t) = 0. The material metric of the resulting body has the following
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1.06 +
1.04 +
A@)
1.02 ¢
1.00
r R
T Rl
—_ 7F(t)2 =sin (%t) —_ 7F(t)2 =sin (2777:[) - 7F(t)2 = sin? <7¥>
HomRy HomRy TRy

Figure 10. Solution to the force-control problem described in example 3.5. The function A(t) reported here is the solution to
the integral equation (3.61) with F(t) = MOJTR% sin” (et /T), where m € {1,2} and w € {7, 277 }. Further, the variation of
the axial stress o with Rat t = T /2iis shown.

representation:>3
(1 0
RZ 0], S1(T) <R <Ry,
i 0
ca=1f . (3.64)

2

0 r (R 0 |, Ry<R=<SD),
44

0 0 1 (®

wherein the case R < R; is present only if T <7 (Rp). Let ¢ : By — S map the material manifold to
the residually stressed configuration. Let us consider the map @(R, ©,Z) = (7,6,2) with 7 =#R),
6 = © and z = A2Z. Incompressibility constraint can be expressed as

Y25\
BHOVR g,
2 (3.65)
and M =1 Ry<R,
AR TR
which implies that
2_ @
M)+ ot R<Rs,
P2(R) = A (3.66)
2 (D42
Pem) -5 |k ©F©de, RasR
The continuity of #(R) at R requires that
=2 - Lire_e 2042 4
7(S2(T)) — P(S1(T)) = 72 R3 = 51(T) +2L L (E)r(E)dE . (3.67)

2The constraint (3.19); has been used in calculating the metric of the accreted portion of the body.

citeaac sty 05 sund g e sosansindaposeio [
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Observe that the knowledge of either 7(S1(T)) or 7#(S2(T)) is sufficient to calculate 7(R). Let us take
7(51(T)) as the only independent variable (other than 1), in terms of which

52
2(Su(T) + T()

2(R) =

The deformation gradient reads

"(R) 0 0
FR)=| 0 1 0
0 0 22
For R < Rj:
— 1 0
FRF 0 0 FRP
1 R
(R = (R =
b*(R) = 0 el ~04 and c*(R)= 0 AR 0
0 0 A
0 0 ;
- A
The principal invariants of b read
-y [FRPHPR) PR
WR = FRF+ 0 16 and L@ = FRPs+ COEO | FOE

R <Ry,

R |2
R(Sy(T) + — R%—s%(THZJ Tofed|, rR<k
22 Ro

(3.68)

(3.69)

(3.70)

(3.71)

Using (3.65)1, the non-zero physical components of the residual Cauchy stress can be expressed

(3.72)

(3.73)

(3.74)

as2
o «(R)R*  BR)MP(R)
5R = —p(R)+ S o
2600 oy _ «(R)P*R)  B(R)R?
and &%(R) = —p(R) + a(R) A* — P A(f)
For R < Ry, the radial equilibrium equation and the traction boundary condition ¢ (51(T)) =0
imply that
R Ta®) S
=] [ SRr0] | - s |
206 a(R) MPR)  R? oy
B =] T+ bl )][ - 2 |+
_ B RZ )»4 2(R) 1 .
zz E— 4 _ _ rr .
and %(R) =a(R) |:A 1472(R)i| B(R) { 5\4} + 6" (R)
Now for R > Rjp:
ro1
FRP 0 0 . 0
[F(R)] 0 FRP
u O = 0 j )
b"(R) = r (R) 4 and c¢(R)= 0 AR
0 0 7}
+
» (R) 0 0

%Note that 5% = 725
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The principal invariants of b read

P(R) 5 [F (R)I* P(R) 4 WP (R) +7\4[?’(R)]2‘

LR) =[FRP + —5— + — and L(R)= -

4 4
FweoL® o Feie e

(3.75)

Using (3.65)2, the non-zero physical components of the residual Cauchy stress can be expressed

as
e 2 o BR)
&"(R) = —p(R) + a(R, ) (R) =@
RPR) AR T ®)
260 _ o T _ ,3 r
o (R) - p(R) + +2 7~’2(R)
r (R)
-4 +4
R
and 5ZZ(R)=—p(R)+“+(f” By (R);i R®),
» (R)

(3.76)

For R > Ry, the radial equilibrium equation and the traction boundary condition 6"(S2(T)) =0

give us
sne Tee p0) || 2 Foie
N 200+ o B(& A r A
TR =—| x| =2+ - de,
I [ ®oy (s)} re MO
R p 1R P el ®
gee(R):|:0l5(L4)++/i( )} P FOLE g
L (R) r (R)
v T RF R T42(R P R
and  5%(R)=a(R) +4’\ _* 1(4;)221{)() +B(R) +4“i2) ‘A;i) +5"(R).
» (R) » R (R
The continuity of '"(R) at R, requires that®
- (R Ta@®) ] 3 £
= po _— — = d
’ Jslm[ e PO % A274(E) :
sne Tae p0 || 2 Foie
+ ) =L - dé =0.
Nk follie Pre ¢

The absence of an axial force in the residually stressed state implies that

S2(T) e
J 27 R P**(R)dR =0,
Si(T)

% Alternatively, 6" for R < R, can be expressed as:

R TRE) — & Ta®) B
5"®R=- R [14 +ﬂ(é)]d$ |

Ry RHE) T E)

2 ~ 4 4
=0 1 @UFO-7 ©5 @) {a@) .G } o
IS ’

by 4
I

in which case the condition (3.79) is recovered from the traction boundary condition 6""(5(T)) =0.

(3.77)

(3.79)

(3.80)

(3.78)
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where P2(R) = 6%(R)/A2 is the zZ-component of the residual Piola—-Kirchhoff stress, calculated

as
- 2 W2 (R 1 "R
a(R)[AZ—Xéfz(RJW(R){ - [+ 5 R=<R,,
P(R) = I 4 »
* (R » (R)r (R)
(3.81)

(i) Residual stress in the case of a neo-Hookean solid

Consider a homogeneous neo-Hookean material for which «(R) = u(R) = ug > 0 and B(R) =0 as
in the previous section. The non-zero components of the residual Cauchy stress are written as

1o JR dé o JR §2de R-R
=5 T =7 ~4 7 < 2s
A2 symy & A8 Jsym) T4(E)
&"(R) = +2 3 46
+ +
po (2D 5 €)ds  po (PP 1 (§)a (£)dk
_7 +7 + T6 T ey R > RZ/
A% JR r (&) A0 JR (&)
2(R) R? »
- 6""(R), R <Ry,
" [ R pw|TT® =
59(R) = 4 2
2R 2 RF ®| - (382)
T
MO +2 - X4~2 R +o (R)/ RERZI
7 ®) r*(R)
o | A% — < LS +6"(R), R <Ry,
2472(R)
and G%(R) = ! 2
...4 +
Mo G ~(R~)r (R) +6"(R), R=R,.
+4 MA72(R)
A R)
Continuity of 67, i.e. (3.79) simplifies to read
sm F Ry, ¢3 o) £ oy F°
-4 Ra A1 5 (5)ds 2 g3ds (2D @)a (€)ds
it | log + 22l B =2 S0 =0, (3.83)
51(T) R J;(S) s 7E) IR, (3]
Further,
- R? 5"(R)
e [ R<R,,
Ho [ /\672(1{)} 32 2
P#(R) = 3 4 2 (3.84)
2 LR ®| 6w
A (R)
so that the zero axial force condition (3.80) implies that
R, [ 2
“OJ prp R RdR
S1(T) A072(R)
4 2
=M 2 L ®F ® 1 (%M
+ - — + = R&"(R)dR =0. 3.85
MOJ , +4 X672(R) 22 JSl(T) 7R (3.85)

r (R)
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Note that

S2(T) R, R R 3
J R&W(R)dR:@J J 4€ 1 Rar - ’”‘OJ J §7d8 | R dR
$1(T) 22 sy | Jsumy & suT | Jsum &)

 Ho Jszm JSz(T (s)ds

= RdR
A R 3@

— 3 6

— RdR, 3.86
w |k A (3.86)

26

or equivalently,

Sx(T) R R3—-S2D)] o (R [R3—&%16%ds
R"RdR_— R21o 2)— 2 —#J g
L](T) a7 (R) [ 8 (Sz(T) 2 } 216 Js,(1) ()

3 6
g [0 £ R ©d o J52<T> R ©F ©d o
232 Jr, T 236 () T
This in view of (3.83) implies that
ST molR3 — SH(M)] o JR £°ds
R6"(R)dR=————+—+—— + — TN
JSl(T) o7 R) 4)2 246 Js (1) PA(§)
SuT) g2 sm g2t @)1
J 3 A (S)dé+ J £cr () (5)dg (3.89)
2}»2 7’(%‘) 216 ?4(5) . )
Thus, (3.85) can be rewritten as
2_ Q2 3 S 1
52 {Rz—sl(T)JrJ 2(T) RdR:| 1 JRZ R3dR Jz(T)RA (R)r (R)dR
4 Y 2 72
2 R 26 | Jsyr) 7(R) *(R)
2
1| B-siom Jszm £h @de | 1 JRZ eds JSZ(T Pol e
2)4 2 Ry }'7(&) 228 S1(T) (&) () T
(3.89)

Determining the residual stretch and stress requires calculating the unknowns #(S1(T)) and X that
satisfy (3.83) and (3.89).

+
Remark 3.6. The functions X (R) and -1’: (R) are known from the deformation history of the bar
prior to the removal of external loads, and hence, are treated as given quantities while solving for
the residually stressed state. Observe that

#(R) = (3.90)

>+ =
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is a solution that satisfies (3.65), (3.83) and (3.89). The residual Cauchy stress components 6'" and

599 vanish for this solution. Moreover,
oL R<R
Mo 5\,4 ’ =R2,
P#(R) = - 42
32 A (R) R <R
J2%0) 1 - 4 ’ 2 =K,
+ A
A (R)
so that the zero axial force condition (3.80) requires that
R $H(T) 52 +2
2 - 1 2 A R
J MOR[AZ—ﬂ]dRJrJ HoR | — —Aii) dR=0
S1(T) Ry » (R)
This implies that
ST L2
R3 — SX(T) +2J R » (R)dR
76 — Ry
5(T) RAR
R% — S3(T) + 2J T
+
AP

(3.91)

(3.92)

(3.93)

Example 3.7. Consider a displacement-control problem with Ry =2R;, v=R; /2T, lJ'J_: Ry/T
and A(t)=1+a(t/T)", where n >0, and a € R. Then fpjation =2T > T, S1(T) =1.5R1 and S»(T) =

3R;. First we need to find ¢: [Ra, S2(T)] — R as in example (3.4). With the knowledge of ;: and ?
(figure 11), we need to find 7(S1(T)) and X that satisfy the following nonlinear integral equations:

2 Ry 76

52 R3 — SX(T) N JSZ(T) RdAR | 1 JRZ R3dR
sum 7(R)

4
» (®
. -
1| RR—821) (927 ¢)de

R T

r 3 6
1 JRZ £5ds JW) 27 &) ()de
W8 | Jsym ) g, (&)

_|_ PR
228

)
24 Ry 52D 3 (5)de Ra g3 4
and A |log (751(T)> +J —_— | = J

R &) sin ™)
where ) )
3 R* — S3(T)
7(S1(1)) + Tl,

P(R) =

4 2
J52<T>RK R)F (R)dR
Ry ;Z(R)

=0

3 6
JSZ(D e (6)de
R, (&)

R <Ry,

R |2
P(Sy(T) + — R%—s%(mzj T @tede|, Ri<Rr
22 Ro

(3.95)

We solve this system numerically in Matlab for a € {+1/2} and n € {(1/2), 1, 2} (with the numerical
values Ry =1 and T = 1). Since the numerical values of 5" (R) and 5% (R) are negligible, they are
not reported here. The values of A2 (table 1) and 6% (figure 12) obtained numerically agree with
those described in remark 3.6. From figure 12, we observe that even if a bar is subjected only to
elongation, the residual axial stresses in the initial portion of the final body are compressive due
to stress redistribution after the bar is set free. Similarly, tensile residual axial stress is observed in

the initial portion of a bar shortened during accretion—ablation.
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Figure 11. Solution of the displacement-control problem described in example 3.7 during the loadingprocess.
L5 6 1
=-n=1/2 a=-5
1.07
0.5+
=l
J|=  Of
&)
-0.5¢
-1.0f
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1.5 2.0 2.5 3.0
R
Rl

Figure 12. Residual stress %(R) in the body (example 3.7) after the removal of the external forces for the displacement-control
loading A(t) =1+ alt/T)", wherea € {£1/2} and n € {(1/2),1,2}.

Table 1. Residual stretch A2 in the body when it is set free after the displacement-control loading described in example 3.7.

n=1/2 I n=2
a=1/2 14733 1.3547 1.2349
a=—(1/2) 0.4727 0.5514 0.6477

Example 3.8. Consider a force-control problem with R, =2Ry, v=R;/2T, and = Rq/T. Then

tablation = 2T > T, S1(T) =1.5R; and Sp(T) =3R;. First we find the functions A(f) and ;’_(R) as
in example 3.5, which are then used to solve (3.94) and (3.95) for 7(S1(T)) and X. Assume the
numerical values Ry =1 and T =1. We report 6** as a function of R in the residually stressed
configuration taking F(t) as polynomial (figure 13), error (figure 14) and sinusoidal (figure 15)
functions of time t. The residual stretches A2 for the same choices of F(t) are given in table 2.
In figure 13, we compare the axial residual stress for loads varying monotonically as linear and
quadratic functions of time. A monotonically increasing tensile F(t) induces a compressive 67 in
the initial portion of the body, although A? > 1. Similarly, a monotonically increasing compressive
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1.0 T T

Figure 13. Residual stress 3%(R) in the body (example 3.8) when it is set free after the loading F(t) = j:SpLoan(t/ n,
wheren € {1,2}.

0.3 T T

02}

0.1F

014 Fo) erf<ﬂ>
pomRY

1.5 2.0 2.5 3.0

=

Figure 14. Residual stress 5% (R) in the body (example 3.8) when it is set free after the loading F(t) = ,u07t,‘?12 erf(At/T),
where A € {2,5, 8}.

F(t) leaves a tensile 6** in the initial portion of the final body along with a residual contraction
22 < 1. In figure 14, 57 is observed to be almost the same towards the outermost accreted layers
for all the three loading paths. This is probably because the load when those outermost layers
were accreted was very close to the asymptotic limit of F(¢) in all the three cases. As a result, all
those layers experience the same state of stress during loading as well as when they are set free.
In figure 15, we look at the residual stress print left after different sinusoidal loading cycles and
observe that 6** remains zero on the outer boundary even after the bar is unloaded.
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No-ZZ (R)

Figure 15. Residual stress 5%(R) in the final body (example 3.8). During the accretion—ablation process, this body was under
a sinusoidal axial force.

Table 2. Residual stretch A2 in the body when it is set free after the force-control loading described in example 3.8.

F(t)/ptoyrl%}2 A2
erf(At/T) A=2 1.0603
L s
L o
a(e/T)" a=5n=1 1.2158
a=5,n= .............................................................................. e
a——5,n= .......................................................................... s
a=—5n:2 ....................................................................... s
sin"(wt /T) m=lw=m 1.0617
m=1w=271 ...................................................................... e
m=2w=71 ....................................................................... e

(h) Response of a three-dimensional-printed bar under axial loads

Let us assume that T7 and T, are such that 0 < T < T7 < T», and consider a three-dimensional-
printed thick hollow cylinder in the time interval [0, T>]. Accretion/ablation occurs during the
interval [0, T] under some time-dependent axial load, after which the body is in an unloaded
state until f = T1, and service loads are applied during [T7, T>]. The motion map has the following
representation:

(rR,1),0,22(Z),  t<T,
@R, ©,7)= 1 (HR), ©,3%Z), T<t<Ty, (3.96)
(rS(RI t)/ @/ )‘-g(t)izz)/ Tl < t =< TZI

iy sy s i oD
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where S1(t) <R < S»(t), and Ag(t) is the axial stretch due to the service load. The functions A, A¢ are
assumed to satisfy the following conditions: A(0) =1, As(T1) = 1. Further, notice that

- +
< <
Ri+vt, t=<T, and  Sy(t) = Ro+vt, t<T, (3.97)

ST, t>T, S(T),  t>T,

S1(H)=

. . . . .. .= + . .
so that they are invertible only in [0, T], with their inverses being 7 and 7, respectively. Axial force
and the Cauchy stress are written as

noRZ fi(t), t<T, oi(R,H), t<T,
Fity=10, T<t<Ti, oRH=16(R), T<t<Ty, (3.98)
1o R3fi(t), Ti<t<T>, os(Rt), T1<t<Ty,

where the functions f;, fs are the dimensionless axial forces during the accretion—ablation process
and service loading, respectively, and are assumed to satisfy the following conditions: f;(0) =0,
fs(T1) = 0. The zZ-component of the Cauchy stress during service loading is written as

s 1
AMmit— ——, Si(T)<R<Ry,
<) VIS 1(T)<R<R;
0cZ([R,t) = L 42 (3.99)
s RGOS ) Ry <R < So(T)
+4 A2ha2 T ’
r (R)
which implies that
It R2 — S2(T B . 52 RdR 1 S2(T) 2
0 _ R =51 [xg(mz - - ]+x§(t)xzj 4d - 7~J R (R)dR,
27110 2 Ad(h)r4 R AS(A* R,

A (R)
(3.100)
where T1 <t < T,. This can be rearranged as

2 _ a2 S(T) 2_g2 S(T) 42
FO 02 {Rle(TuJ RdR} ! [RZ Sl(T)JrJ R (R)dR]

27 11g 2 R 14 ® POV 2 R
(3.101)

with )
+
R - D) +2 [ Ra (R)dR

26 = ) (3.102)
So(T)
RE — S}(T) +2 [ R dr
A (R)

This implies the following force—stretch relationship:

fs(y=a [ki(t) - } , (3.103)

A3 ()

where

2/3
1 [, . S 42 Ral I S R !
1= Rz—Sl(T)—i—zJR R (R)R R2—51(T)+2J ——dR| . (3109
2

+
1 )

(i) A stress-free elastic body with the same size as the three-dimensional-printed body

First observe that in the absence of accretion/ablation (i.e. b=v= 0) equation (3.100) simplifies to

read ) )
F) RE-R[, 1
= 2 [A ® —}\4(0] . (3.105)

In this problem, we replace Ry by 7#(51(T)), Ry by #(S2(T)), and L by X2L. Consider a stress-free
thick cylinder of inner radius 7(S1(T)) = S1(T) /4, outer radius #(S2(T)) = A(T)s3(T)/A, initial length
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A2L and subject it to the same service load during the time interval [Ty, T2]. For this new problem,
let the motion be denoted as

o ° 02

¢t (R,6,2) = (7s (R 1), 0,35 (1), (3.106)

where S1(T)/x <R < A(T)s5(T)/A, and 0 < Z < A2L. Let the axial force be Fs(t) = p.orrR% fs(t), and
denote the Cauchy stress by as. For (S1(T)) < R <#(Sa(T)),
0ZZ o o4 1
US (R, t) = U0 )"S (t) - 027 ; (3107)
2s (B)

which implies that the axial force can be expressed as

2020y @2 2
ZF;i?o _t (T)Sz(z?z i) s (B — % . (3.108)
As (£)
Thus, we have the following force-stretch relationship:
ozl
fs®)=aii®———1, (3.109)
As (F)

where

[32(T)s3(T) — SX(T)] |:R§ —SX(T) +2 jfgzm R Xz (R)dR} 3
=

(3.110)

1/3
So(T
R? [Rg ~ 82 +2 [0 R dR}
)

Note that if a >4, then the three-dimensional-printed body is stiffer in comparison with a stress-
free body of the same dimensions, and vice versa.

Example 3.9. Consider Ry =2R;, v="Ry/2T, D= Ry/T, T1 =2T and T, =3T. Then, taplation =
2T > T, S1(T) = 1.5R1 and S»(T) = 3Rq, where we assume the numerical values R{ =1, and T =1
as in example 3.8. The values of a4 and a for several loads (same as those from example 3.8) are
given in table 3. The force—stretch relationship during the service loading is shown in figure 16
for two particular cases. It is observed that the three-dimensional-printed body is less stiff than
a stress-free body of the same size and made of the same material provided that it was subjected
to monotonic tensile loading during the accretion—-ablation time interval. Similarly, a body that
was under monotonic compressive loading during the accretion—-ablation time interval is stiffer
(in tension) than a stress-free body of the same size and made of the same material.

Example 3.10. Let R, =2R;, v=Ry/2T, b= R1/T, T1 =2T,and T, = 3T as in example 3.9. When
the service load is constant, the Cauchy stress is a function of the radial coordinate alone. We
consider the time-dependent loads f;(t) = £5t/T during the accretion-ablation process, and the
constant service loads f;(t) = £10. The solid-blue curves in figure 17 represent the following sets

{(?(R), USZZ(R)) :51(T) sRsSz(T)}, (3.111)
Ko

which show the radial variation of o7 resulting from a constant axial force applied to the three-
dimensional-printed body. When a stress-free body of the same size as the three-dimensional-

printed one is subjected to the same service load, it develops a constant (?zz across the cross-section
(this is shown by the dashed-red curves in figure 17).

The three-dimensional-printed body manufactured under the tensile load fi(t) =5¢/T has
tensile residual stress in its inner layers and compressive residual stress in the outer layers. As
a result, when a tensile service load is applied, it always develops tensile stress in its inner layers

citeznc sty o5 o sund g msanaysosansindaposeior [
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A2, 12(0) 22(6), A1)

Figure 16. Force—stretch relationship for service loading (example 3.9). In the case of fi(t) = 5t/T, the three-dimensional-
printed body is less stiff when compared with its corresponding body without any residual stress. When f(t) = —(5t/T), the
three-dimensional-printed body is stiffer than its corresponding stress-free body of the same size.

Table 3. The coefficients of the force—stretch relations (see equations (3.103) and (3.109)) for a three-dimensional-printed bar
(see (3.104)) and a stress-free bar of the same size and made of the same material (see (3.110)).

fi(t) a a
erf(At/T) A=2 6.3782 6.5900
G s e
G e e
a(e/T)" a=>5n=1 5.7295 6.2902
Ty T e
e e S
Ty e e
sin™(t/T) m=lw=m 6.3695 6.5918
L e s
e g s

while the stress in the outer layers can be compressive for very small service loads. For larger

loads that cause tensile 0% throughout the cross-section, ¢7* is greater than &fz in the inner layers,
while it is the opposite for the outer layers. If this body manufactured under the tensile load
is subjected to compression, o7* can still be tensile in the inner layers for small enough loads.
It is possible to have a slightly larger compressive service load so that the inner layers have
compressive stress, but lesser than that of a stress-free body of the same size subjected to the
same load, while the outer layers follow the opposite trend. However, if the compressive service
load is large enough, the stresses in the three-dimensional-printed body are more compressive
than those of the stress-free body throughout the cross-section.

The residual stress in the three-dimensional-printed body manufactured under the
compressive load f(t) = —(5t/T) is compressive in its inner layers and tensile in the outer layers. If
tensile service loads are large enough, 6% in the three-dimensional-printed body is always tensile

Tt 5 B
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Figure 17. The zZ-component of the Cauchy stress generated by a constant service load (example 3.10). The solid-blue curves
show the radial variation of the zZ-component of the Cauchy stress in the three-dimensional-printed body. The dashed-red
curves represent the same for a stress-free body of the same size and made of the same material as the three-dimensional-
printed one.

(with the inner layers being less stressed than the outer ones) but less stressed than the stress-
free body of the same size subjected to the same service load. Similarly, if compressive service
loads are large enough, ¢7* in the three-dimensional-printed body is always compressive (with
the inner layers being more stressed than the outer ones) but less stressed than the stress-free
body of the same size subjected to the same service load.

4. Conclusion

In this paper, we presented a geometric formulation of the nonlinear mechanics of accreting—
ablating bodies. This theory models the large deformations of bodies that undergo simultaneous
accretion and ablation on their boundaries. This is a generalization of the accretion theory that
was formulated in [22]. In this formulation, the natural (stress-free) configuration of the body
is a time-dependent Riemannian manifold. Formulating the accretion—ablation boundary-value
problem requires the construction of the material metric for the accreted portion of the body. For
ablation, we simply need a map to track the points on the boundary being ablated at any given
time. However, we do not need to track the particles after they have left the body. The material
metric is an unknown field a priori and is determined after solving the accretion-ablation initial-
boundary-value problem. This theory is not restricted to isotropic materials; the initial body can
be made of any anisotropic material. The accreting particles can be anisotropic as well. Also, the
material points joining the body can be stressed at their time of attachment.

In the second part of the paper, we considered an incompressible thick hollow cylinder
undergoing accretion on its outer boundary and ablation on its inner boundary while it is being
loaded axially. For the sake of simplicity, we assumed a homogeneous and isotropic material both
in the initial body and accreting particles. Also, to simplify kinematics we assumed that the initial
body is made of an incompressible solid. It is also assumed that the material that is added to the
body during the accretion process is incompressible as well. We derived the governing equations
for two cases: (i) when f < tapjation @ portion of the initial body is still present, and (ii) the initial
body has been completely ablated. Assuming constant accretion and ablation velocities we solved
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the problem for case (i). We considered two different loading scenarios: displacement-control and
force-control loadings. In the case of displacement-control loading, we obtained a semi-analytical
solution for the problem. Further, we calculated the residual stresses after the completion of the
accretion—ablation processes and the removal of external forces. Given a time-dependent axial
stretch during loading, we provided analytical expressions for both the residual stretch and axial
residual stress.

A future extension of this work would be to study problems where the accretion and ablation
velocities are dictated by mass transport and heat transfer. Studying large elastic deformations
in accretion-ablation problems coupled with phase changes will be the subject of a future
communication.
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Appendix A. The relationship between r(R, t) and A (t) for an accreting—ablating
incompressible thick hollow cylinder under finite extension

The traction continuity equation (3.57) can be rearranged as follows:

2 4
JRZ [1 R? } JSZG)I ®l. el e

—_ ___ - dR=0. A
sy | R AR DAAE) R, J;(R) ! (R, HAA(t) R=0 S

For the sake of convenience, let us denote

Ra [ R? 0l ®| Fwie
2 2 A T )\.
At::J _ - dR and Bt::J _ 1l ——= dR:O.
L M [R AR, t)x%t)} A P e Y0
(A2)
Observe that (3.11) and (3.21) can be combined to write
sTBA3(H) — STt + R?, R<R,,
(R, HA%(t) = R 42 (A3)
, +
sH(OA() — S3() + R5 +2 JR A (2) 7(@)ds, R=>Ro.
2
Let us define the following two functions:
R?, R<Ry,
x(O):=si O - Si,  YR):=y R4z (Ad)
B+2| Dorod R=Ry
2
so that 2(R, )A2(t) = x (t) + ¥ (R). Further,
2R, R<Ry,
VR)=1 2 (A5)

2% (R) 7(R), R>Ra.

Tt 5 B
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Now, one can write

: Rg 11 R® 1 S3(t) .
Ao=[ 5 [R AR | [sl(w B0 t)x‘*(t)} 2

__JRZ af R J o[ 1 S
— s ot | X+ v R | Sit) sk
JRZ 7 (OLSIRTY I S O }

dR—v | —— —
s XOFVRPF T [50  sSoae

x(t) JRZ [ (R)PdR 5[ 180 }

T4 o XOTYRP | S0 sipak)

(A6)

and

3 6 2 4 *
5:0) M 4R 5 (Sa() 1_Jrr (Sa(t) 3. (Sa(8)) Sa(6)
7 (5a(8) 0,020

B (t)z_JRz at | AR, HAA(E)

B 6
Fz(f) 0 | PRl ®
=— — | —————=|dR
R, Ot | [x()+ ¥ (R)?

6
_ rz(” 20 ® ®
R X+ YR)P
0] JSz(f) [¥'(R)PdR
4 IR X +YRP
Differentiating (A 1) with respect to time and using (A 6) and (A 7) one obtains

%(®) JSZW [ (RPdR —[ 1 S0 }

s O+ VRP | 510 sipade

(A7)

4

(A8)

Note that
1S x(®x®H+250)]
S1() st Si() [x () + S2()2

(A9)

and hence

X JSz(f) [V RPAR v x(®)[x() +257(1)] (A10)
4 Jso X®+YRP S0 [x() + )2

Let us define

4v [x(r) +2S3(r)]dr

t
y(t) = J‘ S ’ 3 °
0 $10) () + SO P S it IR

(A11)

Thus, we have
. . d
KO +7OxH=0, or —[e"x(®]=0. (A12)

Integrating this ODE, one obtains
Dy () = e (0). (A13)

Now since y(0) =0, and x(0) =0 (as s1(0) = S1(0) = R1 and A(0) = 1), we conclude that x(t) =0, i.e.
s3(HA2(H) = S3(t) for all t < taplation- Thus,

R?, R<Ry,

(R, D3%(t) = (A14)

5 R 42
R2+2J A (©) r(©)ds, R=Ry,
Ro

G S e i
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.. . s + .
is independent of time. Further, substituting f =7 (R) one obtains

2 R |2
P (R)=R§+2JR 50 F o) de, (A15)

which when differentiated with respect to R gives

d + + +
Rl R) 2 R)] =2 (R). (A16)

Integrating this along with r (R2) = Ry, we finally obtain

Ro+ [R 7 () de

TR)= , (A17)
A (R)
and hence
R
rRt)=14+ 4 (A18)
L (R) 7 (R)
TOR Ry =R =53(b).
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